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Abstract

This paper deals with the problem of non-linear
droplet oscillations, whereas effects of liquid viscosity
are of our special interest. In the experimental part
finite amplitude, axial-symmetric oscillations of small
liquid droplets in a gaseous environment are studied.
Experimental results are compared with available the-
oretical models. It was found that for a wide range of
viscous damping the numerical model, based on ap-
plying a least squares approximation to the boundary
conditions and the vorticity equation [1], provides re-
sults which are in a good agreement with the experi-
mental findings. At low and medium viscosities also a
simple ‘mechanical’ model [2] of droplet dynamics of-
fers adequate description of the numerical and experi-
mental data. The linear irrotational model of Lamb [3]
suffers serious discrepancies between predicted and ob-
served oscillation patterns.

1 INTRODUCTION

The problem of oscillating droplets has long been the
focus of many theoretical studies. Every such analysis
has to start from the statements of mass and momen-
tum conservation in form of the equation of continuity
V - ¥ = 0 and the Navier-Stokes equation:
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Reynolds number is defined as

Re = %\/URO/ : (2)

where o, p and v are the surface tension, density
and viscosity of the droplet medium, respectively.
The equation (1) is non-dimensionalized using length
scaled with undeformed droplet radius Ry, velocity
with maximum deformation amplitude A, pressure
with ¢/Rp, and time with \/pR3/o.

Limiting our considerations to axisymmetric defor-
mations, droplet surface is given as function R(t, 8) of

*Max-Planck-Institut of Fluid Res., D-37073 Gdttingen

time ¢ and polar angle §. Motion of the droplet sur-
face and flow velocity are coupled by the kinematic
boundary condition

d
E(R(@,lt) —r)=0]| _g, (3)

the tangential stress condition
(Tii) £=0|_g,, (4)
and dynamic boundary condition
(T#A) i=20H|_,, (5)

where T is the Newtonlan stress tensor and H the
mean curvature of the droplet surface.

Due to nonlinearities arising from inertia, capillar-
ity and coupling of the surface kinematics to the ve-
locity field, solution of the above equations is a non-
trivial free-boundary problem. Assuming small ampli-
tudes (A — 0) and neglecting viscous term (Re — 00),
the problem becomes linear and can be solved analyt-
ically.

The widely known linear, irrotational approxima-
tion given by Lamb [3] describes the instantaneous
deformation of the droplet shape by an infinite series
of the surface spherical harmonics:

R(t,0) = Ry (1 + io: a;(t)Pi(cos 9)) . (6)
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Each term ! of the Legendre series Pj(cos fl) describes
one mode of droplet oscillation, characterized by its
amplitude a;(¢) . The oscillation frequency € of each
mode [ and the decay time 7; are simply given as:

Q?:w’ TI:R—g (7)
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The equation (7) shows that damping increases very

quickly for higher oscillation modes. Therefore; in

practice description of the ‘natural’ droplet oscillation

can be limited to the first few modes.



Diffusion of vorticity from the surface to the bulk
of the droplet becomes essential for oscillating viscous
droplet. Prosperetti [4] has shown that even in the lin-
ear limit, the droplet motion consists of modulated os-
cillations, with frequency and damping factor varying
in time. Two limiting time scales can be defined. Ini-
tially (# — 0) motion is that executed by damped har-
monic oscillator of natural frequency €2; and damping
71 (irrotational approximation). Normal mode analy-
sis, including viscosity (Reid, Chandrasekhar) applies
for t — oco. In between these two asymptotic regimes
the correct solution is significantly different from ei-
ther case. The characteristic time scale for vorticity
diffusion tp = RZ/v, in non-dimensional form is a re-
ciprocal of Reynolds number (2).

For a large Re irrotational approximation will dom-
inate during several periods of oscillations, whereas
for Re — 1 only during a short initial time of droplet
motion vorticity diffusion is negligibly small. For de-
creasing Reynolds number, droplet motion approaches
its aperiodic limit, which was found to be at Re = 1.3.

It is obvious that linear description has only very
limited application to ‘real’ droplet oscillations. In-
deed, experiments with oscillating droplets [5, 6], in-
dicated that nonlinear effects are already observed
for the fundamental mode if its amplitude exceeds
0.1. Even weak nonlinearity of this mode is accom-
panied by a strong nonlinear excitation of the higher
modes [6]. The linear models completely fail for these
modes.

