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Summary Forced, geometrically non-linear, periodic vibmas of thin Variable Stiffness Composite Laminaf#&CL) plates are
analysed. The stiffness varies in the plates’ dom@cause curvilinear reinforcement fibres areleyeg, instead of straight fibres. The
similarities and differences between the respambaitmonic forces of constant stiffness and vagiabffness composite laminates in the
same materials are analysed. The stability statishee bifurcations of oscillations of the divecsenposites are differentiated.

INTRODUCTION

Tow placement machines allow for the variation led pbrientation of fibres along a lamina [1] andthis way one

obtains a composite laminated panel where thenstf varies from point to point (VSCL). It is, fample, possible to
apply a fibre as shown Figure 1. Composite lamgate time and again employed in demanding situsitivhere an
understanding of their dynamic behaviour in the-lio@ar regime is important. We here investigatergetrically non-

linear vibrations of thin VSCL plates and, in pautar, the steady-state response of these platesrioonic forces. For
constant force amplitudes, the excitation frequescyaried — as a parameter — and the non-lineantegparts of the
Frequency Response Functions are obtained. Thediemscillations of non-linear VSCL plates aredntigated in

detail and compared with the ones of traditionaistant stiffness laminates in the same originakbns.
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Figure 1: Fibre with variable orientatiof(x,). a is a reference dimension of the plate.

FORMULATION SYNOPSIS

A fixed Cartesian coordinate system and an equivaigle layer, thin plate, theory are adopted d€dve the model,
which is constituted by ordinary differential eoas of motion, each displacement component ofiat o the middle
plane is written as follows

W (&t) =N (£) a, (t) (1)

where & and 77 represent non-dimensional coordinatés; (E,/]) are vectors of displacement shape functions and
a, (t) are vectors of generalized coordinates. It is iciemed that the fibre angle varies linearly witle fbngitudinal
coordinatex; such that, in lamink, the orientation of fibres is defined by

2T -1) (2)

0 (x) = 41y

where T* is the fibre angle a,=0 and T* the fibre angle at;=+a/2. Due to this variation, the stress-strain relati

changes withx;, unlike what occurs in traditional laminates.
To account for large displacement amplitude vilorai non-linear relations between strains and thglatements are
adopted. Then, the virtual work principle is em@dyand equations of motion of the following forra abtained

Mq(t)+(aM +BK,)a(t)+K,a(t)+K,, (a(t)) a(t) = Pcos(«t) 3)

The linear and non-linear stiffness matridés,andK,,, now depend on a variable fibre angle; hence, thifgr from
the ones of traditional laminates. The mass mariand the vector of generalised external forcegngblitudeP and
frequencyw, are equal to the ones of usual laminated compo$itk A Rayleigh type damping is considered in
equation (3).
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The shooting method [3] is here applied in the tohenain, in order to solve the following boundagiue problem:
what is the phase space state that is equal tbatsie beginning of a cycle and after one pe?idar this purpose it is
necessary to change the equations of motion tiodiicer ordinary differential equations:

m (“MTBK«)HZEgH_SA K«+Ks(Q(t))}{28}:{%02(@)} (@)

The periodic solutions of the equations of motioe &ence determined “exactly” (depending solely mmeric
precision). As a by-product of the solution proaeduthe monodromy matrix is also computed and, fribwa
eigenvalues of the latter, the stability of theusiohs is determined and the bifurcations charaxtdr

NUMERICAL TESTS

A very short sample of the data computed is showfigure 2. This portrays the non-dimensional vigileg against the
non-dimensional displacements of central pointsdivkrse composite layered plates. The plates arthénsame
constitutive materials, but in one of the plates fibres are rectilinear and in the remaining attee fibres have
curvilinear patterns. The plates are excited byroaic forces at the respective linear natural feemqy; the force is
uniformly distributed.
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Figure 2: Non-dimensional displacement versus non-dimensiaglacity of middle point of plates, excited byrh@nic forces at
the respective linear fundamental frequency. Theforientations are characterizedTgyand T, with: T,=45° and: — T,=0°,
X T;=15°, o T,=45° m T,=90°.

It is evident from Figure 2 that a variation ortyTi, (T, andT; define the fibre angle variation in each layen tzad to
very diverse response amplitudes. The differenatwden the dynamic behaviour of constant stiffreess variable
stiffness laminates become even more pronounced vifiteractions with higher vibrations modes ari3éese
interactions are due to energy transfer, whicmdoesed by non-linearity. Because the higher mad&sCL can have
quite different shape from the ones of traditidaatinates [4], the oscillations in the non-lineagime also occur with
clearly different shapes. Also of interest are stability status of solutions and the degree ofibaing spring, which
can be different from one VSCL to another, justhgngingT;.

CONCLUSION

Periodic vibrations of thin Variable Stiffness Camsjte Laminated plates, actuated by harmonic foas in the
geometrically non-linear regime, are investigatedferences in the dynamic behaviour of VSCL andstant stiffness
laminates are analysed. We focus in particulahénvibration amplitudes, modal interactions, sighgitatus, bifurcations
of periodic motions and in the degree of hardesjming.
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