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IN THIS PAPER the propagation of the planar wave pulses in a two-dimensional random-

ly stratified elastic medium is considered. The waves propagate in the plane (z1, z2)
and are independent of the third variable z. The problem is described by means of
the transition matrix method. The transition matrix and the wave equation for a
homogeneous layer is presented. The equations for the wave fields reflected from and
‘transmitted through the randomly stratified elastic slab are derived. The theoretical
- results are illustrated by graphically presented numerical calculations. A possibility of
application of the wave analysis to modelling of the fatigue crack propagation initia-
ted at the interfaces and continued due to sequences of the reflected and transmitted
stress waves is discussed.

1. Introduction

IN THE PAPER we consider wave pulses in two-dimensional elastic stratified me-
dium. The results represent a certain generalisation of those given in (3|, where
the wave pulses in a one-dimensional elastic medium were ‘considered. On the
other hand, the paper extends the model presented in [4] for two-dimensional
harmonic waves to the non—statlonary phenomenon of wave pulses. The main
mathematical tool used for the ‘analysis of the problem is the so-called transition
matriz method. This method is very effective in solving wave problems in strati-
fied media — both deterministic and stochastic. The historical development of the
transition matrix approach was presented in [5| and our other papers on wave
problems in the stochastic stratified media [3, 4]. The advantage of the method
is the fact that one can perform large part of solving the equation procedure
analytically and only the last inversion of the Fourier transformation of the wave
amplitudes must be numerical. ‘ .
The schedule of the paper is the following. First we introduce the notation
used throughout the paper and present the derivation of the Fourier transfor-
med wave equation for wave pulses in a homogeneous layer. Then we derive the
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equation for the planar elastic wave pulse and give the expressions for its solu-
tion. In Sec. 3 we consider waves in the medium built of homogeneous parallel
layers. We introduce such a system of independent variables that interfaces of
the layers (where the material parameters change their values) are perpendicu-
lar to the z-axis. Inside of each layer the wave field satisfies the wave equations
derived in Sec. 2 and at the discontinuity planes the displacements and traction
vector are continuous. Finally we derive the equation for the (Fourier transfor-
med) wave field in all the layered medium and solve it, obtaining the analytical
expressions for the amplitudes of the reflected and transmitted wave pulses. In
Sec. 4 we present the results of an example calculating numerically the inverse
Fourier transforms and observing the evolution in time of the pulses. Section 5
gives a discussion of the possible effect of the observed phenomena on the fatlgue
crack propagation initiated at the interfaces and continued due to sequences of
the reflected and transmitted stress waves.

2. The wave eqnation for a single layer

- We consider a linear elastic wave propagating in the homogeneous isotropic
medium. The wave propagation is governed by the followrng system of partial
differential equations [7]:

(2.1) p_é_{fui = 044,79 ] = ]., 2, 3,
where o;; is the stress tensor defined as

(2.2) p,(um + U, i) + Aug. kéw

(double indexes denote the summatlon from 1 to 3; the subscrlpt gk corresponds
to the 1ndependent variable z, “2” to y ‘and “3” to z). In the above equatlon A
and p are the elastic Lamé constants a.nd p is density of the medium.

‘We consider waves prOpagatlng in the plane (z,y) and independent of the
third spatial variable z. In our co-ordlnate system the wave field has got the
following form:

(23) !.l(.’B, Y, Z,t) - (ul ('Taya t)a u2 (‘Ta yat)a O)T %

Condition (2.3) makes some elements of the stress tensor equal to zero and
slightly simplifies the governing equations. Since in further considerations we deal
with the problem of wave propagation in a layered medium, where the interfaces of
homogeneous layers are perpendicular to the x-axis, we can equivalently describe
the wave problem (2.1) — (2.2) by the following matrix differential equation

| o - d ., '
(24) ' a;ll = Mu
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with the solution @ searched for and the system matrix M defined as:

-0 —ika k0 7 . g '
—1K 0 0 f ﬁz
(25) ' ) ﬁ — )
-—w2p 0 0 —1k ’f'l
0 k?B-w?p —ika O To

where 13, 1o, 71 and 7y are the Fourier transform of the non-zero displacement

co-ordinates, uj, ug, and the non-zero co-ordinates of the tra,ctlon vector, 7y and
To; the parameters in the matrix are (see [5]):

A C4p(A+p) B 1

o = , /8""‘ k= = —

(A + 2u) (A4 2u) . (A+2u) u

In solving the wave problem described by equation (2.4) for a single layer, a
boundary condition:

'&1 (03 ka UJ) .

| w'&Q (0, k,(.l))
(2.6) | - ﬁ(O,k,w) = ﬁo(k, w) = ' ' \

. ’f'l (O, k,w)

722(03 ka w) ]

representing jointly the incident wave pulse reaching the plane z = 0 and the
pulse reflected from it, has to be introduced. Then the value at the opposite side
of the layer, at x = L, say, can be represented as:

(2.7) a(L, k,

w) — T(L)ﬁo(k w),

where T(L) is the tran31t10n matrix for the two-dimensional waves propagating

through the layer of thickness L. This matrix can be represented by the following
Sylvester formula [11, 5]: _

(M — piId)
Pi — Pk

(2.8) T(L) =exp {ML} = z (II ) exp {pi, L}
5 i=1 ﬁ

where p;,i = 1,2, 3,4 are the eigenvalues of the system matrix M:

, Sk — W -~ L2(\ 4+ 94) —
2.9) prg = £ YEH— WP *p—w ﬁp, pgq = £ YFA+2) —wp A +2p) —?p
\/ﬁ bl 1/X -+ 2/1,
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The elements of the transition matrix have got a rather complicated form. They
are presented explicitly in [5].
The transition matrix T(.) makes it possible to express the wave field u,

’&1(.’13, kaw)

| '&'2 (.’B, ka w)
(2.10) u(z, k,w) = ,
_ | ’7‘1 (:c,k,w)

'T'g(sc,k,w)

at any point z € [0, L] C R™ in a homogeneous medium (inside a layer), provided
the boundary condition Gg = a(0,k,w) at £ = 0 is known. This wave field has
got the form (2.7) with T(z) as the transition matrix.

3. Elastic waves in the layered medium

The approach developed in Sec. 2 allows us also to describeuéhe transition of
the two-dimensional elastic wave through a multi-layered medium. In such a case,
knowing the transition matrices through any individual layers, we can obtain the
transition matrix through all the stratified medium as a product of them.

Let us consider the multi-layered medium (slab) built of IV layers of elastic
materials, with thickness 4,7 = 1,2,,...,N. Assume that the stratified medium

is surrounded by the homogeneous elastic environment, at £ < 0 and z > L =
N

Z A;. Since the wave field 1 must be continuous at the layer interfaces, the

1=1
wave on the back surface, at z = L can be expressed in the following form:
(3.1) ﬁ(L) — TN(AN)TN-—I(AN~1)---T2(A2)T1(A1)UO,

where 1 is the boundary condition at £ = 0, (L) is the vector of the transmitted
wave and T;(.), for j = 1,2,...,, N, is the transition matrix for the j-th layer,
depending on the material parameters (possibly random).

In Equation (3.1) all the material properties of the multi-layered medium are
completely described by a 4 x 4 matrix T, being the product of the transition
matrices through the individual layers and interpreted as a transition matrix
through the slab built of N layers of homogeneous elastic materials:

. _ N
(3.2) T = || T;(4;) =

7=1
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Let us notice that the vector Gp describes jointly the (Fourier transforms of)
incident wave pulse (going to the right) and all the reflected pulses leaving the
slab (going to the left), generated by all the reflections at the interfaces of the
layers, measured at the plane z = 0. Analogously, (L) represents the transmitted
pulses measured at the plane x = L and generated by all reflections at the internal
interfaces of the layers and transmitted through the layers. To make the obtained
formulae effective we must separate the incident and reflected waves from 1.
The waves in every region of environment surrounding the layered slab can be
described in the following way. In the left-hand environment (for £; < 0) there
1s the incident (right-going) wave, represented as:

