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Summary This present paper investigates impulsive synchronization motion of networked multibody systems. Impulsive motion
occurs when the networked systems are physically subject to either direct or indirect impulsive effects, or when subjected to both
simultaneously. The governing equations of networked multibody systems are developed from Lagrange formulation. The investigation
automatically incorporates a preliminary feedback control and the effects of impulsive constraints through its analysis. Some generic
criteria on exponential synchronization of the system output with respect to generalized coordinates and its velocities over, respectively,
undirected fixed is derived analytically. An example and simulations are used to demonstrate and validate the analysis procedure.

INTRODUCTION

Inspired by recent research advances in coordinated behavior and cooperative control of multi-agent systems, as well as
its broad applications, synchronization motions of networked mechanical systems modeled by Lagrange dynamics have
recently attracted a great deal of attention [1-3]. There are two elementary reasons. Firstly, network is regarded as a good
tool to deal with a set of interactional systems. Secondly, Lagrange equation is viewed as a classic and representative
dynamical model, it can well formulate a class of mechanical systems. More importantly, its dynamics analysis is chal-
lenging due to the inherent nonlinearity and strong coupling between its generalized coordinates. As a consequence, there
has been an increasing research interests in synchronization and control of networked Lagrange systems [1-3].
Impulsive motion of networked multibody systems arises when the interactional subsystems or agents are characterized by
the fact that at certain moments of time they experience abrupt changes of the states due to the following two elementary
reasons. The first reason is a directly physical behavior on subsystems, which is mainly caused by impulsive force
or impulsive constraint [4, 5]. In recent years, impulsive motion of multibody system has been a significant topic in
theoretical research and practical applications. On the other hand, impulsive control strategy based upon impulsive force
or impulsive constraint, is viewed as an efficient approach for cooperative control of mechanical systems and recently
gained renewed interests.
With the aforementioned background, we in this paper are mainly interested in synchronization motion of networked
multibody systems via impulsive cooperative control. The impulsive effects are usually caused by impulsive forces or
impulsive constraints. The primary contribution of this paper is to propose a distributed algorithm for the system output
synchronization with respect to generalized coordinates and its velocities. We provide the convergence analysis for such
algorithms over, respectively, undirected fixed, and then present some generic criteria on exponential convergence for
solving synchronization problems.

PROBLEM STATEMENT AND MAIN RESULTS

Consider a team of N agents n-degree networked Lagrange systems:

Mi(qi)q̈i + Ci(qi, q̇i)q̇i + gi(qi) = τi, i = 1, 2, · · · , N, (1)

where qi ∈ Rn is the vector of generalized configuration coordinates, q̇i is the vector of generalized velocities, q̈i is the
vector of generalized acceleration. Mi(qi) ∈ Rn×n is the symmetric positive-definite inertia matrix, Ci(qi, q̇i)q̇i ∈ Rn

is the vector of Coriolis and centripetal torques, gi(qi) ∈ Rn is the vector of gravitational torques, τi ∈ Rn is the vector
of generalized forces acting on the systems.
More generally, we choose a preliminary control input τi for each agent i as

τi = −Mi(qi)λq̇i − Ci(qi, q̇i)λqi + gi(qi) + ui, i = 1, 2, · · · , N, and ui = µ
∞∑

k=1

∑

j∈Ni

aij(rj − ri)δ(t− tk), (2)

Dirac function δ(t) depicts the impulsive effects of sudden appearances of constraints or abrupt changes in the networked
system motion at the time moment t = tk.
Thus, by substituting the control inputs τi into system (1), the governing equations of networked multibody systems with
impulsive constraints can be given by




ṙi(t) = −Mi(t)(qi(t))−1Ci(qi(t), q̇i(t))ri(t), t ∈ [tk−1, tk),

q̇i(t) = ri(t)− λqi(t), t ∈ [tk−1, tk),

∆ri(tk) = ri(tk)− ri(t−k ) = µM−1
i (qi(t))

∑
j∈Ni

aij(rj(t−k )− ri(t−k )), t = tk,

∆qi(tk) = qi(tk)− qi(t−k ) = µM−1
i (qi(t))

∑
j∈Ni

aij(qj(t−k )− qi(t−k )), t = tk.