One of the first nonlinear analysis of droplet os-
cillations was given for the case of inviscid liquids
by Tsamopoulos & Brown [7]. Looking for strictly
periodic oscillations they have found that the oscil-
lation frequency of the fundamental mode decreases
with increasing amplitude. The effect of small vis-
cosity was incorporated into a nonlinear numerical
study by Lundgren & Mansour [8]. They found that
viscosity may have a relatively large effect on the
behaviour of the higher oscillation modes, chang-
ing their near-harmonic resonance coupling with the
fundamental mode. This result was confirmed when
recently full viscous and nonlinear analysis of the
droplet motion was given by Basaran [9] and Becker
et al. [1]. Basaran has shown, using Galerkin-finite-
element method, that both oscillation frequency and
viscous damping are time/amplitude depended func-
tions. This analysis confirms experimental findings [6]
that effects of viscosity on mode interaction are more
significant than it was anticipated in ‘low viscosity’
computations. However, aside from complexity, pure
numerical approaches have limited practical applica-
bility when direct comparison with experiments have

to be performed.

In the second nonlinear and viscous approach [1]
equations of motion are solved by deriving an ap-
propriate system of ordinary differential equations by
the use of the standard variational principle of Gauf.
This seems to be well suited to the analysis of nonlin-
ear droplet oscillations, since it offers the straightfor-
ward possibility of treating the boundary conditions
as additional constraints of the Navier—Stokes equa-
tion. Since the method offers description of nonlinear
droplet oscillations in terms of natural degrees of free-
dom, the straightforward comparison with the exper-
imental data is immediate. In practice computational
‘expensive’ calculations of the viscous motion inside
the whole droplet volume are not always necessary. It
has been found [2] that further simplifications, limit-
ing effects of viscosity to the surface boundary layer,
are allowed at higher Reynolds numbers. In the case
of free boundary conditions the vorticity of this vis-
cous surface layer remains finite even while its thick-
ness goes to zero with Re — oco. Lamb [3] made use
of this fact in his calculation of the linear damping
constants (7). Application of the irrotational approxi-
mation to the nonlinear equations has been found ap-
propriate for the interpretation of large amplitude os-
cillations observed in the experiments performed with
small ethanol and water droplets [2].

Another approach to the problem is offered by the
formalism of classical mechanics. Describing droplet
dynamics in terms of effective masses, kinetic and sur-
face energy, and a dissipation tensor one can construct
an ordinary differential equation for damped mechani-
cal oscillator [2]. By evaluating nonlinear terms of the
equation it has been possible to construct a simple,
fast numerical tool to model droplet mechanics. It was
found, that for typical (natural) oscillations of low vis-
cosity droplets, results obtained using this ‘reduced’
model are equivalent to the irrotational nonlinear ap-
proximation.

Limits of applicability of the numerical models are
usually difficult to estimate a priori. Hence, beside
the model development efforts, their validation is not
the least problem. In case of droplet oscillations non-
linearity of equation of motion (1) cannot be simply
described by a single parameter, i.e. Reynolds num-
ber Re. At finite oscillation amplitude (A > 0) both,
the relative value of nonlinear terms in (1) and cou-
pling through the boundary conditions (3)-(5), domi-
nate droplet dynamics. Therefore, usual estimates of
‘strong’ or ‘weak’ nonlinear effects are misleading. For
example, nonlinearity of higher oscillation modes re-
mains even at infinitesimal amplitudes. Hence, in the
following we consider applicability of three theoretical



models, namely M1 - a full viscous nonlinear model
given in [1], M2 - irrotational nonlinear approxima-
tion and its ‘reduced’ form described in [2], and M3
- linear model of Lamb. Our primary aim is experi-
mental validation of model M1, especially in the low
Reynolds number range, where viscous effects become
decisive. Then, applying M1 as numerically trusted
model, we can also verify limits of the irrotational ap-
proximations.

2 EXPERIMENTAL

Details of the experimental set-up can be found in [6].
The test liquid is injected vertically through the nozzle
to atmosphere. The droplets are generated by the con-
trolled break-up of a laminar liquid jet. By properly
adjusting the oscillation frequency of the piezoceramic
driver in the nozzle the jet can be forced to break up
into a row of practically monodispersed droplets, os-
cillating in axis-symmetric modes. The typical radii
of the droplets used are in the range from 50 to
400pm. Since the droplet velocity is relatively small
(below 10 m/s) the influence of aerodynamic forces
on the droplet shape is negligible. Water, ethyl alco-
hol and their mixtures with glycerin have been used as
fluid medium. It allowed to cover a wide range of the
Reynolds number (1.3 - 90) from the aperiodic limit
to weakly damped oscillations.

