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and to recognise the ﬂow in two-dimensional structures. Flow in a two-dimensional
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laboratory model with transparent walls was recorded using the DPIV technique. Recorded
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images were processed and the velocities of the ﬂowing material were obtained. Statistical
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analysis of the readings taken from velocity proﬁles was also performed. To describe the
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ﬂow the theoretical model of velocity presented in Choi, Kudrolli, and Bazant (2005) was
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modiﬁed. An empirical description of the ﬂow rate was carried out. An analysis of the
kinematic parameter b was carried out and compared to the solutions given by Medina,
Córdova, Luna, and Treviño (1998) and Choi et al. (2005). Comparisons between the
experimental measurements and the empirical descriptions are presented. Comparing the
Gaussian based kinematic model of Choi et al. (2005) and a modiﬁed empirical kinematic
model, a better description of velocity was obtained by using the latter. In further
comparisons using the two aformentioned models and a parabolic description the best
description of velocity was given by the parabolic function. Flow rate was analysed using
the three types of functions. Both the Gaussian and modiﬁed empirical kinematic model
gave almost the same values for calculated levels h ¼ 5, 10 cm. Using the parabolic
description the value of ﬂow rates differed slightly. The ﬂow channel boundary was analysed using parabolic and hyperbolic descriptions. Both descriptions were good because the
correlation coefﬁcients, had values ranging from 0.928 to 0.997.
ª 2011 IAgrE. Published by Elsevier Ltd. All rights reserved.

1.

Introduction

Typical granular ﬂows occurring in silos and hoppers are
usually dense. As was stated in Choi et al. (2005) a fundamental

statistical theory is not available to describe their properties
and there is a lack of quantitative data to help develop models
of dense granular ﬂows. In this paper, the nature of dense
granular ﬂow is investigated and the results analysed using
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Nomenclature
PIV
DPIV
OF-DPIV
K
a
Vy
S
n
x
t
h
4w
4e
rb

particle image velocimetry
digital particle image velocimetry
optical ﬂow digital particle image velocimetry
statistical criteria
signiﬁcance level
average vertical velocity
standard deviation
number of readings
distance from the axis of symmetry
time
given level, height
wall friction
angle of internal friction
granular material density deposited through
a pipe with zero free-fall
r
coefﬁcient of correlation
f(z)
Lagrange polynomial
vertical velocity measured in experiments
Vy
average velocity
Vav
A, B, C parameters
P
the probability
t
variable of Student t test
Ai (A0, A1, A2), Bi (B0, B1, B2) parameters in Eq. (3)
y(x,z)
velocity in a point

a modiﬁed empirical descriptions of the velocities of the
granular material and the solutions given in Medina et al. (1998)
and Choi et al. (2005).
Both dense and loose ﬂows have been investigated in
physical models or in situ. However, there is still a lack of
quantitative data to investigate models of dense granular
ﬂows. In this paper, the nature of the ﬂow is investigated to
devise an empirical description of velocities of granular
material. Several experimental and theoretical efforts have
been directed mainly towards understanding the velocity
within the ﬂow region (Brown & Richards, 1970; Haüssler & Eibl,
1984; Hirshfeld, Radzyner, & Rapaport, 1997; Hong &
McLennan, 1992; Kafui & Thornton, 1997; Khelil & Roth, 1994;
Nedderman, 1992; Sakaguchi, Ozaki, & Igarashi, 1993;
Srinivasa, Nott, & Kesava, 1997; Tüzün, Houlsby, Nedderman,
& Savage, 1982; Wang, Gardner, & Schaeffer, 1992). Few theoretical studies have analysed the whole velocity ﬁeld in steadystate ﬂow, (Wang et al., 1992) or in time-dependent ﬂow
(Haüssler & Eibl, 1984; Hong & McLennan, 1992).
Several aspects of granular ﬂows have been also studied
over the years. Two of the most important are the ﬂow rate and
the velocity ﬁeld. Beverloo, Leniger, and de Velde (1961)
formulated a relationship between oriﬁce size and mass ﬂow
rate. Velocity ﬁelds in silos have also been studied by several
researchers using different measurement techniques. To
investigate granular ﬂows in laboratory models techniques
have included X-ray imaging, ultrasonic measurements or the
use of transparent walls. Other non-invasive measurement
techniques have been applied to register granular ﬂows,
density and velocity ﬁelds in ﬂowing zones. Techniques used
with spy-holes have included radio transmitters, positron
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b
kinematic parameter
values of abscissa
xmax
h20; 50i interval for variable values of height
abscissa, the left limit of the area a
ta
tn1;1 a quantile of Student t distribution
2
S ﬃ
half of the conﬁdence interval
tn1;1 a pﬃﬃﬃﬃﬃﬃ
2 n1
S ﬃ
lower limit of the conﬁdence interval
Vav  tn1;1 a pﬃﬃﬃﬃﬃﬃ
2 n1
S ﬃ
upper
limit of the conﬁdence interval
Vav þ tn1;1 a pﬃﬃﬃﬃﬃﬃ
2 n1
is the i-th reading taken from the experiments for
Vy
all time instants
the average value of experimental readings
Vav
z
variable location of level
i ¼ 0, 1, 2 indices
Q
ﬂow rate
b
x
distance from the axis of symmetry to the
boundary of the ﬂow for various time instants
b
h vi
the dimensionless average vertical velocity
b0 i
initial vertical velocity
hv
B
dimensionless ﬁtting parameter
b ¼ x=W, y
b ¼ y=W W, width of the model in Medina et al.
x
(1998)
H
width of the model in Medina et al. (1998)
initial velocity
V0
a1, b1, a2, b2 constant values in Formulae 13, 14