4ine () A B,
(3.3) u?nc @) = & exp {—ip1z} + 2 exp {—tp3z},
717¢(x) Aj . B3
T3(x) Ay - | By
and the reflected (left-going) wave:
a5t () C1 | Dy
(3.4) ﬁae: @ = % exp {ip1z} + 7 exp {ip3T} .
o (Z) Cs Ds
5% (x) | &7 Dy

In the right-hand environment (for > L) there is only the transmitted (right-
going) wave, having the following form:

iy (x) E Fi
Atr T E2 F2 '
(3.5) y 2 (@) = exp {—ip1z} + | exp {—ipsz} .
7" () E4 I3
75" () Ey Fy

Since the displacements and tractions are related quantities, the number of in-
dependent amplitude constants, A; — Fy, can be reduced. Calculating the Fourier
transforms of the respective Eqs. (2.2) we obtain:

(3.6) + 1kuo
and ”

o
(3.7) . To = tpkty + p—— ot

what applied in (3.3) — (3.5), results in the following expressions for the incident,
reflected and transmitted wave:
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ailnc(x) o | Al
a5%(z) | Ag . -
N = | -~ exp {—ip1T}
F10¢ () i[—(A+ 2u)p1A1 + kA2
73" () - ip(kAr — p1A2)
\ | Bl
_ 32 |
+ €XP {-—-?,p3:c} ’

i[—(A + 2u)p3 By + kBs)
ipu(kB1 — p3B2)

a5t (z) Cy o
A ref
uy” (z) Co _
(3.9) ot = exp {ip1z}
- 1% () i[(A+ 2u)p1C1 + kCy}
75 (x) iu(kC1 + p1C2)
Dr
7 (ipsz)
+ eXp1i1P3x
1[(A + 2u)ps Dy + kDo)
iu(kDy + p3Dy)
u¥f (z) Lk
s (x) FEs
(3.10) ,..2 = | exp {—ip1z}
745 (z) i[— (A + 2u)p1 E1 + kES]
75" () ip(kEr —p1Ea)
+ exp {—ipsz}.

i[—(A + 2p)psF1 + kF?)]
iu(kFy — p3k3)

In these equations the parameters of the incident wave, A1, A2, By, Bs, are
calculated from the postulated incident wave pulse. The remaining parameters
are included into the wave Eq. (3.2) where we substitute £ = 0 and z = L into
the left and right-hand waves, respectively. Then we have got the system of 4
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algebraic equations for 8 unknown parameters, Cy, Cy, Dy, Do, Ey, Ey, Fy, F>.
To solve them uniquely we need 4 additional conditions on the wave amplitudes.
The conditions are concerned with the directions of motion of the wave pulses
(reflected and tra.nsmltted) governed by the direction of the incident pulse. The
relations are analogous to the Snelius law known in optics or in the theory of
harmonic elastic wave propagation.

As usually, the derivation of the reflection law is based on the assumption
that the component of the wave vector parallel to the reflection (transmission)

surface must be continuous. Let us denote the wave vector by p. Then the law
can be written as '

I C f tr
(3.11) P =P =p
or equivalently: -
(3.12) p'*° sin '™ = p* sin ™ = p™ sin

where '™, o™ and ' are, respectively, the angles of incidence, reflection and
transmission of waves of certain type (longitudinal and transversal).

From the formulae (3.8) — (3.10) we see that the Fourier-transformed waves
propagate only in the direction perpendicular to the interface surface. We also
know the co-ordinate of the wave vectors perpendicular to the interface surface:
1t 1s p; = p3 for the longitudinal wave and p; = p; for the transversal one.
Knowing the incidence angle we can reduce the number of unknown constants in
(3.8) — (3.10), using the Snelius-like relations (3.12).

Assume that the incident wave pulse is only longitudinal one and it reaches
the interface surface at the angle of incidence ¢'™° = « (Fig. 1). This means that
the amplitudes can be represented as

(3.13) A = Ay =0, Bi = Bcosa, Bs = Bsin a.