The oscillations of the droplet are observed through
a microscope using a CCD-camera. Bright field illumi-
nation is applied, i.e. the projection of the droplets ap-
pears as dark shadows in front of a bright background.
To visualize the droplet oscillations a beat-frequency
stroboscopic technique is applied. For further evalua-
tion the images are acquired by an 8- bit image pro-
cessor and saved on a computer hard disk.

As only the projections of the droplets can be ob-
served, the primary condition for an efficient measure-
ment is that droplets are formed axi-symmetrically,
with their axis of symmetry parallel to the plane of ob-
servation, i.e. to the sensor area of the CCD-camera.
Then the three-dimensional form of a droplet is com-
pletely defined by its two-dimensional projection. The
contour of the droplet projection is obtained using
specially developed computer code which automati-
cally analyses droplet images. The detected points of
the droplet boundaries are fitted to theoretically given
contour function comprising a limited series of Legen-
dre polynomials (6). For typical droplet deformations
the number of terms can be limited to lmaz = 5.
Subsequently, temporal variation of the oscillation am-
plitude a; for a sequence of 200-300 single images of
the droplet is used to compare with the corresponding
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Figure 1: Measured oscillation amplitudes ay ...a4q of
a water droplet (points); Ry = 87, Re =79. Compa-
rison with nonlinear model M1 (solid line).

time series predicted by the theoretical models.

3 RESULTS
3.1 Validation of model M1

At ‘high’ end of Reynolds number damping effects
are relatively low, what allows observation of several
oscillation periods before their amplitude completely
ceased. A typical time series of as...a4 observed for
the water droplet is shown in fig 1. Initial oscillation
amplitude is relatively low (a3 = 0.3). The nonlin-
earity of the fundamental mode appears mainly in
form of a frequency drift and asymmetry of prolate
and oblate surface deformations. More evident are the
nonlinear effects of higher oscillation modes (I > 2).
The nonlinear behaviour of these modes remains even
when their amplitudes became very small. It is worth
to notice that a4 is practically always positive for
the whole analysed period. To simulate numerically
observed time series we start calculation at an ar-
bitrary selected time ¢, using interpolated values of
as ...Gumaee and their velocities as ... aunqe as 1nitial
conditions. The comparison (Fig. 1) between experi-
mental points and results generated using ‘full > model
M1 shows very good agreement. Some differences visi-
ble for higher modes are mainly due to the limits of the
experimental resolution of the very small deformation
amplitudes.



1
time [ms]

Figure 2: Comparison of non-linear full viscous model
M1, irrotational model M2, and linear model M3 for
the case of previous figure.

Figure 2 illustrates results generated by nonlinear
and linear models for the case from figure 1. There is
practically no difference between both nonlinear ap-
proaches. Linear model predicts behaviour of the fun-
damental mode only qualitatively.

An experimental result obtained for liquid of me-
dium viscosity (Re=11) is shown in Fig. 3. The nonlin-
earities remain both for fundamental mode and higher
modes and are fairly good followed by model M1. The
linear description systematically overestimates oscilla-
tion frequency and damping of the fundamental mode,
and completely fails for ay.

Figures 4 and 5 show the effect of increasing viscous
forces relative to inertial forces on large amplitude ini-
tial droplet deformation. The nature of the oscillations
changes to critically damped regime for Re = 1.8. Sim-
ulation using the nonlinear model M1 remains in good
agreement with experimental data. However, due to
‘artificial’ excitation of droplets', not all of the ex-
perimental runs could be perfectly reproduced by the
model. These occurs, when initial velocity-vorticity
field in the droplet significantly differs from its sim-
plified description based on the initial droplet defor-
mations a; and their time derivatives.

1For viscous liquids large amplitude oscillations of droplets
have been forced by applying non-sinus excitation and collisions
of droplet.
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Figure 3: Oscillation amplitudes as . . . ay measured for
a glycerin-ethanol mizture (points); Ry = 155p, Re =
11. Comparison with nonlinear model M1 (solid line)
and linear model M3.
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Figure 4: Oscillations amplitude as and as measured
for a glycerin-water mizture (points); Ry = 417p,
Re = 3.3. Comparison with nonlinear model M1 (solid
line) and linear model M3.
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Figure 5: Aperiodic limit of droplet oscillations mea-
sured for a glycerin-ethanol mizture (poinis); Ry =
264p, Re = 1.8. Comparison with nonlinear model M1
(solid line) and linear model M3.
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Figure 6: Observed nonlinear characteristics of drop-
let oscillations, effect of oscillation amplitude and
Reynolds number; (top) - asymmetry of periods of
prolate and oblate deformation, (bottom) - relative
oscillation frequency. The ordinates normalized with
linear-model values.