emission, magnetic resonance imaging, radioactive tracers,
and ultrasonic speckle velocimetry. More details on different
techniques used in the investigations of granular ﬂow in scale
models can be found in references given by Ooi, Chen, and
Rotter (1998) and by Lueptow, Akonur, and Shinbrot (2000),
where the application of particle image velocimetry (PIV) was
recommended to study quasi two-dimensional ﬂows in
transparent containers. Some of the ﬁrst successful attempts
to apply the PIV technique to granular matter were described
by Medina et al. (1998) and by Waters and Drescher (2000). More
recently Böhrnsen, Ostendorf, Antes, and Schwedes (2004),
 ski, and
Ostendorf and Schwedes (2005), Sielamowicz, B1on
Kowalewski (2005, 2006), Choi et al. (2005), Niedostatkiewicz
and Tejchman (2005), Steingart and Evans (2005) reported the
use the PIV techniques in their experiments to obtain information on local velocities of particles at several elevations in
the densely packed materials. Application of the digital particle
image velocimetry (DPIV) technique to granular ﬂows in twodimensional hoppers appears to be very promising. Despite its
limitations (only ﬂows close to a transparent wall are observed), the DPIV technique offers the possibility of obtaining
full-ﬁeld transient velocity ﬁelds, and by applying standard
mechanical relationships, offering the possibility of evaluating
the distribution of shear stresses in the material.
The basic assumptions introduced by Jenike (1961, 1964) for
the radial stress and velocity ﬁelds in ﬂowing granular materials have been used by many engineers in theoretical and
experimental investigations. In theoretical models of granular
ﬂow the assumption of incompressibility throughout the
hopper is an essential element in the predictions of velocities
and ﬂow boundaries (Drescher, 1991). Mathematical models
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introduced into the analyses assume a rigid perfect plastic
model or purely kinematic material model, as proposed by
Litwiniszyn (1963), further developed by Mullins (1972, 1979)
and applied by Nedderman and Tüzün (1979), Waters and
Drescher (2000), or in a revised form by Drescher and Ferjani
(2004). Nedderman (1995) presented a theoretical model for
the process of unsteady discharge, based on the incompressible radial velocity ﬁeld resulting from the kinematic theory.
The kinematic model predicted velocity ﬁelds with only one
free parameter b. This parameter was observed to be proportional to grain diameter in all experimental tests. Medina et al.
(1998) analysed the ﬂow in detail by the PIV technique and
studied that the kinematic parameter varies within a silo.
Choi et al. (2005) presented a wide review on models for the
mean velocity proﬁles. The vector ﬁeld obtained from PIV has
been used to calculate lines tangential to the instantaneous
velocity, called streamlines in ﬂuid mechanics. In granular
material ﬂows one usually visualises a track of individual
particles, not necessarily coinciding with the streamline. Such
tracks were obtained by Choi et al. (2005), who used a highspeed imaging technique to trace the position of single particles in granular material.
Therefore, an experimental evaluation of the velocity ﬁeld
appears necessary to obtain quantitative information of the
gravity-induced ﬂow. Here, velocity ﬁelds and velocity proﬁles
in a two-dimensional physical model presented and the data
are used to describe the dependence of vertical velocity on
some factors. A series of experimental results analysing funnel ﬂow is used to relate the non-steady granular ﬂow and its
spatial and temporal ﬂuctuations. The assumption of
Drescher (1991) that the density of the ﬂowing material does
not change is investigated.

2.
Experimental method for the DPIV
measurements
Flow in a plane ﬂat-bottomed model silo with central ﬁlling
and central discharge was investigated. The images of the
ﬂowing material were recorded by a high-resolution camera
and evaluated using the DPIV technique. The adopted DPIV
technique was based on the optical ﬂow algorithm (OFeDPIV),
which has been found to be most reliable for granular ﬂow
images. Quenot, Pakleza, and Kowalewski (1998) presented
a detailed description of the OF-DPIV, including its development and application. A velocity vector is obtained for every
pixel of the image. Calibration, carried out for synthetic
sequences of images, showed that the accuracy of measured
displacement was about 0.5 pixel frame1 for tested twoe
image sequences and 0.2 pixel frame1 for four-image
sequences. The experimental setup used for the ﬂow analysis
consisted of a transparent acrylic plastic box, a set of illumination lamps, and a high-speed CCD camera (PCO1200HS)
with an objective 50 mm lens, presented in Fig. 1 (after
Sielamowicz et al., 2005) produced by PCO AG, Kelheim,
Germany, [http://www.pco.de/high-speed-cameras/pco1200hs/]. The transparent ﬂat-bottom silo model had a height of
800 mm, a depth of 100 mm, and a width of 260 mm and was
constructed in transparent acrylic plastic. The model was
placed on a stand and granular material was supplied through

