STABILITY OF ANEURYSM SOLUTIONSFOR A FLUID-FILLED ELASTIC MEMBRANE TUBE
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Summary When a hyperelastic membrane tube is inflated by an intereabpre, a localized bulge will form when the pressure resch
a critical value. As inflation continues the bulge will growtil it reaches a maximum size after which it will then propsgin both
directions to form a hat-like profile. The stability of suchlding solutions has recently been studied by neglectiegrifrtia of the
inflating fluid and it was shown that such bulging solutions anstable under pressure control. In this paper we extesdebent
study by assuming that the inflation is by an inviscid fluid wéadnertia we take into account in the stability analysisisThflects
more closely the situation of aneurysm formation in humaereas which motivates the current series of studies. héw that fluid
inertia reduces the growth rate of the unstable mode andtthas a stabilizing effect.

INTRODUCTION

The bulging phenomenon described in the Summary is welvknlout its relevance to the mathematical modelling of
aneurysm formation in human arteries is not appreciatedi weryy recently. The main reason is that rubber membrane
tubes and human arteries have very different constitutabiour and so, for instance, for the latter the inflaticaspure
does not exhibit a maximum. This fact has previously beenl tiseargue that localized bulging is not mechanically
possible in human arteries and so aneurysm formation cantentue to other non-mechanical factors. However, it
was recently shown [1,2] that having a pressure turningtpsinot a necessary condition for localized bulging. It was
subsequently demonstrated [3] using realistic models fiondn arteries that the initial formation of aneurysms can be
modelled as a mechanical bifurcation phenomenon. Thertnarenain ingredients in the analysis of [3]. Firstly, the
bifurcation condition for localized bulging for a threesa human artery does have a zero, although the corresgpndin
critical pressure can be many orders of magnitude higher thase in the physiological range. Secondly, localized
bulging is much more sensitive to localized imperfectidreit classical bifurcation into sinusoidal patterns [4] asdh
result localized weakening of the arterial wall can easilpdpthe critical pressure down to the physiological range.

With the initial formation of aneurysms interpreted as a hatcal bifurcation phenomenon, there then arises the im-
portant question whether aneurysm solutions are stabletaince only stable solutions can be observed in reality, an
stability will also play an important role in the subsequevilution of an aneurysm. In [2] it was shown for a singleelay
hyperelastic membrane tube that localized bulging salstare unstable under pressure control when the fluid inertia
neglected. In this paper we investigate the effects of flugdtia on the stability properties of localized bulgingugimins.

FORMULATION

We consider an incompressible, isotropic, hyperelasgimdrical membrane tube that has a constant undeformedsad
R and a constant undeformed thicknégs The tube is assumed to be infinitely long, and end conditmasmposed at
infinity. We assume that the axisymmetry remains througttmientire deformation so that in terms of cylindrical polar
coordinates the deformation can be written as

r=r(Z,t), 0=0(Z1t), z==z(Z1), Q)
wheret denotes time. The principal directions of the deformationmespond to the lines of latitude, the meridian and the
normal to the deformed surface, and the principal stretahegiven by
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where the indices 1, 2, 3 are used for the circumferentiabl and radial directions respectively, a prime represents
differentiation with respect t&, andh denotes the deformed thickness. The equations of moti@ntkekform
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wherep is the density of the material is the internal pressurey; ando, are the principal stresses in the 1- and 2-
directions, respectively, and a superimposed dot dencddsrial time differentiation. The deformation correspioigdo
the initial stage of inflation is uniform and is given by= r,, z = 2/ Z. The uniform axial stretch’_ is either specified
or in the case of closed ends expressed in termsofrom constancy of the resultant axial force. In either cagecan

be taken as the control parameter which is related to thenaltpressuré’,, . It was shown in [1,2] that for values of,

in a certain interval the above equations also admit a &#ditding aneurysm solution given by= 7(2), z = zZ(Z) that
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tends to the uniform solution in the limf — +oo. Near the bifurcation point, the aneurysm solution to legdirder is
governed by

(F/)Q = W(TOO)(F_TOO)Q +"Y(T00)(F_T00)37 (4)

where the coefficients(r.,) andv(r.,) depend on the strain-energy function [5] and we note thabifuecation value
rer Of o cOrresponds ta(r..) = 0. Thus, the weakly nonlinear aneurysm solution has the e@kpkpression
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When the aneurysm solution is perturbed, the fluid motiomigegned by the mass balance equation and Euler’s equation

for an inviscid fluid: 5 5 9 o 0 OP
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wherev; denotes the axial fluid speed apgthe fluid density divided by the undeformed wall thicknéss
STABILITY ANALYSIS

We consider axisymmetric perturbations and write
r=7Z)+w(Z)e", z=%2Z)+u(Z)e", P=P,+P(Z)em", (7)

wheren is the growth rate to be determined. If there exists one valugwhose real part is positive, then the aneurysm
solution is unstable. On substituting (7) into the govegreuations (3) and (6) and linearizing in terms of the pbgur
tionsw(Z),u(Z) andP(Z), we obtain a system of differential equations that can b#ewrin the matrix forny’ = My,
wherey = (u,u’,w,w’, P, P")T andM is a6 x 6 matrix whose components depend on the aneurysm solution.
Lety,, Yy, Y3 be three solutions of’ = My, and define the extended veciot such thatiti A j A k)-th component
is the3 x 3 determinant of the-th, j-th andk-th rows of the matrixy, Y, y3). We number the triplets A j A k such
thatl — 1A2A3, 2 — 1A2A4, and etc. The vector field" satisfiesy = M”"y”, and we define the adjoint system
x" = —(MMTx". These systems are called the exterior systems. It can éesitgrified thatLx”" -y = 0, and so
the Evans function defined by (n) = x" - y” is independent of,. Forn in the right half complex-plane, the matrix
M (i.e. Min the limit Z — oo0) has three eigenvalués(n), k2(n), ks(n) in the left half-plane. Thus the asymptotic
matrix M2, has simple left-most eigenvaléé () = k1(n) + k2(n) + ks(n) for n in the right half-plane. There are then
solutionsy” andx” of the exterior systems such that

Jim e M 2N Z) =3 ), lim o D70 (1, 2) =17 (n), (®)
wherer” () and1*(n) are the eigenvectors associated with(n). Moreover, because the eigenvalue is simple, the
constructions of Alexander and Sachs [6] are valid anf)&g) is analytic in the entire right half complex-planempénd
is real for real). The growth rate is then determined frdi{n) = 0 numerically.

Near the bifurcation point where, — ro, = —e < 1, we havew = (—2ew’(r¢r)/37v(rer)) - V (€, 7) @and

v v oV PV
gz Moz T oagr T age

9)

wherecy,, c2, cs are known constants and= et. The constant;,, reduces to the; in [2] when fluid inertia is neglected.
The growth rate for the only unstable mode is then given ekliby n = (c¢1/c1n)n0, Whereny = €4/3/16¢; is the
growth rate found in [2] when the fluid inertia is neglectece fvid thatc;,, is always greater than whenp; # 0. Thus,
fluid inertia reduces the growth rate and therefore it haalailgting effect in the weakly nonlinear limit.

We shall present numerical results that show that fluidiaéds a stabilizing effect over the entire fully nonlinezgime.
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