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Summary A dynamic model of electric overhead cranes during operations of the lifting mechanism are derived based on a modified 
Lagrangian. In the model, the interaction between the trolley, the payload, the lifting mechanism (including the wire rope), the steel 
structure and the driving motor governed by a control system is considered. The dynamic responses of an overhead crane controlled 
by a control system through changing rotor resistances are simulated numerically for a normal lowering process of half a rated load.  
 

INTRODUCTION 
 
Electric cranes are special handling equipments used extensively in steel works, manufacturing workshops, power 
stations and freight yards etc. They require a high level of safety. However, the dynamic effect when they operate is 
considered crudely in the form of an amplification factor in the current design standard which cannot provide the 
sufficient information for fatigue analysis of the components of cranes when designing cranes for frequent operations. 
Therefore, it is very important to determine more accurately the time histories of loads acting on the mechanisms, the 
steel structure and the electrical system during all kinds of crane operations from a global standpoint in the design stage 
because electric cranes are essentially electro-mechanical systems, and hence it is the focus of this paper.  
 

MATHEMATIC MODELLING OF ELECTRIC OVERHEAD CRANES 
 
Main assumptions 
For simplicity, the following fundamental assumptions are made: 1) The clearance between mechanical driving elements, and 
the bending of driving shafts are neglected; 2) The stators, rotors and enclosures of motors, couplings, brake drums (or 
discs), the rope drum, gears and reducers’ cases, sheaves, the trolley frame, wheels, end carriages, the load handling device 
and the payload are considered rigid bodies; 3) The wire rope is a massless elastic body with a constant modulus of 
elasticity and viscous damping and can withstand only axial tension. Two girders are modeled as Euler beams with the 
same small curvature, viscous damping, uniform mass, and the elastic property; 4) The rated braking capacity of the 
mechanical brake stays constant; 5) For motors, the iron loss, electromagnetic radiation and parameter variation due to 
temperature changes are neglected. The gap between stator and rotor is uniform and the coupling magnetic field is linear in 
the 3-phase AC symmetrical induction motor. Under these assumptions, the physical model of an electric overhead crane 
during lifting or lowering is shown in Fig.1.The lifting mechanism is represented as a subsystem with two degrees of freedom. 
 
Equations of motion 
Only equations of motion for the process in which the payload is not 
supported by its support are presented due to lack of space. The reference 
frame OXYZ is defined as shown Fig.1. Suppose the elastic deformation of the 
girders due to vertical loads relative to their equilibrium position under the 
dead weight is w(y, t)=N(y) a(t), N(y)=(sin(iπy/L)), a=(ai) (i=1, 2, …, n), here, a and 
y are the generalized coordinate vector describing elastic deformation of the 
girder and Y-coordinate of any section of the girder in the OXYZ frame 
respectively. The potential energy V consists of the elastic potential energy of 
the driving shafts, the wire rope and two girders, and the gravitational potential 
energy of the trolley (including the lifting mechanism) and the payload. The 
kinetic energy T is composed of the kinetic energy of two girders and the 
trolley (including the lifting mechanism) due to the vibration of the girders, the 
payload, and the lifting mechanism due to the rotation movement. Because the total         Fig.1 physical model of         
length of the undeformed wire rope keeps constant during crane operations,           electric overhead crane  ી, l and ߝ are constrained by the constraint ߮ ൌ Tી܀ െ ߝ2݈ୢ ൅ ݈ െ ݈଴଴ ൌ 0 and thus interdependent. Therefore a modified 
Lagrangian ࣦ ൌ ܶ ൅ ୡܸ െ ܸ ൅ ߮ߦ  is defined [1, 2]. Here, T܀  ൌ ሺ2ୢ݈ߤ, 0ሻ; ીT  is the angular displacement vector ሺୢߠ,  ୰ ሻ of the components with the moment of inertia Jd and Jr; l and ε are the free length and tensile strain of the fallingߠ
wire rope respectively; ݈ୢ is a constant. ݈଴଴ is the length of the falling rope when both  ୢߠ and ε equal to zero. Vc is the 
magnetic co-energy of the motor which is the function of ߠ୰, ܑୱand ܑ୰ of the driving motor; ߦ is a Lagrange multiplier. 
Through Hamilton’s principle ׬ ሺδࣦ ൅ δܹሻdݐ ൌ 0௧మ௧భ  (δܹ is the virtual work of non-conservative forces which include 
the braking torque ܯୠ௜ሺ݅ ൌ 1,2ሻ of the mechanical brake, the resisting torque ܯ୤ in the lifting mechanism, the damping 
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forces relating to the elastic components, and the friction force between the drum and the wire rope wrapping around 
the drum) and integrating with the voltage equation of the induction motor, the electro-mechanical equations of motion 
for electric overhead cranes are derived: ۻୟୟ܉ሷ ൅ ܿ୥ۼ୴ଵ܉ሶ ൅ ܉୴ଵۼ ൌ ݉Q݈ߝሷۼTୢ ൅ ݉Q݈ሷሺ1 ൅ Tୢۼሻߝ ൅ ൫2݈ሶߝሶ െ g൯݉QۼTୢ െ ݉TgۼTT (1) ۸Lીሷ ൅ ܿୱ۶Lીሶ ൅ ۹Lી ൌ ܀ߦ ൅ ୫܂ െ ୠTۿ െ ୤T (2) ݉Q݈ሷሺ1ۿ ൅ ሻߝ ൅ 2݉Qߝሶ݈ ሶ ൅ ݉Qߝሷ݈ ൌ ݉Q܉ୢۼሷ െ ݇୵εଶ 2⁄ ൅ ݉Qg ൅ ሺ1ߦ െ ሷߝሻ (3) ݉Q݈ߝ ൅ ൣܿ୵ሺ1 ൅ 2݈ୢ/݈ሻ ൅ 2݉Q݈ሶ൧ߝሶ ൅ ൣ݉Q݈ሷ ൅ ݇୵ሺ1 ൅ 2݈ୢ/݈ሻ൧ߝ ൌ ݉Q܉ୢۼሷ െ ݉Q݈ሷ െ ߦ2݈ୢ ݈⁄ ൅ ݉Qg (4) ܮୱ଍ሶሶୱ ൅ ଍ሶሶ୰ܯ  ൅ ୱܑୱݎ ൌ ଍ሶሶୱܯ    , ୱܞ ൅ ୰଍ሶሶ୰ܮ ൅ ۶୫ܑୱܯሶ୰ߠ୮݅L݌ ൅ ሺ݌୮݅Lߠሶ୰ܮ୰۶୫ ൅ ୰۷ଶൈଶሻܑ୰ݎ ൌ ૙                  (5) 
where,  ۻୟୟ ൌ ݉୥۷୬ൈ୬ ൅ ݉TۼTTۼT ൅ ݉QۼTୢୢۼ ൅ ΦۼTܬ