Fig. 1 e Schematic diagram of the experimental
equipment, after Sielamowicz et al. (2005).

a box suspended above the model. The bottom of the
supplying box contained a sieve and the box was ﬁlled with
granular material to 2/3 of its height. The model was ﬁlled
centrally along its axis of symmetry. The discharge outlet was
located centrally at the bottom of the silo. The width of the
outlet was 10 mm. In order to evaluate transient velocity
ﬁelds, long sequences of 100e400 images were taken at variable time intervals, covering the whole of the discharge time.
The DPIV technique used here produced velocity ﬁelds for the
full interrogation area. The velocity proﬁles obtained inside
the quasi two-dimensional silo were smooth and free of
shock-like discontinuities.
Amaranth seed was used in the experiments. The material
showed some effects of static electricity when ﬂowing and
sliding over the transparent acrylic plastic. The granular
material was introduced through the sieve in a form of
a uniform stream into the silo model to obtain uniform and
repeatable packing of the material with no particle segregation. The construction of the model allowed different inclinations of the silo bottom to the vertical. However, the present
description is limited to the ﬂat-bottomed silo only.
The evolution of the ﬂow region and the traces of ﬂowing
particles were evaluated from recorded images. Pairs of digital
short exposure images were taken to describe how the
velocity ﬁeld varies in the ﬂowing material. This data was
used in empirical description of the ﬂow. The mechanical data
of the amaranth seed were obtained in the laboratory. The
properties of the amaranth seed used in the experiments
were; wall friction against transparent acrylic plastic 4w ¼ 25 ,
angle of internal friction 4e ¼ 28 , granular material density
deposited through a pipe with zero free-fall rb ¼ 832 kg m3 at
1 kPa and rb ¼ 833 kg m3 at 8 kPa, Young’s modulus
12.96 MPa.
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3.

Analysis of experimental results

In Fig. 2 velocity proﬁles are shown, they are symmetrical in
their form. A high velocity ﬂow region was located in the
vicinity of the outlet. In data processing using the DPIV technique vector ﬁelds were obtained and streamlines calculated
from the velocity ﬁelds measured in the model (Sielamowicz
et al., 2005). Although the ﬂow was symmetrical some
disturbances in the ﬂow of single particles, especially close to

337

the outlet, were observed. The grains were less homogeneous
and contained some natural pollutants. The shape and size of
the grains, the nature of the seed surface, and the moisture
content of the granular material inﬂuences the ﬂowing properties of grains.
Another step in processing the DPIV results is obtaining
velocity proﬁles. The velocity proﬁles shown in Fig. 2aef were
obtained for use in the analysis to describe variations in
vertical velocity. The results taken from vertical velocity
proﬁles from Fig. 2aef are also presented in Tables A1eA6 in

Fig. 2 e Velocity proﬁles of ﬂowing amaranth seeds shown at given times and for different levels, (Sielamowicz et al., 2005).
The coloured lines denote the velocities at height h in the model measured from the outlet.
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the Electronic Appendix. The results showed that velocities
had different values at levels h ¼ 5 and 10 cm above the outlet
during the whole period the material ﬂowed. However,
vertical velocity proﬁles at the levels > h ¼ 20 cm were almost
uniform.

4.

Description of the ﬂow

The whole of the velocity ﬁeld had very interesting and
complex properties. Here, the intensity of the velocity
ﬂuctuations is characterised at several selected heights
from the bottom of the hopper. The funnel ﬂow was
divided into three zones as can be seen in Fig. 3. At the top
of the hopper was the inﬂow zone which covers the width of
the model but narrowed to the central zone, the steady state
zone with vertical boundaries. The velocity vectors moved
from being directly radial in the inﬂow zone into being
vertical in the steady state zone and again radial in the
outﬂow zone.
The upper surface of the packed material, made ﬂat
after ﬁlling, altered its proﬁle while the material ﬂowed. It
became nearly conical in the ﬁnal stages of the ﬂow. In
stagnant zones, formed on the sides of the funnel ﬂow, the
measured velocities were zero. In the plug-ﬂow region in
the outﬂow zone the velocity vectors in the initial phase of
ﬂow were vertical, indicating the absence of measurable
lateral displacement. In the upper part of the ﬂow the
velocity vectors indicated converging lateral ﬂows towards
the ﬂowing zone. The high velocity ﬂow region was located
in the vicinity of the outlet. In the ﬁnal phase of the ﬂow,
the high velocity region at the outlet spread upwards into
the plug-ﬂow zone. The ﬂow was almost symmetrical but
some disturbances of single particles, especially near the
outlet, were observed.