Hence the incident wave takes the following form:

44" () ' By
,&inc CL’) B2
(3.14) A.2 ( = | exp{-—-—ipgcc}
T{"C(a:) Z[-—()\ +2/.L)p3Bl -+ kBg]
73"() iu(kBy — p3Ba)

B sin o

exp {—1ip3Tt .
B|{—(X+ 2u)p3 cos a + ksin a] { }

tuB(k cos a — p3 sin «)
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Fi1G. 1. The model of layered medium (n = 2 pairs of layers).

To obtain the relations restricting the number of amplitude constants, we
transform the formula (3.12) into the more convenient form ‘

(3.15) pi“nc — pi_lr_lctan Soinc — pﬂef — p‘ffta,n (Pref — ptl;lr — p‘_;fta.n (,Otr.

ot — the angle for reflected longitudinal wave;

pret — the angle for reflected transversal wave;
o — the angle for transmitted longitudinal wave;
pfr — the angle for transmitted transversal wave.

Similarly to the case of harmonic waves [3], the above defined angles satisty the
following conditions: '

(3.16) Pl = Plon = Piog =
and

(3.17) o' =g =0
Using formula (3.15) we find
(3.18) pstan pjne = pitan pg

or eventually

(3.19) [ = arctan (?tan o:)
1
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Knowing the angles, we can write the direction vectors of every wave in the form:
= (cos a, sin a) — the direction vector for incident longltudmal wave (the

same as for transmitted longitudinal wave);

m = (— cos @, sina) — the direction vector for reflected longitudinal wave;

g = (cos 3,sin B) — the direction vector for transmitted transversal wave;

h = (— cos 3, sin ) — the direction vector for reflected transversal wave.

Since the displacements of the medium for transversal waves are perpendi-
cular to the direction vector, the displacement vectors are (a is the unit vector
perpendicular to the reference plane):

axg=(—sinf,cosf3) — the displacement vector for transmitted transversal
wave; '

aXxXh=(—sinf,—cosf) — the dlspla,cement vector for reflected transversal
wave.

The displacement vectors for the longitudinal waves are the same as those for
the direction vectors.

Now, using the vectors defined above and the relations analogous to (3.13),
we transform the waves (3.9) and (3.10) to the following form:

,alief(x) 1 sin,@
,&ref T COS ,8
(3.20) ».2 f( ) =-C . eXP P12}
7l (z) {[(A + 2u)p1 sin B + k cos f]

72t (1) 1k sin 8 + pq cos (3)

— cosa
b SIN & { \
+ exXp 11pP3T | .
i[— (A + 2u)p3 cos a + ksin o]

iu(—k cos a + p3 sin a)

—sin O

301 Uy () B ~ cosf3 _ .
3.21) 7 () B | 2{(A+ 2u)p;1 sin B + k cos G] P —ip17}

ip(—ksin B — p; cos ()

COS (¥

S1n o

+ F exp {—ipsz}.

i[— (A + 2u)p3 cos a + ksin o]

iu(k cos a — p3 sin )
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To complete the wave Eq. (3.1) we conclude that

4'7¢(0) T 4%(0) . ' COS Qx

4ire(0) | 45 (0) ~ sina
#ne(Q) || #EH0) i[—(\ + 2u)p3 cos a + ksin q

, 75(0) 75 (0) L ik cos a — p3 sin o)

sin - — COS (¢

cos (3 SInQ
e, + D -
i[(A+ 2u)p1sin B+ kcos 3] | i[— (X 4+ 2u)p3 cos a + ksin o

iu(ksin 8 + p; cos B) . iu(—k cos a + p3 sin )
and ‘
AL ] ~ sin 8
u (L) cos 3

717 (L) ~i{(A+ 2u)p1 sin B + k cos B

73T (L) ipu(—k sin 8 — pq cos B)

COS (¥

SIN &
+F exp {—ipsL}.
i[—(\ + 2u)p3 cos a + k sin o

ip(k cosa — pgsina)