(3)
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Let xi = [ri, qi]T, f(xi) = [−Mi(qi)−1Ci(qi, q̇i)ri,−λqi + ri]T, we have the following assumptions A1 and A2:
A1: For any i, there exist two positive constants Ki, Ki, such that M−1

i (qi)−KiIn ≤ 0, and M−1
i (qi)−KiIn ≥ 0.

A2: Function f is one-sided global Lipschitz on [tk−1, tk), i.e., there exists a constant ξ > 0 such that, for all xi(t), xj(t) ∈
R2n, t ∈ [tk−1, tk), k ∈ N, (xj(t)− xi(t))T[f(xj(t))− f(xi(t))] ≤ ξ‖xj(t)− xi(t)‖2.
Let K = max{K1,K2, · · · ,KN}, K = min{K1,K2, · · · ,KN}, ∆tk = tk − tk−1, the eigenvalues of Laplacian matrix
associated to a connected graph G can be ordered as 0 = λ1 < λ2 ≤ · · · ≤ λN .

Theorem 1 Consider the system described by (1) with the control input τi. Assume that the fixed topology graph G is

undirected, connected and if 0 < µ <
2Kλ2

K
2
λ2

N

and ln(1−2µKλ2+µ2K
2
λ2

N )
2∆tk

+ ξ < 0, then the agents with control constraints

(2) will achieve the exponential output synchronization with respect to generalized coordinates qi and its velocities q̇i.

APPLICATION EXAMPLE AND SIMULATION RESULTS

Consider six two-link revolute manipulators modeled by Lagrange dynamics with fixed topology graph:

Mi(qi)q̈i + Ci(qi, q̇i)q̇i + gi(qi) = τi, i = 1, 2, · · · , 6, qi = [qi1, qi2]T ∈ R2. (4)

The agents are assumed to be communicated using fixed topology graph G as shown in Fig 1. Let m1 = 1, m2 =
1.2, l1 = 1.8, l2 = 2. The initial values can be randomly chosen as [q1(0), r1(0), q2(0), r2(0), · · · , q6(0), r6(0)]T =
[2.1881, 2.8324, 2.4257, 2.7911, 2.7724, 2.6510, 2.8351, 2.6248, 2.6079, 2.6178, 3.0589, 2.4992, 2.3171, 2.3684, 2.8079,
2.9579, 2.9801, 2.4665, 2.8703, 2.7024, 2.5252, 2.6350, 2.6155, 2.7761]T in the interval [2.14, 3.14]. In simulation, we
let λ = 0.9 and choose µ = 0.0486, tk− tk−1 = 0.0018, by Theorem 1, then system (4) is output synchronized, (see Fig.
2), the corresponding generalized coordinates qi and generalized velocity q̇i are synchronized.
The condition of Theorem 1 is sufficient but not necessary. Let µ = 0.74, ∆tk = 0.3, and other parameters are the same
as system (4), then outputs synchronization of system (4) is realized (see Fig. 3).
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Fig.1: The fixed topology graph of six two-link revolute manipulators (agents).
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Fig.2: Output ri(t) synchronization of system (4).
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Fig.3: Output ri(t) synchronization of system (4).

CONCLUSIONS

In this paper, by utilizing cooperative protocol of preliminary feedback control with impulsive constraints, the impul-
sive synchronization motion of networked multibody systems modeled by Lagrange dynamics with fixed and switching
topologies have been investigated. We derive a sufficient condition under which the networked multibody systems can
achieve impulsive synchronization motion. To this end, an example and simulations are given to illustrate the analytical
results. The analysis procedure developed in this paper can be further generalized to deal with synchronization problems
for more general networked multibody systems.
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