Table 1 e Parameters A, B from Eq. (2) determined by the
Least Square Method using the values Vav from Tables A,
B, C presented in Appendix.
Parameter value
h ¼ 5 cm
h ¼ 10 cm
h ¼ 20 cm and higher levels

A

B

R-correlation
coefﬁcient

40.13
30.86
22.82

0.242
0.1008
0.0508

0.9942
0.9763
0.9628

5.

Empirical analysis of vertical velocity (Vy)

5.1.

Empirical description of velocities

An empirical description of velocities in the model was carried
out. An initial analysis of velocity was made using an equation
presented in Choi et al. (2005), but this was followed by two
modiﬁcations of that equation.

5.1.1.

Analysis of velocity by the kinematic model

A Gaussian solution of for velocity distribution in a silo was
presented in Choi et al. (2005) in the form:
Q
2
nðx; zÞ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃex =4bz
4pbz

(1)

where y(x,z) denotes velocity in a point, Q e ﬂow rate, z e height
of the considered point. The constant of proportionality b in Eq.
(1) was called “diffusion length” by Choi et al. (2005) but is
commonly called the kinematic parameter. The solution was
developed for a semi-inﬁnite quasi two-dimensional system
(eN < x <þN) with a point-like oriﬁce at z ¼ 0 which acts as
a source of velocity. In Eq. (1) the variable z should greater than
zero. In our case z ranged from 5 to 60 cm. Here a point-like
oriﬁce was not considered. There was no need to introduce the
new location of the oriﬁce because the location of the outlet
was ﬁxed and this level was treated as the origin of the coordinate system. The real position of the oriﬁce makes no
signiﬁcant difference in the analysed measurements. The
distance between the real outlet, and the point-like assumed
oriﬁce, denoted as z0, was small because the tangents to the
velocity proﬁles converged very close to the outlet.
The kinematic model predicts velocity ﬁelds with only one
free parameter, b. Although the free parameter was determined
to be proportional to grain diameter, the constant of proportionality has been found not to agree (Mullins, 1974;
Samadani, Pradhan, & Kudrolli, 1999; Tüzün & Nedderman,
1979). Medina et al. (1998) investigated the variation of the
kinematic parameter inside a silo recording the ﬂow in detail
using the PIV. The kinematic model was also tested experimentally and the parameter b was measured by a number of

Table 2 e Values of parameters Ai and Bi determined from
Eq (6) and values given in Table 1.

Fig. 3 e Flow zones in the model.

Parameters

I¼0

I¼1

I¼2

Ai
eBi

52.9
0.4607

2.904
0.05148

0.07
0.001549
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Fig. 4 e Comparison of velocity values: experimental
results e squares; with e empirical kinetic model (Eqs. (2),
(3), Table 2) e the solid line and modiﬁed kinetic empirical
model (Eq. (4) and Table 3) the dashed line, for level
h [ 5 cm.

other researchers. For example, Tüzün and Nedderman (1979)
determined that b z 2.24 d for various particle sizes, Mullins
(1974) b z 2 d for iron ore particles, and Medina et al. (1998)
found that diffusion length varies from b z 1.5 d to 4 d.
Samadani et al. (1999) proposed b z 3.5d for monodisperse glass
beads. Choi et al. (2005) stated that a single ﬁtting parameter
b was sufﬁcient to reproduce the entire ﬂow ﬁeld and this
should be viewed as a major success of the kinematic model.

5.1.2.

Analysis of velocity by an empirical kinematic model

Another approach is to use an empirical description of
velocity distribution. Sielamowicz, Czech, and Kowalewski
2
(2010) presented the vertical velocity using Vy ¼ eAþBxþCx
BxþCx2
¼ De
, where an eccentric ﬂow was described. The granular material used in their experiment was ﬂax seed. In the
case examined here, with symmetric ﬂow, and the expression
Bx can be removed. Therefore, analysing velocities in the
ﬂowing material the following description for vertical velocity,
deﬁned as the empirical kinematic model, is proposed:
2

Vy ðxÞ ¼ AeBx

Fig. 6 e Comparison of velocity values: experimental
results e squares with kinetic empirical model (Eqs. (2), (3),
Table 2) e the solid curve and modiﬁed kinetic empirical
model (Eq. (4) and Table 3) e the dashed curve, for level
h [ 20 cm.

where A and B are the parameters determined by the least
squares method using the data from Tables A15, A16, A17
given in Electronic Appendix and summarised in Table A1. In
Eq. (2) a distance x from the axis of symmetry is introduced in
cm and velocity Vy(x) in mm s1. Parameter A has the units of
velocity mm s1 and parameter B has the unit of cm2.
Taking the values from Table 1, parameters A and B were
ascribed to the position of level z, and the velocities were
calculated using an approximation of the second order polynomial of the Lagrangian type in the following form:
A ¼ Ao þ A1 z þ A2 z2
B ¼ Bo þ B1 z þ B2 z2

(3)

