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APPLICATION OF GJ-INTEGRAL TO SHAPE OPTIMIZATION PROBLEMS FOR PARTIAL
DIFFERENTIAL EQUATIONS/SYSTEM WITH MIXED BOUNDARY CONDITIONS

Kohji Ohtsuka∗a)

∗Department of Information Design, Hiroshima Kokusai Gakuin University, HIroshima, 739-0321, Japan

Summary GJ-integral is a generalization of J-integral in fracture mechanics proposed by the author in 1981 to express 3d crack
extension, which is applicable to shape sensitivity analysis of partial differential equation/system. In this paper, a brief summary of
GJ-integral is written; next, it is written how to apply GJ-ingegral to shape optimization for boundary value problems with Dirichlet-
Neumann mix boundary condition; last, its numerical results are given.

BRIEF SURVEY OF GJ-INTEGRAL

Let Ω be a bounded domain inRd (d ≥ 2) andLp(Ω, Rm) Lebesgue space of all measurable functionsv : Ω → Rm (a
real number1 < p < ∞ and the integerm ≥ 1) with the norm∥v∥p,Ω. Consider the problem P(f, V (Ω, ΓD)): For a

given functionf ∈ Lp′
(Ω, Rm), p′ = p/(p − 1), find u minimizing the following functional

E(v; f, Ω) =
∫

Ω

{
Ŵ (x, v,∇v) − f · v

}
dx

over the spaceV (Ω,ΓD) =
{
v ∈ W 1,p(Ω, Rm) : v = 0 onΓD

}
, whereΓD stands for the part of∂Ω and a scalar function

Ŵ (ξ, z, ζ) : Rd ×Rm ×Rd×m → R is in C1
(
Rd × Rm × Rd×m

)
andW 1,p(Ω, Rm) denote Sobolev space of functions

v ∈ Lp(Ω, Rm) with the norm∥v∥1,p,Ω. To simplify, we denotêW (x, v,∇v) by Ŵ (v) whose derivatives are denoted as

follows;∇ξŴ (v) = ∇ξŴ (ξ, z, ζ)|(ξ,z,ζ)=(x,u,∇u), ∇ζŴ (v) = ∇ζŴ (ξ, z, ζ)|(ξ,z,ζ)=(x,u,∇u).

Definition of GJ-integral and its fundamental property
For an open subsetω in Rd andρ ∈ W 1,∞ (

Rd, Rd
)
, GJ-integral [4, 5]Jω (u, ρ) = Pω (u, ρ) + Rω (u, ρ) is defined by

Pω (u, ρ) =
∫

∂(ω∩Ω)

{
Ŵ (u) (ρ · n) − T̂ (u) · (∇u · ρ)

}
ds

Rω (u, ρ) = −
∫

ω∩Ω

{
∇ξŴ (u) · ρ + f · (∇u · ρ) −

(
∇ζŴ (u)

)T (
∇ρT

)
∇u + Ŵ (u) div ρ

}
dx

wheren = (n1, · · · , nd)
T is the outward unit normal of∂ (ω ∩ Ω), i-th component of̂T (u) is nj∇ζij Ŵ (x, u,∇u) and

ds the surface(line) element of∂ (ω ∩ Ω).
If u is regular insideΩ, that is, ifu|ω∩Ω ∈ W 2,p (ω ∩ Ω, Rm) and the divergence formula∫

ω∩Ω

∇Ŵ (u) · ρdx =
∫

∂(ω∩Ω)

Ŵ (u)(ρ · n)ds −
∫

ω∩Ω

Ŵ (u) div ρdx (1)

holds, then
Jω (u, ρ) = 0 for all ρ ∈ W 1,∞ (

Ω, Rd
)

(2)

Consider the perturbationΩ(t), 0 ≤ t < ϵ of Ω and the problems P(f, V (Ω(t), ΓD(t))) that are given byφt such as
Ω(t) = φt(Ω) andΓD(t) = φt(ΓD).

[M1] For eacht ∈ [0, ϵ), φt is 1-1 mapping and has the inverseφ−1
t , whereφ0(x) = x.

[M2] [t 7→ φt] ∈ C1
(
[0, ϵ),W 1,∞ (

Ω0, Rd
))

.

