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Fig. 1 Model of two-span continuous bridge 
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Summary By the expansion of transient wave functions in a series of eigenfunctions, the transient responses of a two-span bridge with 
elastic poundings under near-fault vertical earthquakes is solved. The numerical example shows that the present method can simulate 
reasonably the pounding phenomenon between girder and pier. The pounding force, bridge responses and the waves induced by 
poundings can be calculated.  

INTRODUCTION 
 

The pounding phenomenon [1-2] of bridges during earthquakes is of great interest in science and engineering. The 
pounding under horizontal earthquake excitation between superstructure segments or segments and abutments are 
usually investigated by the multiple-degree-of-freedom lumped mass model [3-4]. The pounding phenomenon of bridges 
excited by vertical earthquake is less studied because the vertical earthquake excitation is usually considered to be less 
important, but the records of near-fault earthquakes showed the large vertical ground motions and serious bridge 
damages [5-7]. Hence, in the present paper, the transient responses of girder bridges with possible poundings under 
near-fault vertical earthquake are solved by the expansion of transient wave functions in a series of eigenfunctions. 
 

                                     MECHANICAL MODEL 
 
The two span continuous beam bridges with elastomeric bearings are 
investigated in this paper. The mechanical model as shown in Fig. 1 
consists of a Bernoulli-Euler beam, a St. Venant rod and a spring 
modelled the elastic bearing with the stiffness k. The beam has the 
area of cross-section A, Young’s modulus E, area moment of inertia I 
and mass density ρ.The rod has the area of cross-section Ar, Young’s 
modulus Er and mass density ρr. The gravity of the bridge applies 
upon the beam with a linear loading q. The vertical ground motions 
B(t) is excited by near-fault vertical earthquakes. 

 
SOLUTION 

 
The equations of motion of the beam and the rod are, respectively,  

bAy M qρ − ∇ ⋅∇ ⋅ =ɺɺ ,  0r ruρ σ− ∇ ⋅ =ɺɺ                                 (1) 

The boundary conditions are 

( )y B t =  and 0bM = , on AΓ and BΓ  ( )u B t= , on DΓ                       (2) 

The initial displacement distribution and initial velocity distribution are 
4 2 2 4 3 3 2
0 0 0 0( ,0) [ ( 5 6 ) 2 (2 3 )] 24sy x q x x x x F x x x x / EI= − + − − − − , ( ,0) /s r ru F E Aξ ξ= , ( ,0) 0y x =ɺ , ( ,0) 0u ξ =ɺ     (3) 

The pounding condition of the beam and the rod is 

( ),r ru y E A u L t k′− = − , on C Γ                                   (4) 

Where ( , )y x t the beam deflection,( , )u tξ the longitudinal displacement of the rod.  

By the use of the expansion of transient wave functions in a series of Eigenfunctions [8], the transient responses of the 
bridge are solved. The solution is divided into two parts. The first part is the quasi-static solution and the second part is 
the dynamic solution. 

, ) [ ( , ), ( , )] ( , ) ( , ) ( , ) [0, ] ( , ) ( ) ( )T
s d d n nt y x t u t t t t t t q tξ=  ,   = +    ∈ ∞   ,  =∑u(x u x u x u x u x φ x           (5) 

Where [ ]1 2( )=
T

n bn bn rnϕ ϕ ϕφ x , , are the wave mode functions of beam and rod. The wave modes are governed by the 

eigenvalue problem. Their orthogonality relations are    
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b i b j b i b j r ri rj r ijx
Adx Adx A dρϕ ϕ ρϕ ϕ ρ ϕ ϕ ξ δ

−
+ + =∫ ∫ ∫                   (6) 

Use the orthogonal condition and Laplace transforms, the time functions ( )nq t are solved as the followings: 
*

* * * *
20

( ) (0)cos( ) (0)sin( ) ( )sin( ( ))d
t

n n n n n n n k n nq t q t q t Q t tω ω ω τ ω τ τ ω= + + + ⋅ −∫ ɺɺɺ        (7) 

                     
a) Corresponding author. Email: nlgyanghaibo@163.com. 
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Where *
2kt t t= − is the time variable of thek times pounding phase and2kt is the initial time of thek times pounding 

phase. (0)nq and (0)nqɺ are determined by the initial displacement and velocity distributions, which are the remaining 

distributions at the moment of the ending of the previous phase. In this paper, the remaining response distributions of the 
previous separation phase can be considered, so the continuous calculation from separation phase to pounding phase is 
done. The pounding force is the internal pressure along the axis of the rod at the rod end is 

( )
c

rP t dAσ
Γ

=  ∫∫                                        (8) 

NUMERICAL RESULTS AND DISCUSSION 
 
An example is showed in this Section. The girder has E = 34.5 GPa, ρ = 2600 kg/m3, A = 6.4 m2, I = 3.51 m4, x0 = 38 m 
and q = 2.5×105 N/m. The pier has Er=31.7 GPa, ρr = 2600 kg/m3, Ar = 3.0772 m2 and L = 5.2 m. The earthquake cycle 
T = 0.3 s and the acceleration of vertical earthquake a = 3.4 m/s2.The main ground motions B(t) =－0.00776 sin (20.93t).  
Fig. 2 shows the girder and pier don’t separate when the stiffness of linear elastic spring k =2.0×108 N/m, but when k 
=2.0×109 N/m, there are six poundings in two seconds. The first separation in t1=0.52298s, the first pounding in 
t2=0.57307s, the maximum pounding force is 25.2MN taken placed in first pounding. Fig. 3 shows the time history of 
girder middle deflection and pier top displacement in different stiffness of spring. The separation phase can be clearly 
appeared. Fig.4 and Fig.5 show, respectively, the propagations of the transient waves of shear force start from the 
vertical earthquake excitation and the first pounding. It is demonstrates clearly that the present method can depict the 
propagations of the pounding-induced transient waves. 
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Fig. 2 Time history of multiple-pounding force         Fig.3 Time history of girder middle deflection and pier top displacement 
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    Fig.4 Beam shear force wave propagation          Fig.5 Beam shear force wave propagation induced by the first impact 

 
CONCLUSIONS 

 
The present investigations show that the expansion of transient wave functions in a series of eigenfunctions can be 
applied to the pounding problems in bridges under near-fault vertical earthquakes, and obtain transient responses of the 
bridge and the pounding wave propagations. 
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