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Summary In this paper, the governing equations of coupled thermoelastic problems are established for axisymmetric out-of plane vibration 
of bilayered circular plate. Then the analytical expression for thermoelastic damping is obtained. The importance of coating layers selection 
is highlighted. 
 

INTRODUCTION  
 
For resonators, it is desired to design and construct systems with loss of energy as little as possible. There is an 
increasing use of sophisticated structural geometries and advanced materials, especially laminated composites of 
layered thin films [1], in the design and manufacture of microresonators. For example, bilayered structures are widely 
employed in MEMS- examples include gold-coated microscopy, and Al-coated SiC electrostatically actuated 
microreonators [2]. In addition, circular plates are common elements in many sensors and resonators [3]. This paper deals 
with thermoelastic damping effects on the out-of-plane vibration of circular plate resonators.  
 

FORMULATION AND SOLUTION OF BASIC EQUATIONS 
 
Consider the axisymmetric out-of-plane flexural vibration of a bilayered thin circular plate with radius a . The 
thicknesses of the substrate and the coating are denoted by 1z  and ( )2 1z z− , respectively. The cylindrical coordinate 
system ( , ,r zθ ) is applied to study the vibration of the circular plate. In equilibrium, the plate is unstrained, unstressed, 
and keeps at environmental temperature 0T  everywhere. According to the Kirchhoff-Love plate theory, we can get the 
governing equations of the thermoelastic damping problem as 
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where w  is the axial deflection and jφ  is the temperature increment of the two layers, the subscript j  ranges from 

1 to 2, with the convention that 1j =  denotes the substrate and 2j =  denotes the coating layer. jρ  is the density, 

vjC  the specific heat at constant volume, jk  the thermal conductivity, jβ  the thermal modulus, Tjα  the 

coefficient of thermal expansion, jυ  the Poisson’s ratio. ( )1 1 2 2 1h z z zρ ρ ρ= + − . 1
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To calculate the effect of thermoelastic coupling on the vibrations of a bilayered circular plate, we solve Eq. (1) for the 
case of harmonic vibrations. We set 
 0 1 10 2 20( , ) ( ) , ( , , ) ( , ) ( , , ) ( , )i t i t i tw r t w r e r z t r z e r z t r z eφ φ φ φΩ Ω Ω= = =，   (2) 
Substitute Eq. (2) into Eq. (1), and solve the obtained equations, and we can get the analytical expression of the 
thermoelastic damping as 
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Ω  is the frequency without considering the thermoelastic coupling effect. 
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Here, nγ  is defined by the following equation: 
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3. Numerical results 
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Consider the substrate as Si, and the coating layers as Au, Cu, Al, respectively. The thicknesses of the substrate and 
coating layers are 10 and 1.11μm , respectively. Figure 1 verifies the convergence of Eq. (3). The coating layer is Au. 
It is shown that the expression converges quickly and is essentially unchanged for 3n ≥ . Figure 2 shows the variation 
of 1Q−  with radius a  for coating layers of Au, Cu and Al. It is shown that the metallic coating layers lead to a 
considerable difference in the damping. The analysis highlights the importance of coating layers selection: Au leads to 
higher damping than Au and Al. In addition, as the radius increases, 1Q−  increases first and then decreases, and there 

is a critical radius, denoted as ca , with the maximum value of 1Q− . 
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Fig.1 The convergence of 1Q−  Fig. 2 Variation of 1Q−  with radius a  for 
coating layers of Au, Cu and Al.  