3.2 Effects of Reynolds number and deforma-
tion amplitude

Two main nonlinear characteristics of the fundamen-
tal mode appearing in experiments, i.e. asymmetry of
periods for prolate and oblate deformations and am-
plitude dependent frequency shift have been displayed
in fig 6. Apparently in considered range of parameters
this nonlinear ‘behaviour’ of droplets does not show
dependence on Reynolds number. Also another non-
linear significance, frequency modulation a4(az), de-
scribed already in [2] , have been observed to remain
down to the low Reynolds number limit (comp. fig 7).

A model calculation performed for Re = 33 and
three initial droplet deformations, shown in Fig.8
(right), illustrates well amplitude dependent frequency
shift for the fundamental mode. Nonlinear mode cou-
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Figure 7: Observed as(az) modulation for oscillating

droplets; left - Re = 45.6,right - Re = 7.3.
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Figure 8: Effect of deformation amplitude. Numerical
stmulation using model M1, Re = 33, initial condi-
tions: as = 0.1,0.3,0.6, az = 0, and all remaining
modes set to zero; (right) - normalized amplitude as,
(left) - excited amplitude ay.

pling immediately initiates also excitation of higher

modes Fig. 8(left).

One may expect that in the limit of small initial de-
formation amplitude, the linear model of Lamb could
give correct description of motion. It is only partly
true. In fact, experimental and numerical runs per-
formed for initial deformations below 0.1 have shown
that at large enough Reynolds number (Re > 50) fun-
damental mode executes oscillations according to the
linear predictions. But even for such low amplitudes
linear description fails if we monitor higher modes.
Their nonlinear characteristics remain. It becomes ob-
vious, if we take into account, that not only defor-
mation amplitude A, but also the Reynolds number
Re must be small to justify linearization of (1). One
may try to approach linear limit decreasing Reynolds
number. Linear model of Lamb exceeds its limits for
low Reynolds number. Hence, for comparison we take
results given by Prosperetti (Fig.3 & Fig.4 in [4]?),
who used linear but fully viscous model. In Fig. 9
numerical results obtained with nonlinear model M1
are collected, starting calculations at three initial am-
plitudes, i.e. az = 0.1, as = 0.3 and ay = 0.5(0.4)
(a1>2 = 0,a; = 0). For comparison also results gener-
ated using linear Lamb’s model are shown. If we com-

?Fig.4 contains probably misprint; time scale changed, and
e = 0.3 in our comparison.
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Figure 9: Effect of deformation amplitude for near
aperiodic limit. Linear model M3 and simulation us-
ing model M1 at three different initial deformations;
(top)- Re = 3.3 - case to be compared with Fig.4 in
[4], (bottom)- Re = 1.67 - case to be compared with

pare Figs.9 with results of Prosperetti, we find that for
small amplitudes (a3 = 0.1) our nonlinear model M1
overlaps both his results entirely. Hence, model M1
fully comprise all key viscous effects present at the
near aperiodic limit. However, when initial deforma-
tion amplitude exceeds as > 0.3 nonlinearity starts
to play a role. Also transfer of energy to the higher
modes, becomes sufficiently high to perceivably ex-
cite amplitudes a4. All considered irrotational models
failed in this highly viscous limit.

6 CONCLUSIONS

Typical nonlinear properties, like the dependence of
the oscillation frequency on the amplitude, the asym-
metry of the oscillation amplitude, and mode inter-
action are observed even for relatively small initial

droplet deformations. Viscosity of droplet medium in
the investigated range has little effect on ‘lineariza-
tion” of motion. Nonlinear model, proposed previ-
ously [1], gives reliable description of droplet dynamics
up to its aperiodic limit. Both, the location of ampli-
tude extremes and the general form of the temporary
amplitude variation (modulation and damping) coin-
cide quite well with the experimental results. Irrota-
tional, nonlinear description is practically equivalent
for less viscous liquids. For typical ‘natural’ droplet
deformations its applicability is limited to Re > 30.
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