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Summary The paper concerns the numerical structural optimization of the elastic contact problems using the level set approach. In
standard PDE based level set method interfaces separating a given domain into subdomains are represented by the zero level set of
the continuous level set functions. Here a piecewise constant level set approach is used to represent interfaces rather than the standard
method. In the used approach the interface between subdomains is implicitly represented by the discontinuity of the set of the basis
functions. In the paper the original structural optimization problem is approximated by a two-phase shape optimization problem.
Different phases in a whole design domain are represented by a one piecewise constant level set function only. Using this approach the
original problem is reformulated as equivalent constrained optimization problem with respect to this level set function. This problem is
solved numerically using the projected Lagrangian method.

STRUCTURAL OPTIMIZATION PROBLEM

Consider deformations of an elastic body occupying two — dimensional domain ) with the smooth boundary I" [2, 3].
Assume Q C D where D is a bounded smooth hold — all subset of R?. The body is subject to body forces f(x) = (f1(z),
fa(x)), x € Q. Moreover, surface tractions p(z) = (p1(x),p2(z)), © € T, are applied to a portion I'; of the boundary
I". We assume, that the body is clamped along the portion I'y of the boundary I', and that the contact conditions are
prescribed on the portion I's, where I'; N T'; = 0,4 # j, 4,5 = 0,1,2, T = To Uy UT. .We denote by u = (uq, uz),
u = u(z), z € Q, the displacement of the body and by o(z) = {oy;(u(x))}, i,5 = 1,2, the stress field in the body.
Consider elastic bodies obeying Hooke’s law, i.e., for x € Q and 4, j,k,l = 1,2

1
03j(u(z)) = agr(z)er(u(z)) where en(u(z)) = 5 (upi(z) +uk(@)), )
and uy (x) = 9ur(®) e use here and throughout the paper the summation convention over repeated indices. The stress
) oz g p p p

field o satisfies the system of equations

_Uij(x)d = fl(x) S Qvimj = 172a (2)

where 0;;(z) ; = %ﬁ, i,7 = 1, 2. The following boundary conditions are imposed
ut(x) =0 on Fo, 1= 1,2, and O'ij(l‘)’flj =p; on Fl, i,j = 1,2, (3)
uny <0, oy <0, uyoy =0 and |o7 |<1, wuror+|ur|=0 onTly, )

where n = (nj,n2) is the unit outward versor to the boundary I'. Let us formulate the contact problem (2) - (4) in the
variational form. Denote by V;,, and K the space and set of kinematically admissible displacements:

Vip={2z€[H'(Q)? : zz=00nTy, i=1,2}, K={2€V,, : 2y <0 on I'z}. 3)

H'(Q) denotes Sobolev space of square integrable functions and their first derivatives. [H'(Q)]?> = HY(Q) x HY(Q).
Denote also by A the set A = {¢ € L*(T'3) : | ¢ | < 1}. Variational formulation of problem (2) - (5) has the form: find a
pair (u, ) € K x A satisfying for i, j, k,1 = 1,2

/ aijriei; (e (o — u)de — / filps —u;)dx — / pi(pi —u;)ds +/ Mer —ur)ds >0 Vo € K, 6)
Q Q 'y s

/ (C—Nurds <0 V(€A (7
s

Let us introduce the set U,4 of admissible domains. This set has the form: U,y = {2 : E C Q C D C R? :
Q is suitable regular, Vol(Q) — Vol9" < 0, Pp(Q) < const1} where Vol(Q) = [, dx and Pp(Q) = [.dx. The
subsets £ and D as well as constants Vol9*?, const; > 0 are given. The set U,q4 is assumed to be nonempty. The cost
functional approximating the normal contact stress on the contact boundary has the form

T (u(Q)) = /F ox (W) (2)ds. ®)

The auxiliary given bounded function n(z) € M** = {n = (my1,m2) € [HY(D)]? : 3 <0 onD, i = 1,2, |
n It (py2 < 1}. Consider the following structural optimization problem: for a given function 1 € M*, find a domain
O € Uyq such that

Jy(u(@)) = min J,(u(®) ©)
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PIECEWISE CONSTANT LEVEL SET APPROACH

Assume D is partitioned into N subdomains {§2;} Y, such that D = Uf;l (©; U0R;) where N is a given integer and 9€;
denotes the boundary of the subdomain €; [1, 4, 5]. Define function ¢ : D — Rsuchthat¢ =4 in;, ¢=1,2,....N.

This function is used to identify all the phases in D. In order to guarantee that there is no vacuum or overlap between

different subdomains assume function ¢ satisfies the constraint K (¢) = 0 where K (¢) = (p—1)(¢p—2)...(¢p — N) =

Hf\il((b — ). Using this approach the characteristic function y;, ¢ = 1,2, ..., N, of the subdomain (; is represented as
Xi = o ;.V:L#i(gb —j) and «a; = ngl’k#(i — k). Any piecewise constant density function p : D — R? defined
as p(z) = eifx € D\ Qand p(x) = 1if z € Q where € > 0 is a small constant, can be constructed as a weighted
sum of the characteristic functions ;. Denoting by {p;}¥, a set of real scalars, we can represent a piecewise constant
function p taking these N distinct constant values by p(x) = Zivzl pixi(é(z)). We consider two - phase model problem,
i.e., N = 2. Therefore y1(x) = 2 — ¢(z) and x2(z) = ¢(x) — 1, p(x) = p1x1(z) + paxa(x) = (1 — €)p(x) +2e — 1
[5]. Moreover function K (¢) takes the form K (¢) = (¢ — 1)(¢ — 2). The structural optimization problem (9) takes the
form: find ¢ € de such that:
win J,(6) = [ pl@)ox(unyds (10)
PcU?, Ty
where the admissible set U2, = {¢ : Vol(¢) = [, p(¢)dz — Vol9™ <0, K(¢) = (¢ —1)(¢—2) =0, Pp(¢) =
Jo | Vo | dx < const,} as well as (ue, A) € K x A satisfies the state system in the domain D:

/ p(@)aijriei;(ue)eri (o — ue)dx — / p() fi(pi — uei)dx —
D

D
/ pi(i — ue;)ds —l—/ Ae(pr —ter)ds >0 Vo € K, i,4,k,1=1,2, (11)
Ty I
/ (¢ = A)uerds <0 V¢ € A (12)
1Y
NUMERICAL RESULTS

The necessary optimality condition for the problem (10) is formulated in [3]. Augmented Lagrangian algorithm with pro-
jection is used to solve numerically the discretized optimization problem (10). The obtained optimal domain is displayed
in Fig. 1. The areas with low values of density function appear in the central part of the body and near the fixed edges. The
obtained normal contact stress is almost constant along the optimal shape boundary and has been significantly reduced
comparing to the initial one.

Figure 1. Optimal domain Q*.

CONCLUSIONS

The structural optimization problem for elastic contact problem with the prescribed friction is solved numerically in the
paper. The obtained results indicate that the proposed numerical algorithm allows for significant improvements of the
structure from one iteration to the next and is more efficient than the algorithms based on standard level set approach.
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