Anizotropowa Turbulencja w Nadciektym Helu 1
Dynamika Wirow Dyskretnych

Tomasz Lipniacki
He II:

-- normal component,
-- superfluid component,

I
-- superfluid vortices. ﬁ\
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Localized Induction Approximation (LIA)
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C - curvature
S(E,t)= Bs'xs" = fcb . Ttorsion
3(5_—3)‘ \\\
ds ds AU

where s=— and s'=—, )
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Hasimoto soliton on 1deal vortex (1972)

S(E,1) =Ps' xs”

Totally integrable,
equivalent to Non-linear Schrodinger equation
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V =2pt,, 60=,B(C§/4—r§)




Similar solutions for quantum vortices ?

S(E,1) =Ps' xs"+as" =c(Bb+an)

Quantum vortex shrinks: ¢
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Shape-preserving

solutions
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Analytic result: shape-preserving solution

In the case when transformation 1s a pure homothety we get analytic
solution in implicit form:
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p=1 growingscale p=-1 decreasing scale, T =0



Shape preserving solution: general case
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Logarithmic spirals on cones



Results 1n general case
[. 4-parametric class of solutions, determined by 1nitial condition
K(0), K'(0), T(0), T'(0)
II. Each solution corresponds to a specific similarity transformation
III. The asymptotics for [ —» o0

1s given the 1nitial condition of the original problem (with time).



Quasi-static solutions

$(G,1) = W(2) + (1) s(S,0)
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Analytic result: quasi-static solution

In the case when transformation is a pure translation we get analytic
solution:

c =c,sech(AE), 1= Btanh(AS)

oc, B,

A= . B=
Jol + B’ Ja + B’

S S
S(E,1) = [ | Reos(q&)dé, | Rsin(q€)déE 1c, Jak + B +ln(cosh(A§))/AJ

where R=sech(4¢§), q= \/cg — A?



Quasi-static solution: pure

rotation

Asymptotically vortex wraps over cones



Quasi-static solution: general case

Asymptotically vortex wraps over paraboloids



Results 1n general case

I. 4-parametric class of solutions, determined by

initial condition
c(0), c'(0), 7(0), 7'(0)

II. Each solution corresponds to a specific isometric transformation I
(t) related analytically to initial condition.

I11. The asymptotic for & —>

1s related analytically via transformation I'(t) to initial condition.



Wing tip vortices
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Macroscopic description

-- Euler equation for superfluid component
-- Navier-Stokes equation for normal component

divV, =divV; =0,

IV,
Ls 0 + V- VV ) = —VP:; — Fas,

Vo | ¢ ; 2y
Pn 9 +V,-VV, | = _V,":’n + Fpns + nA V.

Coupled by mutual friction force N
FI’lS VnSL
where VnS — Vn — VS

L 1s superfluid vortex line density.



Microscopic description of tangle superfluid vortices

Aim

Assuming that quantum tangle 1s “close” to statistical equilibrium
derive equations for quantum line length density L and anisotropy
parameter of the tangle.

Two cases
[ — rapidly changing counterflow, but uniform in space

II — slowly changing counterflow, not uniform in space
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Model of quantum tangle

“Particles” = segments of vortex line of length equal to characteristic
radius of curvature.

Particles are characterized by their tangent t, normal n, and binormal b
vectors.

Velocity of each particle 1s proportional to its binormal (+collective
motion).

Interactions of particles = reconnections.



Reconnections

1. Lines lost their identity:
two line segments are replaced by two new line segments

2. Introduce new curvature to the system



Motion of vortex line in the presence of counterflow

VnS:Vn—VS

s=B(s' Xs"+as")+a(s'XV, ).

Evolution of its line-length [ = jd 5 is
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Evolution of line length density [ = 1 j d&
Q)

dL B 1 s 1o
T L>c1-V,,—pac; L.

1
1
2
C p—
RV
<Sf >< SH)

(Is"])

where ¢ | = J ‘S”‘d ' average curvature

J ‘ s” ‘ °d 'S average curvature squared

Average binormal vector (normalized)
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Rapidly changing counterflow

dl | dl Vil

di | dt dt

‘gen LY Jdec

Generation term: polarization of a tangle by counterflow

Decaying term: relaxation due to reconnections
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Model prediction: there exists critical frequency
of counterflow above which tangle may not be sustained
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Quantum turbulence with high net macroscopic vorticity

We assume ]VnS = IO‘V

ws  [s'dg

Let q= I Tz Anisotropy of the tangent s

Vinen type equation for anisotropic turbulence
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Helium II dynamical equations

divV, =divV; =0,
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Specific cases: stationary rotating turbulence
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Plane Couette flow
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V- normal velocity
U-superfluid velocity

g- anisotropy
I-line length density



Summary

III. Novel (some analytical) solutions of quantum
vortex motion

II. System of equations describing vortex tangle
Evolution in the case of rapidly changing counterflow

III. Helium IT dynamical equations in the case
of anisotropic quantum turbulence.



Dissertation

‘H1] T. Lipniacki, Quasi-static solution for quantum vortex motion under the localized
induction approximation J. Fluid Mech. 477: 321-337 (2003).

'H2] T. Lipniacki, Shape-preserving solutions for quantum vortex motion under localized
induction approximation Phys. of Fluids 15 (6): 1381-1395 (2003).

‘H3] T. Lipniacki, Evolution of line-length density and anisotropy of quantum tangle,
Phys. Rev. B 64: 214516-1-9 (2001).

‘H4] T. Lipniacki, Dynamics of superfluid He: Two-scale approach, Furopean Journal of

Mechanics, B/Fluids 25: 435-458 (2006).

Supporting material
'T1] T. Lipniacki, Evolution of quantum vortices following reconnection, Furopean Jour-
nal of Mechanics, B/Fluids 19: 361-378 (2000).
T2] T. Lipniacki, On quantum turbulence in superfluid Helium, Arch. Mech. 53 (1):
23—43 (2001).



Non-linear Schrodinger equation (Gross, Pitaevskin)

For Y= Aexp(i®)
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Madelung Transformation

VS =(h/mVO superfluid velocity

P, = mA® = mPY’ superfluid density



Modified Euler equation
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Mixed turbulence

Kolgomorov spectrum for each fluid

g - energy flux per unit mass
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