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Introduction

The processes of heat conduction and mass transfer in ADI
technology are described by Parabolic Equations, which can be
solved numerically by application of the Finite Difference Method
(FDM) or Finite Element Method (FEM).

Heat Conduction Equation (Fourier's Law) has the form identical as
Mass Transfer Equation (Fick's Law). Therefore, to examine both
these processes it is enough to examine only one of them, e.g. the
process of heat conduction. When the mass transfer is examined, the
term heat diffusivity "'a"" will be replaced with the term mass diffusivity
"D, expressed in the same units (m?/s). Some differences may
occur, however, in boundary conditions or the problem of moving
phase boundary (which is presented in Lecture Il, egs. 3 - 10).

There the simple version of the FDM is presented.

METRO — MEtallurgical TRaining On-line Copyright © 2005 W. Kapturkiewicz — AGH



Finite Difference Method

(The simple version)

A differential equation with partial derivatives is solved by solving a
system of algebraic equations, the number of which equals the number
of nodes in a discretisation network.

The method of the variables discretisation will be discussed on an
example of the differential equation of heat conduction in a one-
dimensional plane solid body without any internal heat sources and
with the value of thermal diffusivity "a” kept constant:
or 9 oO°T (1)
oT ox*
where: T — temperature,
- time,
X — co-ordinate.
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Finite Difference Method

The left side of the equation (1) can be replaced with the first member of Taylor's sequence:

(aT jk TETH _M[azT ]k L TeT

or),  Ar 2ulor?) At

or, depending on the mode of expansion, the derivative is replaced with differential quotient

k k+1 k A
forward (Fig.1): (mj - g T
ot ), At
k k k-1 TR
backward: ( at j T -1
ot J; At |
k k+1 k-1 Tik __________ | i
or central: or < T =T
aT i 2AT ’L'k At TI;+1 :

where AT — time step Fig.1. Temperature — time function
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The most frequently applied, and at the same time the easiest for computation,
is approximation with forward differential quotient of the left side of the differential
equation.

The right side of the differential equation of heat conduction, i.e. the temperature derivative with

respect to space, is computed with central differential quotient of the second order (Fig. 2):

Ti: _Tik Tik _Titl 4
0T B ) L
( j ~_ AX Ax N2l (3)
2 2
ox” ). AX AX T, -
T
where Ax — distance step
Tki-1

Fig.2. Temperature — distance relation
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By combining (1), (2) and (3) we obtain:

I 1+1

T =T/ aTifl—ZTik+T.k

AT AX*

After transformation with respect to unknown, we obtain a differential equation with
explicit system and bottom-up approximation with respect to accurate solution:

T =T A-2F)+ (T +TS)F (4)
F_ aAr L o
where: T A (Fourier’s difference criterion)
DA~

For mass diffusion the adequate criterion is. FD = Ay

where D — mass diffusivity, m?/s
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The equation (4) keeps the physical point if the value of F (from the definition -

positive) doesn't affect on the direction of temperature Tik“ change.
It is done if:

(1-2F)>0

and then the stability condition is:

F<1/2 (5)
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Crank —Nicolson method

In Crank-Nicolson’s method, as an approximate value of temperature with respect
to time, the differential symmetrical quotient at the time instant k+0,5 has been
used; it gives approximate values oscillating around the true value of accurate

solution.

To make approximation of the temperature derivative, a forward differential
quotient is used:

(a-rjk"'oas N Tik+1 _Tik
ot At

while the second temperature derivative with respect to space coordinate is
replaced by an arithmetic mean of the symmetrical differential quotients of the
second order at time intervals k+1 and k:
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Finite Difference Method
Crank —Nicolson Method

(62-'- JkJrO,S 1 (T-kﬂ _-I-ik+1 Tik+1 _Tigrl . Tik+1 —T-k Tik _TiEI

~ 1+1 i
Ox> i 2 AX AX AX AX AX

By substituting the approximations to (1) we obtain:

Tik+1 _Tik _ a ( o
Ar 2(ax)

wherefrom, having allowed for a definition of F number, we obtain:

2T 4TS —2TF T

i+1

l_FTk+ F (Tk+l

T = i+1 "'Ti:)

= i +TS 4T
1+ F 2(1+F)

1+1
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Crank —Nicolson Method

Due to high accuracy of the derivative approximation, large time steps
can be applied, and for this reason Crank-Nicolson’s method is
considered to be a differential tool most effective in computation of the
non-steady heat conduction (in one-dimensional system).
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Balance Method

Equation (4) can be derived by balancing the steady heat (or mass) flux
flow. The method is specially suitable when combining the equations for
a non-homogeneous network, comprising different space steps and
characterised by different thermophysical parameters.

-I-ik+1
Let us isolate in a one- N O S DEEEEERERES
dimensional space three plane AT I T * -
elements of a linear dimension IR 2 DL S Mo
Ax. The centres of these ) ‘ [ {
elements at the time level k will 2 AX AX
have temperatures amounting = ! | !
toT.,, T.and T,,,, respectively AX AX AX
(Fig.3). R

Distance
Fig. 3.
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Balance Method

Assuming that, at a given time interval Az, the heat conduction is steady
and the thermophysical parameters A4, ¢ and p are constant, the heat
balance for a middle element of temperature T, can be written down as:

Aﬂ;((Ti: _Tik)AT_FA/lX(Ti-kn _Tik)AT = CPAX (Tik+1 _Tik) (6)

where A, C, 0 - heat conductivity, heat capacity and density

The above balance is next transformed to form equation (4):

T =T (1-2F)+ (TS +T)F
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The dimensionless form of differential equation

One can use in computations any arbitrary temperature scale, and
hence equation (4) is written down in the form of:

k+1 k k
O =0(1-2F)+ (0, +0O))F
k k
where: @kl _ Tio = Ta eOF — T =Ty
TO _Tsrf e TO _Tsrf
k k
k Ti—l _Tamb k T|+1 T amb
®i_1 B T T ®i+1
0 'amb TO _Tamb
T T,mp — surface and ambient temperature
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Boundary condition of the 3rd type

The differential equation for the temperature of an element located near
the body surface can be derived by the elementary balance method. The
heat balance made for a near-surface element has the form of (Fig. 4):

surface

k
/I(Tnk_l _Tnk )AT 4 Tamb Tn AT — CpAX(Tnk+l _Tnk) (7) 7_
e 1
24« i -

where a - heat transfer coefficient, W/m2K

Fig. 4
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Boundary condition of the 3rd type

Ax 1
The term(zfaJ in equation (7) expresses heat resistance between the

centre of border element and its environment.

Transforming equation (7) we obtain:

T =T*1-F-G)+T F+TXG (8)
but fori=n Ti_‘il =T, G= 225NN N :%Ax

The dimensionless parameter N has the sense of Biot's criterion
referred to the dimension of a differential element Ax, and as such can
be called Biot's differential criterion. On the other hand, the quantity G
can be called differential criterion of the (most typical) boundary
condition of the 3rd type.
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Boundary condition of the 3rd type

The condition for stability of computations according to equation (8)
Is to have:
1-F-G=>0
2FN
2+ N

> ()

thatis 1-F—

From the above inequality it follows that: N > fF 3—|:2
Having previously assumed that F<1/3, the above condition is always
satisfied, since for this value of F the right side of the inequality assumes

a negative value, while the left side (criterion N) is, on account of its
physical sense, positive.
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Boundary condition of the 3rd type
Preferably, equation (8) can be written down in a more general form as:
Tik+1 :Tik(l_Ai _Bi)"‘TiElAi +TiE1Bi 9)

Parameters A, and B; illustrate (for the conventionally adopted system of coordinates) the
heat effect exerted on element “I” by elements located on its left and right side, respectively.