The aim of calculations is to obtain the parameters C, D, E and F from the
Eq. (3.1) if the amplitude B of the incident wave is known.
In the particular case, if the incidence angle a = 0, we have got:
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and
0
1
(3.25) u(l)=F . exp{—ip1L}
(L
—iup;
1
F : {—ipsL}
+ €XP 1—1P3
—i(A + 2p)p3 -

To proceed with calculations tending to the solution of the algebraic wave
Egs. (3.1) - (3.2), we substitute (3.24) — (3.25) and obtain:

Fexp{—ipsL}
L exp{—ip; L}
ikE exp{—ip1 L} — i(A + 2u)ps F exp{—ip3L}
—ipp1 E exp{—ip1 L} + ipkF exp{—ipsL}

(3.26)

Ordering the terms in (3.26) we write the system of equations in the following
form: '
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Ti1 + (A + 2p)p3dis + ik Ty
To1 + i(A + 2p)p3Tas + ipkdaq
T3y + i(A + 2u)p3Tss + ipkd3s
Ta + (A + 2p)psTas + ipklyq
0 exp{—ipsL}

(3.27)

— N O Q

Ty — i(A + 2p)p3Tys + ipklay

4. Numerical results

In Sec. 3 we presented the analytical formulae solving the two-dimensional
dynamical wave problem in layered medium. However, to make the proposed
method fully effective, we have to proceed with computer calculations. The com-
putational procedure leads from the initial wave pulse that travels through the
homogeneous half-space and reaches the front interface of the stratified layer,
to the pulses that are generated by the multiple reflections within the stratified
slab. There result two pulses (with a very complicated structure): the reflected
~ one that goes back in the homogeneous half-space and the transmitted one that
propagates further beyond the back surface of the stratified medium.

The equations applied for calculations, that 1s Eq. (3.1) and the following
ones, are written for the quantities (matrices and vectors) depending on two
parameters k and w (the variables of Fourier transformation with respect to the
spatial variable and the time). Solving Eq. (3.1) we do this for a fixed pair of
variables k and w. A complete solution of the problem requires the Eq. (3.1) to
be solved in the whole domain of the variables. Thereafter, the inverse Fourier
transformation allows us to determine the evolution of the pulses in the actual
time. __
- The scheme of calculations for some incident wave pulse can be given as
follows. Let us assume, for simplicity, that the incident wave pulse is longitudinal
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and reaches the front surface of the stratified layer at the angle of incidence a = 0.

In this case the Fourier transformation of the excitation, c.f. Eq. (3 14), takes the
tfollowing form: '

1nc(x k,w) _ 1
aiPe(z, k, w) 0 .
(4.1) . = B exp{—ip3z}
Tinc(ma ka w) —Z(A + 2/.L)ﬂ3
73" (z, k, w) LUK

We have to remember that the eigenvalues p; and p3 defined in (2.9) are functions
of variables k and w, as the coefficient B must have the form:

Moreover, the elements of the transition matrix T deﬁned In (3.2) depend also
on the variables k£ and w, 1. e.:

(4.3) T = T(k,w).

To solve the problem, we substitute the calculated coefficient B in equation (3.27)
and solve it with respect to the coefficients C, D, F and F. All of them are some
functions of k and w. We substitute the calculated values of the coefficients in the
expressions (3.20) and (3.21) defining the reflected and transmitted wave pulses
(or, more precisely, their Fourier transformatlons) Those expressions for a = 0

take the following form:
1 4%t (0, k w) 0 1
1 a5 (0, k, w) o 0
| (4.4) ref =-C _|-D] ,
l 71 (0, k, w) ik
73 (0, k, w) Lpp1
ui (L, k,w) | 0
45 s (L, k,w) & 1 (ipiL}
: — EXPi{—1iP1
(L, k,w) - | ik
%ér(L’ kw) | | —ipp
I . .
0 .
+ F exp{—ipsL}
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Two-dimensional inverse Fourier transformation of the vectors (4.4) and (4.5)
give us eventually the pulses as the functions of time, t, and the second space
variable, y, 1.e.: |

ulief ulief (0, Y, t) 'U:tir _ u&r (La Y, t)

uléef uléef(oa Y, t) ' ugr ' ugr (La 3)3 t)
| = f and =

T{e ' T{e (Oa Y, t) L Tfr ' T{r(La Y, t)

r5et 3¢ (0, v, ) Tr o' (L,y,1)

