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Summary The probabilistic solution of the nonlinear stochastic oscillators with even nonlinearity and constant term is investigated
with exponential-polynomial closure (EPC) method. Numerical results show that the results obtained with the exponential-polynomial
closure method agree well with the simulated solution in the presented case even if the mean of displacement is nonzero and the
probability density function of displacement is nonsymmetric about its mean.

INTRODUCTION

The investigation on the probabilistic solutions of nonlinear stochastic oscillators was attractive in the last decades be-
cause other statistic or reliability analysis is based on the probabilistic solutions of the oscillator responses. Excited by
Gaussian white noise, the probability density function (PDF) of the oscillator responses is governed by Fokker-Planck-
Kolmogorov (FPK) equation. Therefore, various methods were proposed for the solution of the FPK equation or the
moment equations resulted from the FPK equation. Equivalent linearization method (EQL) is frequently employed to ob-
tain the approximate mean and second moment of the responses of weakly nonlinear stochastic dynamic (NSD) systems
[1, 2, 3]. The advantage of the EQL method is that it is applicable for multi-degree-of-freedom systems. Monte Carlo sim-
ulation is another method that is applicable for the numerical solution of multi-degree-of-freedom NSD systems, but the
computational efficiency, numerical stability, convergence, round-off error, and requirement for large sample size can be
challenges for Monte Carlo simulation in analyzing large systems [4, 5]. Exponential polynomial closure (EPC) method
was proposed and employed to analyze the solution of the reduced FPK equations about various stochastic oscillators with
odd nonlinearity [6, 7], the oscillators with odd nonlinearity and constant term [8], and 2-degree-of-freedom NSD systems
[9]. Recently, a new method named state-space-split-EPC (3S-EPC) was proposed for the probabilistic solutions of some
multi-degree-of-freedom NSD systems or the solutions of some reduced FPK equations in high dimensions [10, 11]. With
the 3S-EPC method, the FPK equations in high dimensions is reduced to the FPK equations in low dimensions which are
solvable with the EPC solution procedure. Hence, the the investigation on the effectiveness of the EPC method in various
cases is fundamental for analyzing the multi-degree-of-freedom NSD systems. In this paper, the PDF solution of the
oscillators with the terms with odd and even nonlinearities in displacement, the term with odd nonlinearity in velocity,
and constant term is investigated with the EPC method. Numerical results obtained from the EPC, EQL, and Monte Carlo
simulation methods are given to investigate and show the effectiveness of the EPC method in analyzing the probabilistic
solutions of the nonlinear stochastic oscillators in this case.

NONLINEAR STOCHASTIC THE OSCILLATORS AND ANALYSIS

EPC solution procedure
Considering the following oscillator with nonlinearity in both displacement and velocity besides constant term.

Ẍ + αẊ + βẊ3 + γX + ε1X
2 + ε2X

3 + m = W (t) (1)

where X and Ẋ denote the displacement and velocity of the oscillator, respectively; W (t) is zero-mean Gaussian white
noise which autocorrelation function is

E[W (t)W (t + τ)] = δ(τ) (2)

Set the values of system parameters as α = 1, β = 0.3, γ = 1, ε1 = 0.5, ε2 = 0.3, and m = 0.3. In this case, the
oscillator is strongly nonlinear and the exact solution is not available at the moment. The EPC method is employed to
obtain the approximate PDF of the oscillator responses. The PDFs and mean up-crossing rate (MCR) of displacement
from Monte Carlo simulation with 108 samples are used to test the solution obtained from EPC method. The results are
presented in Figs. (a)-(d).

Numerical Analysis and Discussions
From Figs. (a)-(d), it is seen that the results obtained from EPC with n=6 agree well with simulation while the PDFs and
MCRs of displacement given by EQL deviate a lot from the simulation, especially in the tail regions of the PDF and MCR.
It is also seen that the mean value of displacement is nonzero, and the PDF of displacement is nonsymmetric about the
mean of displacement. It is observed from numerical analysis that the mean value and the variance of displacement are
influenced by the values of all the nonlinear parameters β, ε1, ε2 and constant term m. The mean value of displacement
is more sensitive to constant term m than to ε1,especially to β. As the constant term m or the parameter ε1 increases,
the absolute value of the mean of displacement increases while the variance of displacement decreases. Numerical results
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also show that the variance of velocity always keeps the same value when there are changes in the nonlinear parameters
or constant term.

CONCLUSIONS

The probabilistic solutions of the oscillator with both odd and even nonlinearity in displacement, odd nonlinearity in
velocity, and constant term are analyzed with EPC method, EQL method, and MCS method. The numerical analysis
shows that the EPC method is effective in analyzing the PDF and MCR solutions of this type of oscillators.
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