In Eq. (3) z is deﬁned in cm and A is obtained in the units
mm s1, B in the units cm2. The values of parameters Ai (A0,
A1, A2) and Bi (B0, B1, B2) are listed in Table 2.
For values y˛h20; 50i parameters A and B were taken as for
level h ¼ 20 cm.
The velocities described by the empirical model are presented in Figs. 4e6

(2)

5.1.3.
model

Analysis of velocity by a modiﬁed empirical kinematic

The empirical kinematic model presented by Eq. (2) was
modiﬁed to the following function:


2
2
Vy ¼ A eBx þ eCx

(4)

Using the non-linear regression (Gauss-Newton method) the
parameters A, B and C in Eq. (4) were determined and their
values listed in Table 3. Velocity Vy was again calculated in

Table 3 e Parameters A, B, C from Eq. (4) determined by
the LSM using the values Vav from Tables A, B, C
presented in Electronic Appendix.
Fig. 5 e Comparison of velocity values: experimental
results e squares; with empirical kinetic model (Eqs. (2), (3),
Table 2) e the solid curve and modiﬁed kinetic empirical
model (Eq. (4) and Table 3) e the dashed curve, for level
h [ 10 cm.

Level h (cm)
5
10
20 and higher levels

A

B

C

18.083
13.523
9.480

0.203
0.073
0.0304

0.203
0.073
0.0304
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mm s1 and the distance from the axis of symmetry x in cm
(Figs. 4e6).
Based on Eq. (4) and the values given in Table 3, the
velocities were calculated and shown in Tables A7eA9
(given in Electronic Appendix). Examination of the model
described by Eq. (2) showed that the given description in
Eq. (4) practically reduces to Eq. (2). The above can be
proved since the values obtained for parameters B and C in
Eq. (4) and shown in Table 3 are all equal. It follows,
therefore, that the model presented in Choi et al. (2005) and
our description given in Eq. (2), provide sufﬁcient accuracy
for an empirical description of the ﬂow. Some better results
are obtained from the modiﬁed kinematic model (Eq. (4)),
but they are derived from the method of determining
parameters A, B and C (i.e. non-linear regression) but not
from the added term in Eq. (4). The parabola in Eq. (4) was
created using non-linear regression, whereas Eq. (2) was
transformed into the linear regression. In Figs. 4e6 the
description of velocites by the kinematic model were
compared to the modiﬁed kinematic model. The curves in
these ﬁgures show that the description provided by the
modiﬁed model was more accurate.

5.1.4.

Evaluation of parameter b in the kinematic model

The structure of the velocity proﬁles obtained using the PIV
technique did not change with the height. The kinematic
model (Nedderman and Tüzün, 1979) showed a good ﬁt. The
parameter b was evaluated by comparing the corresponding
coefﬁcients in Eqs. (1) and (2) with the values from Table A1.
The amaranth grains had a single particle size of 1 mm in
diameter. For level h ¼ 5 cm above the outlet parameter
b equals:
1
1
¼ 
¼ 0:2066 ðcmÞ
b¼
4Bh
4ð  0:242Þ5
or b ¼ 2.066 d, where d ¼ 1 mm is the diameter of the particle.
For level h ¼ 10 cm, parameter b ¼ 0.244 (cm) or b ¼ 2.44 d, for
level h ¼ 20 cm, and higher levels, parameter b ¼ 0.247 (cm) or
b ¼ 2.47 d. Variations of the value of parameter b are shown in
Fig. 7.
Medina et al. (1998) presented velocity proﬁles obtained
using PIV and ﬁtted the results using the correlations obtained
using the kinematic model, hence the average value of the
vertical velocity was in the form:

Fig. 7 e Variation of kinematic parameter b in the
presented analysis.

2
b
   
b ¼ v
b0 exp  ð x  1=2Þ
v
b
4B y

!
(5)

and
2
b b
b
b
 
b ¼ Bv v ¼ h v 0 ið x  1=2Þexp  ð x  1=2Þ
u
b
b
b
4B y
vx
2y

!
(6a)

b is the dimensionless average vertical velocity, h v
b0 i where h vi
initial vertical velocity, B is a dimensionless ﬁtting parameter,
b ¼ x=W, y
b ¼ y=W and y is the vertical coordinate, measured
x
from the bottom of the silo. Their experiments were performed in a vertical glass-walled silo model of 100 cm height,
W ¼ 30 cm width and 3.8 mm deep, ﬁlled up to H ¼ 82 cm with
a monodisperse granular material composed of spherical
glass beads with mean diameter d ¼ 3.15  0.04 mm.
The average vertical velocities were determined using
Eq. (5). If x ¼ 0 is substituted to Eq. (2) then the calculated initial
b y is obtained. It is assumed that
value of vertical velocity V
0
this value is close to the average experimental value of vertical
velocity.
Medina et al. (1998) considered the variation of kinematic
parameter B at height h ¼ 6 cm and up to h ¼ 20 cm above the
base of the model. The distribution of parameter B was given
in a non-linear increasing function, (cf. Fig. 8). If this function
is extrapolated above level h ¼ 20 cm in the model it would
increase continuously. This would mean that kinematic
parameter B would change continuously with the height in
a non-linear form with no regions where it stabilises. In our
analysis parameter b increases between the height h ¼ 5 cm
and h ¼ 10 cm and then the parameter decreases (not shown).
Fig. 9 presents the variation of parameter b, but using the data
from Table A2 and Eq. (3) parameter b above the level
h ¼ 20 cm decreases. This is the opposite situation to that
described by Medina et al. (1998). The calculated values
conﬁrmed the fact that the kinematic parameter b was not
a constant but it varies depending on the height in the model.
The kinematic parameter b changed its value with the height
in a non-linear form but up to level h ¼ 10 cm it increased
signiﬁcantly, by about 18%. Above this level the increase was
only about 1%. The kinematic parameter stabilised above level
h ¼ 10 cm, again the opposite situation to that described by
Medina et al. (1998). Other authors, Tüzün et al. (1982), Kafui
and Thornton (1997), Medina et al. (1998) also found that the
kinematic parameter changed with the height. Based on Eqs.