It should be noticed that practical calculations must be performed in several
steps. First we must choose a grid in the region of changes of the variables k
and w, and then express the coefficient B(k,w) over this grid. Next we solve the
Eq. (3.27) for all points of this grid to obtain the values of coefficients C,D, E
and F in all grid points. Finally, we have got the expressions (4.4) and (4.5) in
the grid points and we can calculate the inverse Fourier transformation that is
the solution of the problem.

~ As an example, in numerical calculation we have considered a slab built of two
metals: steel and titanium surrounded by an aluminium environment. Material
constants for aluminium, steel and titanium are, respectively, cf. [12]:

A = 544x10° kg-m~!-sec™?, p®=2.75x10"" kg -m™" -sec™,

>;
-
|

10.71 x 10 kg - m~1. sec""2, ul = 8.14 x 1010 kg - m~1. sec"'2,

7.08 x 1010 kg - m™! . sec™?, u? = 4.31 x 101 kg-m~" . sec™2,

N
NS
|

p? = 2750 kg - m™°,
ol = 8670 kg - m™°,

02 = 4300 kg - m™°.

Such a material configuration was chosen because the values of corresponding
parameters differ from each other and enable us to observe the strong effect of
stratification on the wave. We consider the incident longitudinal wave pulse ot a
constant unit amplitude and a finite duration of reaching the stratified slab ot
the fixed thickness at some finite instant (see Fig. 2). In our calculations the time
axis is scaled in seconds while the spatial variable is represented by numbers of
points of the grid used in calculations (we used 128 points of the spatial grid and
4096 points of the grid over time).




LOCALISATION EFFECT DURING WAVE PULSE PROPAGATION... _ 325

D.8

~

3

S

..0.6 X
v e
7] x
.

- >
e ‘\"
€04 X
N

x

X

X

0.2 N
N

x

x

x

X

X

\\

X

X

x>

x

N

1.5

0.5
80 o

Time

Width

F1G. 2. Incident longitudinal wave pulse.

In our numerical studies we assumed that the material of the slab is located
In pairs of the same thickness: one layer of steel and one layer of titanium. At
Figure 3 we presented the evolution of the wave pulse longitudinal displacement
(measured at the back surface of the slab) transmitted through the slab built of
only one pair of layers steel-titanium, each of thickness L/2. We observe that the
first wave pulse reaches the back surface after some time (we call it the travel
time through the slab) and then it is followed by a number of pulses generated by
the left and right-going pulses due to multiple reflections and transmissions at all
the interfaces (internal interfaces of the layers within the slab and the interfaces
of the slab and the surrounding environment). We see that the maximal peaks
(except for the first peak generated directly by the transmitted incident pulse)
correspond to the pulses reflected from the internal interfaces of the layers (the
distance between peaks is the doubled travel time through a single layer). If the
number of pairs of layers in the slab grows, we can observe an interesting effect
of homogenisation. Figure 4 shows that for n = 20 pairs of layers (each layer of
thickness L/40), the distances between maximal peaks are equal (approximately)
to the double travel time through all the slab. Figure 5 shows the maps of peaks
for the growing number of pairs of layers in the slab (from n = 1 to n = 20). We
can see how this effect of homogenisation increases together with stronger mixing
of the material in the slab. '
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of layers.

