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Summary

The plane-strain and antiplane-strain model problems agaekdén an unbounded micropolar solid are analyzed. In bafies one out
of three modes is uncoupled, and the other two are coupleda Bemi-infinite crack, the models reduce to a scalar and der-@
vector Wiener-Hopf problems. In the plane-strain casewéight functions are derived by quadratures. For a finitgokamte-strain
crack, the weight functions are found in a series form thhotlhg solution of an infinite system of linear algebraic et

INTRODUCTION AND THE MAIN RESULTS

The effect of couple-stresses on the stress concentrdttha tip of a finite crack under conditions of plane strainjsab

to uniform uni-axial tension was studied by Sternberg an&iNIj. By using the method of Fredholm integral equations
they found that when the couple-stress paranieter0, the stress intensity factor does not approach that olutdorehe
elastic case. Both cases, the constrained couple-stresg/tand micropolar elasticity, were analyzed by Atkinsod a
Leppington [2] for a semi-infinite and a finite crack under ditions of plane strain. In the case of a semi-infinite crack,
the problem was reduced to a system of two Wiener-Hopf egusti The system was decoupled, and the solution was
found by quadratures. The problem of a finite crack was sadbyethe method of matched asymptotic expansions. For
both theories, they showed that when a certain paramgteends to zero, then the energy release rate from a crack tip
tends to the classical elastic value, while the stresséitiefactor does not. That parameter was taken as the cotngss
parametet (also used in [1]) for the constrained couple-stress theong the parameter = v (x + u)[r(x + 2u)] 71,

for the micropolar case. Here, x andyu are material constants. Another interesting limiting case oo (s = [ in the

the constrained couple-stress theory, and s; in micropolar elasticity) is hard to implement if the soris derived

in [1] and [2] are used, and it was discussed neither in [1],im¢2]. We analyze the problem for a semi-infinite crack
subject to loading,, = p1(z), oy = pa2(x), my. = ps(z). In contrast to [1], [2], in our derivation we do not emplogth
Mindlin formulation [3] in terms of the generalized Airy e8s function. Instead, we apply the Fourier transform tirec
to the governing equilibrium equations of micropolar etst This ultimately gives a representation of the salatthat

is easy to analyze when — co. We show that if the elastic parameter— 0, and~ remains finite and non-zero (in
this cases; — +0o0), then the equilibrium equations, the stress-strain imatand the solution reduce to the classical
equations and formulas of elasticity. For a semi-infinitecér we use the Wiener-Hopf method and derive exact formulas
for the stress intensity factors and the four weight funrijahe functiondV; ; andWvy; ; (j = I, V1) associated with
the modes | 4,) and VI (m,.), respectively (for the standard mode-I, H,{) and Il (r,.) cracks see the diagram [4],
p.59; for the other modes see Fig. 1). We show that if theielparameterx — 0%, and~ remains finite and non-zero
(in this cases; — +0o0), then the equilibrium equations, the stress-strainicglatand the solution of the Wiener-Hopf
problem reduce to the classical equations and formulasasfieity. Asx — 0%, the weight functionsV; ;, W and
Wy v tend to—y/2(n&) ! that is the mode-l and mode-Il weight function of elasticiEye other two function®/7; v 1
andWy r vanish. Ify — 0" andx/y — 0T, thenWy 1 v — 0, and the only nonzero weight functions afg¢ = Wy ;
andW;;. The asymptotic analysis is illustrated by numerical rissul

Li and Lee [5] analyzed the antiplane-strain problem for &dierack subject to the boundary conditions = p(z),