Equation (9) may be considered a general form of equation (4), where criteria A, and B,
have assumed values dependent on the location of element “i”” within the domain of 1D

network:
Criterion/ A B,
Element no
=1 0 F
ie(2,n-1) F F
I=n F 2FEN
2+N
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Introducing the notion of phase transformation

The heat of solidification, constant solidification temperature

The phase transformation most important in castings is the transformation of metal
from liquid to a solid state, combined with release of the latent heat of
transformation, i.e. the heat of solidification. How important quantitatively is this
transformation can be evaluated dividing the value of the heat of solidification of the
examined metal or alloy by the value of its specific heat. Then we shall obtain a
number H, expressed in degrees [K], which can be considered “temperature

reserve of the heat of solidification”.
For a typical cast iron:

solidification heat L = 270 J/g

specific heat ¢ = (0.753 + 0.837)/2 = 0.795 J/g K (mean specific heat for liquid and solid
state

is obtained: H = L/c = 270/0.795 = 340 K.
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Heat of Solidification

Dividing the value of H by the value of the transformation temperature we get
the significance level of the heat of transformation. The significance of the heat

of transformation S, assuming the solidification temperature of cast iron is
Typ is:

S, = HIT,, ~0.29

It can be assumed further that from the moment when the solidifying but still liquid metal has
reached the temperature of transformation, it possesses a “temperature reserve of the heat
of solidification”, which means that the temperature of a given element will not drop below the
solidification point as long as the temperature "reserve" is not completely exhausted, that is,

as long as the condition:

D AT <H (10)
k
is satisfied.
where ATik — Tkr _TikJrl - temperature drop at a given time step below the solidification
point.
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Heat of Solidification

If condition (10) is satisfied, then the temperature will be maintained at a
constant level, that is (T =T, ). Hence, the time necessary to exhaust

the temperature reserve H will equal the time of metal solidification within
the domain of a given differential element.
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Heat of Solidification

Range of Solidification Temperature

The heat of solidification within a temperature range AT,  can be introduced through
application of the term of an effective specific heat:

C:. =C+
ef A-I-kr (11)

where ATkr :T"k T

sol

T, and T, - temperature liquidus and solidus for an alloy

When the temperature of a given differential element is within the range of AT, then F
in the differential equations should be replaced with (for T < Tik <T, )

AT
AX? (12)
A
where a, = ﬁ A - heat conductivity, p - density
ef
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Heat of Solidification

Range of Solidification Temperature

When a function of the spectral heat of solidification n, is available (for

example of the type (7; = A, + AT + AT?)), we can also use the term

of an effective specific heat cesand Fg, respectively, computing its value
for the actual metal temperature (the temperature at a given differential
interval), under the assumption that:

C,, =C+MNy (13)

where N = A, +A1T+A2T2

A,, A,, A, —regression coefficients
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General form of equation for one-dimensional (1D) system

Let us assume that the differential elements have different dimensions and different
thermophysical properties. For a unidirectional heat conduction (Fig. 3) the
elementary heat balance can be written down as:

(Tilil - Tik )AT n (Tilil - Tik) _
AX. N AX. AX. N AX. .,
2N, 2A, 20, 2A.

1 1 1+1

C;p;AX; (Tik+1 — Tik)

where — the index of parameters referred to the i-th differential element.

After transformation we obtain equation as (9):

T =T(1-A,-B,)+T A, +T,B (14)

1+11
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General form of equation for one-dimensional (1D) system

2F. 2F. a.At i
where A = ! B. = ! F =" a, =
A AX. 1 A AX. AX; CiP;
1+ 1+ —
A AX; A AX;
The stability condition of solution is to have: (A, +B)<1
If we assume a uniform differential division, then the constants in equation (14) will have
the form of: 2F 2F.
A = i B = i
! A ! A
1+— 1+ —

i-1 i+l

If, additionally, the differential elements will have the same coefficients of heat conduction
(a homogeneous system), then:

A, =B, =F

and equation (14) will assume the form of equation (4): T =T (1-2F)+ (T +T*)F
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Two-dimensional system (2D)
For a two-dimensional network system, the - Y
differential equation can be derived by the & AYj+1
elementary balance method (Fig. 5): y
(Tilil,j - Til,(j JATAY; N (Tilil,j - Til,(j)ATAy iy (Til,(j—l - Til,(j JATAX; N T {
AX, N AX, AX . N AX. 4 ij ij_l . Ay
_|_
AXi 1 AX AX1
(T -T¥) Az Ax -
SRS i k1 k (Fig. 5)
Ay, Ay, =Ci; Pij A% AY; (Ti,j _Ti,j)
J It
_|_
221,] 2Z’l,jﬂ
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Two-dimensional system (2D)

and after transformations with respect to temperature in a new time step we shall
have:

k+l _ mk k k

k k

2Fx. . 2Fx. . . ZFYi,j _ 2FYi,j

A. i L) B .= L) Ci,j - 7\, A Di,j - 7\4 A
where i A AX. i L. AX. P2y -1 2 1
1+ i,j i-1 1+ i,j i+1 1+ - l+———
}\‘i—l,jAXi 7H+1,jAXi Ki,j—lij }\‘i,j+1AyJ'

F a, jA’C F a; jA‘C Ki,j
Xii=7, Yii=1o ajj=
. (Axi)2 : 1ij )’ b Ci,j " Pi,j
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Two-dimensional system (2D)

The stability condition of solution in equation (15) is to have:
A;;+B,;+C.,+D;; <1

For a regular differential network ( A,; =B,;=C,; =D,;=F ) where I is
the criterion determined by equation (4), the stability condition is:

F <0.25
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Three-dimensional system (3D)

Compared to a 2D system, the differential equation for a 3D system
can be derived by introducing to the elementary heat balance an
additional balance along the axis “z” (Fig. 6)

(Fig. 6)

X(i)
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Three-dimensional system (3D)

Finite Difference Method

Then the differential equation will assume the form of:

k+1 _ TKk
Ti,j,m _Ti,j,m
+ A Tk
Ia.lam I_lajam
+E. . Tk
I,j,m"1,J,m-1
A 2in,j,m
where Ajm 1+/1i,,-,mAXi_1
/’Li—l,j,mAXi
B B 2in’j,m
bhm N Az
1+ 1,],m m
7\‘i,j,m—lAZm
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(1_ Ai,j,m B Bi,j,m _Ci,j,m B Di,j,m B Ei,j,m

+ B.
+ G.

i,j,m

-I-k

i,j—1,m

-I-k

i+1,j,m

Tk

I, j,m+1

+C

i, j,m i,j,m
I, j,m

2in’j,m 2Fyi,j,m
ﬂ” AXi+1

Coim=
A1 o A imAY i
ﬂf AX ﬂfl,j—l,mAy'

i+1,j,m i J

1+

G B 2in7j,m
Bm N Az
1+

i,j,m m-+1
A

Az

i,j,m+1 m

Copyright © 2005 W. Kapturkiewicz — AGH

(il

PAN

—Gijm )+
+D,  TX., +
i,j,m " i,j+1,m
(16)
_ 2FYi,j,m
b 14 }\‘i,j,mAyJ'H
}\’i,j+l,mAyJ'
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Three-dimensional system (3D)

The stability condition of solution in equation (16) is to have:
AintB ntCntDhntE

For a homogeneous system (cubic elements, the same coefficient of heat
conduction), equation (16) can be written down as:

T =T (1-6F) +

1,],m

+Gum§1

i, j,m

+T 4T +TK

i,j+1,m i,j,m i,j,m-1

+ F@S . +TS  +T*

i—1,j,m i+1,j,m i,j—1,m

+Ti}(j,m+1) (17)

where F — Fourier's differential criterion valid for a homogeneous network.

The condition for a validility of solution in the above equation is to have F<1/6  which
means that we have a condition three times more rigorous than the one obtained for a
solution valid in 1D system.
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