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IDENTIFICATION OF SMALL MULTIPLE DEFECTS IN 3D LINEAR ELASTIC BODY
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Summary A problem of identification of a finite number of small, well-separated defects (cavities, rigid or linear elastic inclusions) in an
isotropic, linear elastic 3d body, using results of one static test, is considered. It is assumed that the loads and displacements are measured
on the external boundary of the body. A method is developed for determination of the centers of defects projections on an arbitrary plane.
If the defects are spherical cavities or rigid inclusions their radii can be determined also. Numerical examples are considered.

INTRODUCTION

The reciprocity gap functional (RGF) method was successfully used for solving elastostatic inverse problems in [1-4]. The
solved problems concerned mainly the cases of identification of a single defect. Below we develop a method, based on the
RGF, for identification of a finite number of defects using results of one static test. The problem is reduced to the problem
of identification of the projections of the defects on an arbitrary plane due to the use of the regular elastic fields of specific
type. The obtained 2d problem is turned out similar to the problem of identifying simple poles of a meromorphic function. It
enabled to use in the considered problem the known methods.

STATEMENT OF THE PROBLEM

Let V < R® be a bounded simply connected domain with a boundary &V . G, cV, k=12,---,n are small, simply
connected subdomains. We suppose that G, NG =9, i# ], where G, is a closure of the subdomain G, . Let us

suppose that an isotropic linear elastic body with a shear modulus 4, and Poisson ratio v,, occupies the domain

n
Q=V\G, where G = UGk cV . The defects G, can be cavities or inclusions (rigid or linear elastic). If G, is a
k=1

cavity we suppose that its boundary oG, is unloaded. If G, isan inclusion, it is supposed complete bonding between the

matrix and inclusion. Let us introduce Cartesian coordinates OX,X,X, . We suppose that the loads t* = (t1d .t ,tg) are

applied to the boundary 0V and displacements u® :(uld,ug,ug) are measured on 6V . We will mark with a

d

superscript d the stress-strain state in the body : O'i? is the stress tensor, e’ is the strain tensor, u® is the

i
displacement vector, t = o'i‘j’nj , where n= (nl, n,, n3) is a unit outward normal to the boundary oV . Below we will
suppose that the defects are linear elastic inclusions. The cases of cavities and rigid inclusions can be considered as limit
cases when the elastic moduli tend to zero or infinity, respectively. The stress-strain state in the inclusion G, we mark
with the superscript 1k (o, eff,u™ = (u,*,u}",uz)). The shear modulus and Poisson ratio of the inclusion G, we
denote by 44 and v, , respectively. According to our suppositions the following equations are valid for
X = (X, %y, %) € QL

Vm

]

d 1 d d H .3 . d d d d 2 d. d
e = (ul + i), (1=12.31=123); of =24, | =05 +e] |, 0 =éekk, ol =0 (1)

M
The elastic field with the superscript Ik satisfies in the domain G, the equations, analogical to equations (1) with the

replacement of the values 4, and v,, by the values z, and v, , respectively. We will call the elastic fields in the

body V without defects as regular elastic fields and mark by a superscript r (ai; , ei; ,u"). The RGF, depending on two

stress states with superscripts d and r, is defined as follows:
RG(d,r)= [ (t'u -tu’)ds, t =ojn, @)

U]
oV
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The problem is to reconstruct the defects G, using the known loads t* and displacements u® on the boundary 6V .
Because the vector-functions t* and u® are known on 6V, the values RG (d,r) can be calculated for all regular
fields r. So, the problem will be solved if we express the parameters of the domains G, by means of the values

RG (d , r) . According to the results [2], expression (2) can be rewritten in the following form:

n
RG(d,r)zz_[Aai}kei; dx ®)
k=1 Gy
where Aoy =0 — ¢, &, are the stresses corresponding to the strains e in the material with the shear modulus

My and Poisson ratio v, .

REDUCTION OF THE PROBLEM TO THE PROBLEM OF THE DEFECTS PROJECTIONS
IDENTIFICATION

Let us denote the centers of the defects G, by X* =(x{',x5,§) and the volumes of the domains G, by |G,|. We

suppose that the diameters of the defects are small and the defects are well-separated. It follows from our suppositions that
in this case equation (3) can be rewritten in the form:

RG(d,r)ziAai}k(xk)ei;(xk)|Gk| )
k=1

Consider, for example, projections of the defects on the plane X,X,. Let f(z)=u(x,X,)+iv(x,X,), z=X +iX,
be a holomorphic function. It follows from the Cauchy-Riemann equations that the vectors of displacements

u" =(u,—v,0) and u” =(-v,-u,0) satisfy the Lame equations (1). The strain tensors corresponding to the fields of
displacements u" and u” are as follows:
ro_ N PN SN S PN N N -V AP P AP _ Al AP AP
€1 =Uys € =—€; €, =V, €3 =€ =65 = 0; €1 ="V € =€ € =—Uy; €3=63=63= 0 ()

It follows from the equations (4), (5)

RG(d,r)—iRG(d,p)~ z[(mﬁ (x)- Aok (x))+2iral (xk)]f (2,)[G,] ®)
k=1
m+1
Let us take, for example, f(z)= f,(2) =Z—, m=0,1,2,---, where L has the dimension of length. In this
(m+1)L"

m

case f; (Z) =w", w=z/L, and equations (6) have the following form:

D aw =b, @
k=1

Equations (7) are appeared in the problem of identification of simple poles of a meromorphic function. There are several
approaches for solving such problem. We used an approach proposed in [5]. Using this approach it is possible to determine

the centers w, =2z /L of the defects projections on the plane XX, and the values
a, = [(Aal”l‘ (xk)—Aaz'S (Xk))+ 2iAGs (xk)}|Gk| . If we suppose that the defects are spherical cavities or spherical

rigid inclusions, then it is possible to determine their radii using the values a, . Considered numerical examples confirmed
efficiency of the proposed identification method.
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