Myz = 0, my, = 0, |z| < a, y = 0%, and reduced the problem for the whole plane with a crack ¢oothe for a
half-pane subject to the boundary conditiens= 0, ¢, = 0, ¢, = 0 outside the crack. We show that these boundary
conditions are not correct, and must be replaced:by= 0, m,, = 0, ¢, = 0. For a semi-infinite crack in the case
of loading7,. = p1(x), my, = pa2(x), my, = p3(x), 0 < z < a, y = 0F, the antiplane-strain problem reduces to a
scalar and an order-2 vector Wiener-Hopf problems. We sthieenode-V scalar Wiener-Hopf problem in closed form
and find the mode-V weight function by two quadratures. Foniefimode-IIl, IV crack, the problem is equivalent to a
system of two singular integral equations with the Cauchylagarithmic kernels. The system is solved by the method
of orthogonal polynomials. We derive the weight functionsai series form by using the generating function of the
Chebyshev polynomials,, (z). The coefficients of the series solve a certain infinite sysi€linear algebraic equations.
Again, as in the plane-strain casexif—+ 07, then the mode-lll and 1V weight functions associated whté track tips

x = 0 andx = « tend to the classical elastic weight functions.

THE METHOD OF SOLUTION

A plane-strain semi-infinite crack

The problem to be analyzed is that of a semi-infinite criltk: = < oo y = 0%} in an otherwise unbounded micropolar
solid. The crack faces are subjected to plane-strain lgadjn = p1(x),0, = pa2(x),my. = p3(z), 0 < = < oo,

y = 0%, If —0o < 2 < 0, the displacements, andu, and the microrotatiog, are continuous through the line= 0,
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Figure 1. The modefV, V andV I cracks.

and they are discontinuous(if< = < oo. By applying the Fourier transform to the the equilibriunuations written in
terms of the displacements, andu, and the microrotatiog, we ultimately arrive at the vector Wiener-Hopf equation
&1 (¢) =d(O)G()[® () +pT(¢)], ¢ € L, whereL is the real axis,

s 0 0
o= Hm (@) |
0 ig‘(l—ﬁ) ng—@(l—ﬁ)

r = /(2 + p?, p andk are certain parameterd(() is a certain function, anfi* (¢) is the one-sided Fourier transform
of the loading vector. The vecto®&™ (¢) and® ™ (¢) are given by®~ ({) = ffoo [|Tyas Oys My || (z,0)e%dz, DT (() =
I3~ Nua (2, 0%) —ug(2,07), uy(2,07) — uy(2,07), ¢z (x,0%) — ¢ (x,07)||e*"dz. The mode-Il Wiener-Hopf problem
and the order-2 vector problem for the coupled modes | andr¥Isalved exactly by the factorization method. This
solution is employed to find the weight functions associaté the stress intensity factors

_ [T Kr N\ _ [T Wri(§) Wrvi(§) p2(§)
KII - /0 Wll(g)pl (§)d€7 (KVI > - /0 < WVI,I(&) WVI,VI(&) > <p3(§) ) dé
An antiplane-strain finite crack

The problem to be solved consists in finding a soluffan ¢,, ¢, } of the system of governing equations of micropolar
antiplane elasticity [5] subject to the boundary condiiogy, = pi1(z), my. = p2(z), my, = p3(x),0 < x < a,y = 0F,
The displacement, and the microrotationg, (x,y) and¢,(z, y) are continuous through the line= 0 asz < 0 or

x > a. If a = 0o, then the problem reduces to a vector Wiener-Hopf equatitmtive matrix coefficient

G11(¢) 0 iGi3(¢)
G() = 0 G22(C) 0
—iG13(C) 0 G33(C)

The structure of the matri%/(¢) indicates that the mode V is decoupled, while the other twalesplll and IV, are
coupled. The same is valid if the crack is finite. For a serfirite mode-V crack we find a closed-form solution and
an exact formula for the associated weight function. Thewotivo modes are coupled, and the matrix does not admit a
closed-form factorization by the methods available in ttegdture. For a finite crack, we reduce the problem to a syste
of two singular integral equations and solve it approxiryaby the method of orthogonal polynomials. The weight
functions are found in a series form in terms of the solutibaroinfinite system of linear algebraic equations.
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