TۼΦ,  ۼ௜ ൌ ሾ߯௜ۼሺݕ୭ଷ ൅ ܾሻ ൅ ሺܾ െ ߯௜ሻۼሺݕ୭ଷሻሿ ܾ⁄ ሺ݅ ൌ T, dሻ, ۼ୴ଵ ൌ πସܫܧ୶diagሺ1, 2ସ, ڮ , ݊ସሻ ⁄ଷܮ , ۸L ൌ diagሺୢܬ  , ,୰ሻܬ ۶L ൌ ሺܐଵ, െܐଵሻ, ଵܐ ൌ ሺ1, െ1ሻT, ۹L ൌ ݇L۶L,  ܂୫܂ ൌ ൫0, 3݅L݌୮ܑܯୱ۶܂୫܂ ܑ୰ 2⁄ ൯, ୠۿ ൌ ሺܯୠଶ, ୤ۿ ,ୠଵሻܯ ൌ ሺܯ୤, 0ሻ,  ۶୫ ൌ ሺܐ୫ଵ, ,୫ଶሻܐ ୫ଵܐ  ൌ ሺ0,1ሻT, ୫ଶܐ ൌ ሺെ1,0ሻT,  ߯ୢ and ߯T  are the ߯ଷ  coordinates of the drum axis and the centre of gravity of trolley in the coordinate 
frame ܱଷߟଷ߯ଷߦଷ , respectively. ܮୱ, ,୰ܮ ,ܯ ,୰ݎ  ,୮ are stator inductance, rotor induction, magnetizing inductance݌  ୱ andݎ
rotor and stator resistance per phase, and the number of pairs of poles of the motor in the lifting mechanism, 
respectively; ܑୱ,  ܑ୰ and ܞୱ are the vectors whose entries are the coordinates of the stator current, rotor current and stator 
voltage space vectors in the stationary reference frame, respectively; ݅L  is the speed ratio of the gear reducer in the 
lifting mechanism. 
Because the brake is released after energizing the motor in the control for the lifting mechanism, stick-slip motion 
between the brake drum and friction linings of the brake may happen during both starting and braking. Equation (2) 
must be reduced properly when the stick state happens. There are Coulomb friction forces in equation (2), which is 
nonlinear and non-smooth. Moreover, the mass, damping and stiffness matrices vary with time. Therefore the dynamic 
simulation is very complicated.  
. 

NUMERICAL EXAMPLE AND CONCLUSIONS 
 
For illustrating the effectiveness of the model, a process for lowering half a rated payload by a 32-tonne electric 
overhead crane controlled by the motor control system through changing rotor resistances is simulated (Fig.2). The 
parameters are from [3] except for the some parameters in the rotor resistance function and the braking capacity 
function of the brake. The braking is implemented by the single-phase braking first and then plug braking of the 3-phase 
induction motor, and the motor may be out of control over very short periods in which the stator voltage is switched 
during braking. It can be seen from Fig.2 that the electromagnetic torque, and stator and rotor currents of large 
amplitude and high frequency persist throughout the single-phase braking period of the motor; in the high-speed shaft, 
high frequency elastic vibration exists at the start and during braking of the lowering process and the peak torque is 
much greater than that during normal lifting for a full rated payload [3]; the maximum internal forces acting in the rope 
and girders occur after application of the mechanical brake during plug braking of motor. 

 
Fig.2 Some simulation results during a normal lowering process of half a rated load  
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