Fig. 8 e Variation of kinematic parameter B deﬁned by
Medina et al. (1998).
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A parabola was drawn across three points of the given
coordinates ððz0 ; f ðz0 ÞÞ; ðz1 ; f ðz1 ÞÞ; ðz2 ; f ðz2 ÞÞÞ using the Lagrange
formula:
f ðzÞ ¼

Fig. 9 e Experimental measurements of vertical velocities
at various levels and empirical values predicted by the
parabolic model.

(8) and (9) and the formula given in Medina et al. (1998), the
b as:
kinematic parameter B depends on y
B ¼ 0:007e2

(6b)

Comparing the solutions given by other researchers, it can
be stated that the prediction of the kinematic model qualitatively agrees with the conducted experiments. In each case
a single ﬁtting parameter b satisfactorily predicts the entire
ﬂow ﬁeld. This fact indicates the most useful aspect of the
kinematic model.

5.2.
Empirical description of vertical velocity Vy by
a parabolic function
An empirical description of vertical velocity Vy was proposed
by the function:
h

xa i
Vy ¼ V0 1  A
c

(7)

where: V0 is the initial velocity, x is the distance from the axis
of symmetry, c is half of the width of the model, and A and
a e parameters, constant at the proper levels, determined by
the LSM and presented in Table 4.

Readings taken at level h (cm)
5
10
20 and higher

A

a

V0 (mm s1)

4.745
10.913
5.373

1.162
2.295
2.678

36.92
25.75
17.77

According to the values given in Table A4, parameters A, a,
and V0 (given in Eq. (7)) were assigned to the position of the
levels, where the velocities were calculated. These parameters
were determined according to the relationships:
A ¼ Ao þ A1 z þ A2 z2
a ¼ ao þ a1 z þ a2 z2
V0 ¼ V0o þ V01 z þ V02 z2

(8)

(9)

The parameters in Eq. (9); A, a, and V0 were calculated and
f ðzi Þ are the values of parameters A, a, and V0, for i ¼ 0,1,2 for
levels h ¼ 5, 10, 20 cm in the model. The values of these
parameters, presented in Table A4, are valid only for the range
between heights h ¼ 5 cm and h ¼ 20 cm. For z from interval
z˛h20; 50i the constant values of parameters A, a, and V0, were
calculated as for h ¼ 20 cm.
Using Eqs. (7) and (8), and the data given in Table 5, the
empirical values of vertical velocity were determined and
presented in Tables A10eA12 (in Electronic Appendix) where
the average experimental values are also given for comparison. The goodness of ﬁt between experimental and empirical
values in the parabolic description of velocities is presented in
Fig. 9.
For the remaining velocity proﬁles (i.e. h > 20 cm), the
agreement between the experimental measurements with the
empirical model was good up to 4 cm from the axis of
symmetry. At measurement points 5 and 6 cm from the axis of
symmetry, the predicted values of vertical velocity by the
empirical model did not agree as well as at the points closer to
the symmetry axis (Table A12). At the higher levels, i.e.
h > 20 cm the velocities were uniform and the empirical
description could be the same as used at all higher levels.

Table 5 e Parameter values from Eq. (8).
Parameter
Ai
ai
V0i

5.3.
Table 4 e Values of the symbols given in Eq. (7).

ðz  z1 Þ ðz  z2 Þ
ðz  z0 Þ ðz  z2 Þ
f ðz0 Þ þ
f ðz1 Þ
ðz0  z1 Þ ðz0  z2 Þ
ðz1  z0 Þ ðz1  z2 Þ
ðz  z0 Þ ðz  z1 Þ
f ðz2 Þ
þ
ðz2  z0 Þ ðz2  z1 Þ