Our calculations and, what follows, the accuracy of the obtained picture is
strongly restricted by the number the grid points possible for calculations within
a realistic time (this is the time restriction for the applied algorithm of two-
dimensional Fast Fourier Transformation — [8]). For this reason we cannot study
the transmission of pulses for a greater number of layers (too few points of grid
at every layer). However, calculations for the one-dimensional model [4|, where
only one-dimensional Fourier transformations are needed, show two effects. One
1s the convergence of the shape of the transmitted wave pulse to the shape of the
incident pulse if the number of layers inside the slab grows (in our example the
transmitted pulse is of the constant amplitude). The localisation of the wave pulse
1s another eflect generated by a multi-layered medium. We can see that the wave
pulse goes through the homogenised slab (the slab with many pairs of very narrow
layers) longer than the sum of travel times through the material components. On
the other hand, we can observe the concentration of displacements (and, what it
follows, stresses) due to summation of several pulses, reflected and transmitted
inside the slab, what can be called the localisation of stresses.

As it is known, the incident longitudinal wave pulse generates, except for the
reflected and transmitted longitudinal wave pulses, also the transversal (reflected
and transmitted) pulses. Figures 6a, 6b show the transmitted transversal pulses
measured at the back surface of the layered slab for n = 1 and n = 20 pairs
of layers, respectively, and for two instants of time. It is seen that the transverse
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displacements are generated on the edges of the longitudinal wave. Unfortunately,
in our calculations (to rare grid) we obtain a very high level of numerical noise,
so too it is hard to conclude about evolution of this wave in time. We can only
say that transverse pulses are proportional to the longitudinal ones, so they have
peaks at the same time.

5. Wave pulses effect on fatigue fracture at interface imperfections

Two-dimensional analysis of the wave pulse propagation in stratified elastic
medium provides the normal and shear stress components within a slab. Though
the layers are assumed to be perfectly bonded, there is still a probability of an
inclusion to be present at the interface. Assuming the inclusion in the form of a
crack, the questions arise what a single impulse can be applied to the slab without
initiating the fracture of the bond or how many and how intense impulses the slab
can sustain without failing due to the fatigue damage. Both problems require the
fracture mechanics theory for an interface in an idealised infinite plane between
two linear elastic materials to be used.

For two perfectly bonded materials of different mechanical properties, shear
modules, G;, and Poisson’s ratios, v;j, 7 = 1, 2. say, both the tensile and shear
stresses exist always at the crack tip affecting the fracture mode. There are several
papers devoted to the interface crack growth initiation in dissimilar media, e.g.
[9, 10, 13] and many others. It is commonly recognised that the crack branches
initially from an interface in the softer of the two materials, at an angle depending
on the stress components and material properties. As the branch extends, the
crack tends to return to a path parallel to the interface with a driving force
similar to that of an unbranched crack, cf. [6].

In order to prevent the propagation of an interface crack, the following crite-
rion, cf. [13], can be adopted:

(5.1) Ko .. = B(bo,¢,7) -

where K7 and K> are the real and imaginary parts of the complex stress intensity
factor, K = K; + iKa, for an interface crack, and € is the bimaterial constant

defined by

. (5.9 S 1 (Rl/Gl + 1/G2)

£ = -2-%--111 ko/Go +1/G1)

- with k; = 3 — 4v; for plane strain or k;j = (3 — v;)/(1 + v;) for plain stress pro-
blem, j = 1,2. The parameter v = tan™'(K2/K1) and Kjc denotes the fracture
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toughness. The criterion (5.1) is derived for |¢| < 0.1 under an assumption that
the direction for which the circumferencial stress component, oy, of the stress field

in the polar co-ordinate system originated in the crack tip reaches its maximum,
coincides with the initial crack growth direction, 6y, i.e.

80‘9

96

The bra.nchlng direction, 8y, can be eventually calculated from the followmg equ-
ation:

(5.3) = 0.

0

(5.4) g - ef9-7) . {2 COS (-2- + fy) — (cos @ + 2esin @) - cos (g - )}

—ef(0-7) . [sin (-g- + 'y) (sin@ — 2e cos §) - cos (—— — fy)

—% (cos @ — 2esin0) - sin (-— — 'y)]

' ' 36 3 . (30
LT _e(e_ﬂ) & S — . : L —
e [scos(2+'y)+2sm(2+'y)]—-0.

