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Summary We revisit a set of now classical experiments dealing with crack propagation in plates of brittle materials cooled along
there edges. We propose a model based on Francfort and Marigo’s variational approach to fracture which we implemented using a
regularized model. We present quantitative comparison between numerical simulations and experiments.

VARIATIONAL MODEL FOR THERMAL FRACTURE

In the recent years, the variational approach to fracture has be the scope of intense investigations (see [4] and references
within). In some situations, numerical simulations have been compared with closed form solutions, providing elements of
verification of the model. A first attempt at a validation of the approach, in the context of directional drying of colloidal
suspensions is presented in [9]. It relies on the indirect measurement of an inelastic strain and focusses on a situation where
the cross-sectional crack geometry can be devised by a purely static model. Here, we apply the variational framework
of Francfort and Marigo [6] to a now classical series of thermally driven fracture experiments and provide quantitative
comparison between numerical simulations and experimental and analytical results from the literature [8, 7, 1, 2, 10, 11].

We consider an ideally brittle material with Young’s modulus F, Poisson ratio v linear thermal expansion coefficient «,
and fracture toughness k occupying a thin rectangular slab of dimension I, x [,, brought to a constant temperature 6, then
cooled along one or several of its faces. As we are concerned in situations where the overall domain and the cracks length
is large compared to the thickness of the plate, we represent the domain by a two-dimensional rectangle {2 and make
the plain stresses hypothesis. We also assume that the cracks geometry has no impact on heat transfer. The temperature
field is computed by solving a transient heat equation or given in closed form, depending on the geometry and boundary
conditions. We account for the inelastic thermal strains in the variational framework by modifying the bulk term in the
total energy. More precisely, at any given time ¢, the deformation field u(¢) and crack set I'(¢) are given by the global
minimizers under proper displacement boundary conditions and the crack growth hypothesis I'(¢) D T'(s) for all s < ¢ of
the total energy

Eaiey(u,T) = /Q W (e(u), 0(¢)) de + k(T), )

where W (€, 0) = 1 A(e—afly): (e—ably) is the bulk energy potential, e(u) denotes the linearized strain (the symmetrized
gradient of u), A is the materials Hooke’s law, 5 is the two-dimensional identity matrix and “:” denotes the dot product
of two matrices. No a priori hypothesis on the cracks geometry or topology are made. Instead, the crack geometry is
derived from the unilateral minimization principle. Following the now classical approach originally presented in [3], we
introduce a small regularization parameter € with the dimension of a length, a secondary variable v representing the crack
set, and the regularized functional
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Eeato (1) = [ (67 + o)W (elu). 1)) da
Q
Following [5] for instance, it is possible to show that as ¢ — 0, & g(+) converges to £y in the sense of I'-convergence,
which in turns implies that the minimizers of £, g(;) converge to that of £y(;). The regularized functional (2) is discretized
using finite elements and an alternate minimzations algorithms is used.

COMPARISON BETWEEN NUMERICAL SIMULATIONS AND EXPERIMENTS

A basic dimensional analysis shows that this problem depends on a single parameter homogeneous to a length [, =
W, where A6 represents the magnitude of the temperature shock applied at the edges. In particular when the
domain is large enough and the temperature profile can be computed explicitly, the average crack spacing d as a function
of the distance from the cooled edge a are linked in [2] by the scaling law ”dl;) = Cyexp (—C2%),where C; and Oy are
two positive constants. Figure 1 shows the final cracks configuration and scaling law for several numerical simulations
on domains with different sizes and aspect ratio. The domain geometry for experiments in [1, 7] is represented by red
and green boxes, while that of the numerical simulations is shown in blue. Cracks distribution data from the literature
are displayed with the scaling law (dark line) and compared to our simulations showing a very good agreement for many
order of magnitude of scale parameter /y. The same formalism can be used in three dimensions. In this case, cracks
self-organize into polygonal cells reminiscent of cooling lava or drying starch. Cell merging is qualitatively similar to the
two—dimensional parking phenomenon.
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Figure 1. Crack geometry and scaling for experiments on a domain of size 5000y x 80l (left) and 2, 600lo x 1,000[¢ (right).

Figure 2. In the three-dimensional setting, our approach identifies complex crack geometries.
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