Assume that P(f, V (Ω(t), ΓD(t))) satisfy the conditions; the unique solvability of P(f, V (Ω(t), ΓD(t))), the uniform
coercivity ofE(v, f,Ω;φt) with respect toφt and P(f, V (Ω, ΓD)) satisfy (S+) condition. Here

E(v, f,Ω;φt) =
∫

Ω

{
Ŵ (φt(x), v(x), [A(φt)(x)]∇v(x)) − f ◦ φt(x)v(x)

}
κ(φt)(x)dx (3)

whereA(φ) =
(
∇φT

)−1 ∈ L∞(Ω0, Rd×d), κ(φ) = det∇φT ∈ L∞(Ω0, R)..

Theorem 1 For a family of mappingsφt satisfying [M1] and [M2], iff ∈ W 1,p′
(Ω, Rm) and P(φt(Ω), f, V (φt(Ω), φt(ΓD)))

satisfy the conditions just above, then the following holds

d

dt
E (u (t) ; f, Ω(t))

∣∣∣∣
t=0

= −RΩ (u, µφ) −
∫

∂Ω

f · u (µφ · n) ds (4)

whereµφ = dφt/dt|t=0.
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See [6] for the proof. Theorem 1 is fundamental results on shape sensitivity analysis, because in linear case, (4) express
the differentiability of bilinear form which derive the differentiability of static response and eigenvalues with respect to
shape.

APPLICATION TO SHAPE OPTIMIZATION

In Theorem 1, we get the shape sensitivity analysis of the potential energyΩ 7→ E(u; f, Ω). We introduce Azegami’s
method[1, 3] to find optimum shapeΩo assuming that the cost function is the energy, that is, finduo andΩo such that

E(f ; uo, Ωo) ≤ E(f ; u(Ω̃), Ω̃) for all domainΩ̃

under some restrictions, whereu(Ω̃) is the solution of P(f, V (Ω̃, Γ̃D)).
We now solve the optimization by Azegami’s method as follows: LetV(Ω) be the subspace ofW 1,2(Ω, Rd) and let
bΩ(V, µ) be a bilinear defined onV(Ω) × V(Ω) satisfying the following conditions.

[A1] bΩ(V, µ) ≤ α8 ∥V ∥1,2,Ω ∥µ∥1,2,Ω for all V, µ ∈ V(Ω) with a constantα8 > 0.

[A2] bΩ(V, V ) ≥ α9 ∥V ∥2
1,2,Ω for all V ∈ V(Ω) with a constantα9 > 0.

Consider the variational problemΠ(u, f, Ω): Under the condition of Theorem 1, findV o ∈ V(Ω) such that

bΩ(V o, µ) = RΩ(u, µ) +
∫

∂Ω

f · u(µ · n)ds for all µ ∈ V(Ω) (5)

The mappingφt(x) = x + tV o(x) from Ω to Rd is 1-1 if t is near0. Unfortunately,[µ 7→ RΩ(u, µ) ] is linear functional
onW 1,∞(Ω, Rd), and is not onW 1,2(Ω, Rd). To extend it onW 1,2(Ω, Rd), we need slightly smoothness ofu.

Proposition 2 If d = 2 or 3, and the solutionu of P(f, V (Ω, ΓD)) is in W 1,2p(Ω, Rm), then there is a constantα10 > 0
such that

RΩ(u, µ) +
∫

∂Ω

f · u(µ · n)ds ≤ α10 ∥µ∥1,2,Ω for all µ ∈ W 1,∞(Ω, Rd)

Using FreeFem++[2], we have numerical calculations that find the shapesΩi, i = 1, 2, · · · such thatE(0.5, V (Ωi+1, Γi+1
D )) <

E(0.5, V (Ωi, Γi
D)) starting from

Ω0 = {(x1, x2) : x2
1 + x2

2 < 1},Γ0
D = {(x1, x2) : x2

1 + x2
2 = 1, x2 > 0}

under the restriction that the areas ofΩi are same (= π). In first example,ΓD is fixed andΓi
N = ∂Ωi \ ΓD could change,

and after 93 iteration the figure (first case) is obtained. In the second example, both boundaries (Neumann, Dirichlet) are
changeable and after 78 iteration the figure (second case) is obtained.
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