The function term B(8,¢,~) occurring in (5.1) results from the formula for oy
and has got the following form:

(5.5) B(6, e,fy) _ oE(0-7) [2 COS (-g- -+ 'y) — (cos 0 4 2¢ sin 9) . COS (_2_ o )]

v

1 e—€(0-7) . cos (-—2— + 'y) .

The components, K; and K, of the complex stress intensity factor are determined

numerically, cf. [13], or analytically using the following formulae based on those
derived in [9], say,

(5.5)4 K1 = o |cos(elog 2a) + 2¢ sin(e log 2a)]
I + 7 [sin(e log 2a) — 2¢ cos(elog 2a)] - /7 - a,
=T [cos(é log 2a) + 2¢ sin(e log 2a)] *
I —o [sin(e log 2a) — 2¢ cos(elog 2a)] - /7 - a.

(55);

Substituting the latter into (5.1), the fracture criterion takes the simple form as
follows .
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\/ 2 ’7'2 2 e
(5.6) . Komax = B(00,€,7) < 2+ cos)h((;e-)i- A < Hie.

In analogy to the fatigue crack growth modelling in homogenous materials
the amplitude of the equivalent one-dimensional stress intensity factor, AKg___,
cf. (5.6), related to the amplitudes of the stress components, Ao and AT, can be
likely used in a fatigue crack evolution equation in the form da/dn = f(AKy_,, )
or more specifically, recalling the Paris-Erdogan equation, da/dn = C - AKg®
with C and m as some constants. The further the crack penetrates into the
material, the weaker becomes the effect of the interface on the crack propagation,
in particular on its direction. It seems to be rational to assume the fatlgue plastic
zone size, rp, as a characteristic distance between the crack tip and the interface
when € = 0 should be admitted in calculation of a new crack path direction, 6o,
cf. (5.4), and of the stress intensity factor amplitude, Ag_.. (60,0,7), cf. (5.6).
Since the problem of plastic zone size calculation for the interface crack is rather
obscure, cf. [10], the approximate equation

. is Ac? + AT?
(57) . ; rpz—z--(1+4€2)--—————7————-a
' 0

where og denotes the yield stress, can be adopted to indicate the moment when
the interface effect might be neglected.

6. Conclusions

In the paper we considered the model of the stratified medium - the slab
built of some number of isotropic, homogeneous elastic layers. Such a medium,
globally, is both anisotropic and nonhomogeneous. It is known that if we assume
the global thickness of the slab of layers to be constant but increase infinitely the
number of layers inside the slab, we perform a homogenisation procedure so that
after this process, the slab becomes homogeneous but remains anisotropic (locally
and globally transversally isotopic). The homogenisation effect, observed during
the numerical experiment, can be confirmed analytically, both for periodic and
random layered media [5]. To prove this fact we can calculate the limit transition
matrix (using the law of large numbers for products of matrices in the random
case, cf. [1]). The elastic properties of the obtained effective medium are described
by a tensor whose 5 elements are independent [3, 5]. However, as we have seen
from the considerations of Section 2, for the description of the elastic waves 1n
the case of the plane state of displacement we need only four elastic constants.
Two constants are needed in the anti-plane state of displacement (one of them
being different than that in the plane state). This statement remains valid both
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in the dynamic nonstationary case, studied in this paper, and in the stationary
one [3].

In this paper we have presented an analytical method of solution of the dyna-
mic wave problem in a layered medium. However, to express the resulting waves
(reflected and transmitted) generated by some incident pulse in an explicit way
some numerical calculations are necessary. The two-dimensional inverse Fourier
transform using the Fast Fourier Transform algorithm [8] appears to be the most
eftective numerical tool to perform the calculations.

Because of the multiple reflections and possible localisation of the stress pul-
ses in the stratified media, the fatigue fracture effects must not be neglected in
reliability assessment of structures made of such composites. Therefore some re-
marks on the interface crack propagation were given to point out the problem
and suggest a possible approach to deal with it. Some numerical calculation and,
what is of the greatest importance, experimental verification are now going on
and will be reported elsewhere in the future.
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