i¼0

i¼1

i¼2

7.382
0.5987
52.88

3.021
0.4149
3.67

0.1192
0.01255
0.09573

Veriﬁcation of the accuracy of calculated velocities

In Table 6 the comparison of the sums of the squares of
differences of empirical and experimental values of velocities is given. Based on Figs. 4e6 it can be seen that
comparing two empirical kinematic models a better
description of velocity was obtained by using the modiﬁed
model. But from the values given in Table A6 the best
description was given by the parabolic function. The results
from the modiﬁed empirical kinematic model and the
parabolic model are very similar but the method of determining the parameters plays a signiﬁcant role in the accuracy of the solution. In Table A6 it can be seen that using the
modiﬁed empirical kinematic model the sum of the squares
of the differences of velocities is 4e6 times less than the
model given by Choi et al. (2005) and with the parabolic
model the differences were even smaller (Tables 7e9).
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Table 6 e Comparison of the sums of the squares of the
differences of velocities.
P
Model
ðVyempir  Vav Þ2 (R e correlation
cooefﬁcient)

Table 8 e Values of the maximal distances from the
symmetry axis xmax.
Level h (cm)
Distance xmax (cm)

5

10

20 and higher levels

3.397

4.587

6.939

h (cm)
5

10

20 and higher

Gaussian
25.99 (0.9420) 50.23 (0.8479)
Modiﬁed Gaussian 3.82 (0.9917) 12.95 (0.9631)
Parabolic
1.22 (0.9974)
1.23 (0.9966)

5.4.

59.35 (0.9665)
13.73 (0.9924)
5.29 (0.9971)

Empirical description of the ﬂow rate

5.4.1. Empirical description of the ﬂow rate using the
kinematic and modiﬁed empirical functions
Flow rate is an important parameter in silos. An empirical
analysis of the ﬂow rate Q was developed based on descriptions given by the kinematic model of Choi et al. (2005) and the
modiﬁed empirical kinematic model. For the area limited by
the function described in Eq. (2), the limits of integration used
in the calculations were: xmax ¼ 4, 5, 7 cm for the heights h ¼ 5,
10, 20 cm. The ﬂow rate for the unit thickness was calculated
numerically according to equation
xmax
Z

2

Q¼2

AeBx dx

(10)

0

at each level in the model and its values are given in Table A7.

Table 7 e Comparison of ﬂow rates calculated by applying
the limits of integration xmax [ 4, 5, 7 cm.
h (cm)
Q [101 cm2 s1]

Gaussian
Modiﬁed
Gaussian
model

5

10

20 and
higher levels

143.8
140.74

168.01
167.48

174.85
178.76

5.4.2. Empirical description of the ﬂow rate estimated by the
parabolic function
On the basis of Eq. (7) the values of xmax were also determined
but only for velocities Vy  0 using the relationship:
In A
a

xmax ¼ ce

xmin ¼ 0

(11)

where c ¼ 13 cm constitutes half of the width of the model
and parameters A and a are taken from Eq. (8) using the
values listed in Table 5. The values xmax in Eq. (11) are given
in Table 8 and denote the points where the parabola crosses
the x axis.
The ﬂow rate Q per unit thickness at a given level was
calculated from Eq. (12) using Eq. (7) as an area limited by the
following function
xmax
Z

Q¼2
0


Vy dx ¼ 2V0 xmax 

A
xaþ1
ca ða þ 1Þ max


(12)

Table 9 shows values of the ﬂow rate but they are not
constant and the laws of mass and volume conservation are
not satisﬁed. This shows that the assumption of the constant
density of the ﬂowing material given by Drescher (1991)
cannot be applied since the density of the material changes
throughout the model. Density could be assumed to be
approximately uniform and constant above level h ¼ 20 cm
and higher where the velocities and the width of the funnel
ﬂow have similar values. However, the lowest ﬂow rate was
produced near to the outlet because the cross sectional area of
funnel ﬂow was at a minimum and velocity was at
a maximum. The greater the height in the silo, the greater was
the calculated values of the ﬂow rate.

6.
Empirical determination of the ﬂow
channel boundary (FCB)
In symmetrical ﬂows the ﬂow channel boundary was deﬁned
by Zhang and Ooi (1998) as the zone in which the particles do
not slough off the solids surface but follow the paths predicted
by the kinematic theory all the way to the outlet. The particles
located in the surrounding feeding zone enter the top ﬂow
layer and roll down to the central axis; ﬁnally moving towards
the outlet. Many investigations measuring and predicting the
pattern of material ﬂows during silo discharge have been
carried out (e.g. Cundall & Strack, 1979; Nedderman & Tüzün,
1979). Tüzün and Nedderman (1979) deﬁned the ﬂow channel
boundary as the streamline within which 99% of the total ﬂow
takes place whilst Watson and Rotter (1996) proposed to deﬁne
the boundary where the velocity at each level is 1% of the
centre line velocity at that level. Hence the vertical velocity
was assumed Vy ¼ 1% at the stagnant zone boundary.
Using the readings from Tables A1eA6, given in the Electronic Appendix, the distances xi (for instance x ¼ 1, 2, 3, 4,
5 cm) were determined from the axis of symmetry of the
model. The values of x and the parameters of the proposed
functions are given in Table A13 in Electronic Appendix. The
last four readings of velocities Vy of non-zero values were
taken for the analysis. If the 1% values of velocities in the
assumed approximation were not obtained, as stated by
Zhang and Ooi (1998), then another function was used to
estimate the values. This occurred in only one such case.
On the basis of these data, the points of the calculated
values of x at which vertical velocity Vy ¼ 1% are shown in

Table 9 e Values of the ﬂow rate Q.
Level h (cm)
Flow rate Q [10

5
1

2

1

10

cm s ] 135.1 164.6

20 cm and higher levels
179.55
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increase was the highest. Above 10 cm from the outlet the
increase in b was inperceptable and its value stabilised to the
values that were different from those given in Medina et al.,
1998.
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Appendix. Supplementary materials
Fig. 10. Two types of function were investigated to describe the
relationship; power function
b ¼ a1 zb1
x

(13)

Supplementary data related to this article (Electronic
Appendix) can be found online at doi:10.1016/j.biosystemseng.
2011.01.004.

and the hyperbolic function
b¼
x

z
a2 þ b2 z

references
(14)

Values of the parameters of these functions and the coefﬁcients of correlation are given in Table A14.

7.

Conclusions

An empirical analysis of velocities measured by the DPIV
technique has been carried out. Velocity proﬁles obtained
from the experiments were compared with empirical values.
It was possible to approximate vertical velocity proﬁles inside
the silo by means of a suitable regression function. Velocity
was ascribed to the distance from the axis of symmetry and to
the height in the model using an empirical description. For
levels located higher than 20 cm above the outlet, vertical
velocities reached stable values.
The theoretical analysis of velocities in the model was
presented in two parts: by applying the Gaussian function
based on the model presented by Choi et al. (2005) and by using
a modiﬁed empirical kinematic model. The modiﬁed model
described velocity more accurately than the Gaussian model.
This was conﬁrmed by the statistical analysis presented. The
sum of the squares of differences of the empirical and
experimental values of velocities for the modiﬁed model was
several times lower than for the model presented by Choi et al.
(2005). However, the best description of velocity was given by
a parabolic function. This was followed by the modiﬁed
empirical kinematic function and then the Gaussian function
of Choi et al. (2005). There were no signiﬁcant differences
between the two models used to describe the ﬂow rates.
It was found that kinematic parameter b deﬁned by Choi
et al. (2005) depended on the height in the model and varied
considerably in the vicinity of the outlet. In this region its
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Böhrnsen, J. U., Ostendorf, M., Antes, H., & Schwedes, J. (2004).
Silo discharge: measurement and simulation of dynamic
behaviour in bulk solids. Chemical Engineering Technology, 27,
71e76.
Brown, R. L., & Richards, J. C. (1970). Principles of powder mechanics.
New York: Pergamon.
Choi, J., Kudrolli, A., & Bazant, M. Z. (2005). Velocity proﬁle of
granular ﬂows inside silos and hoppers. Journal of Physics
Condensed Matter, 17, S2533eS2548.
Cundall, P. A., & Strack, O. D. L. (1979). A discrete numerical model
for granular assemblies. Geotechnique, 29, 47e65.
Drescher, A. (1991). Analytical methods in bin-load analysis.
Amsterdam: Elsevier.
Drescher, A., & Ferjani, M. (2004). Revised model for plug/funnel
ﬂow in bins. Powder Technology, 141, 44e54.
Haüssler, U., & Eibl, J. (1984). Numerical investigations on
discharging silos. Journal of Engineering Mechanics Division,
ASCE, 110(EM6), 957e971.
Hirshfeld, D., Radzyner, Y., & Rapaport, D. C. (1997). Molecular
dynamics studies of granular ﬂow through an aperture. Physics
Review E, 56(4), 4404e4415.
Hong, D. C., & McLennan, J. A. (1992). Molecular dynamics
simulations of hard sphere granular particles. Physica A,
187(1e2), 159e171.
Jenike, A. W. (1961). Gravity ﬂow of bulk solids. USA: University of
Utah Engineering Experiment Station, Bulletin 108.
Jenike, A. W. (1964). Storage and ﬂow of solids. USA: University of
Utah Engineering Experiment Station, Bulletin 123.
Kafui, K. D., & Thornton, C. (1997). In Behringer., & Jenkins. (Eds.),
Some observations on granular ﬂow in hoppers and silos, powders &
grains’97 (pp. 511e514). Balkema.
Khelil, A., & Roth, J. C. (1994). Gravitational ﬂow behaviour of
granular materials. European Journal of Mechanics B/Fluids, 13(1),
57e72.

344

b i o s y s t e m s e n g i n e e r i n g 1 0 8 ( 2 0 1 1 ) 3 3 4 e3 4 4

Litwiniszyn, J. (1963). The model of a random walk of
particles adopted to researches on problem of mechanics
of loose media. Bulletin L’Academie Polonaise Sciences, 11,
61e70.
Lueptow, R. M., Akonur, A., & Shinbrot, T. (2000). PIV for granular
ﬂows. Experiments in Fluids, 28(2), 183e186.
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