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Summary The paper is concerned with the problem of a semi-infinitelced the interface between two dissimilar elastic halfesga
loaded by a general asymmetrical system of forces dis&rthatong the crack faces. On the basis of the weight functgmoach

and the fundamental reciprocal identity (Betti formulag fermulate the elasticity problem in terms of singular gnéé equations
relating the applied loading and the resulting crack opgn8uch formulation is fundamental in the theory of elastiand extensively
used to solve several problems in linear elastic fracturehaueics (for instance various classic crack problems indgemeous and
heterogeneous media). This formulation is also cruciahipdrtant recent multiphysics applications, where thetielggoblem is

coupled with other concurrent physical phenomena.

INTRODUCTION

Three-dimensional problems of linear elasticity can beexlnowadays by a variety of techniques. Purely numerical
methods, such as finite element and boundary element tes®jigre very popular and extensively used, thanks to
the computational power of modern computers. However,yéinal methods, such as integral transforms, variational
inequalities, and singular integral equations, are stijreat interest, for instance in deriving fundamental Sohs for
some basic geometries (to be employed in numerical methiadbg assertion of existence and uniqueness of the sojutio
and in bifurcation theory (Bigoni and Capuani, 2002).

In particular, the method of singular integral equations Vst developed for two-dimensional problems and later ex-
tended to three-dimensional problems by the rapidly demetptheory of multi-dimensional singular integral operat
(Kupradze et al., 1979). For crack problems, the generalbaup to derive the singular integral formulation is based o
the Green'’s function method (Weaver, 1977). This methodistsin two steps. First, the stresses at a peimside a
body containing a discontinuity surfa®eare expressed in the form

oiy() = /S Ko (2, €) Mg (€) €, (1)

whereK ;i (x,€) = cijst(a/axt)T:,;(w, £) andT;,:(:c, &) is the traction associated with the Green’s funcfigp(x, £),
according to the equatidﬁs‘;(:c,g) = nl*cklquSp_,q(m,é). Herec;;. is the elasticity tensom?r is the outward normal
on the+- side of the surface and the displacement discontinuitynet byAwu;, = u, — uz The second step consists
in taking the limit as the point approaches a poiafy on the surfacé, to obtain the tractions on the surface

pi (o) = lim [ nf(2)Kij (@, §) Au(€)dE. (2
—To Jg
The described procedure works when the tractions on themliseiity surfaceS are symmetrical. Moreover, the limit in
(2) is not streigthforward and due care should be taken tarertee convergence of the integrals.
In this paper, we consider the three-dimensional problems#mi-infinite crack at the interface between two dissimila
elastic half-spaces and apply a method which avoids the fube @&reen’s function and the tedious limiting procedure.
We also do not use the assumption of symmetrical load.

Technique

Our results are based on integral transforms and two fundtai®otions of linear elasticity: the Betti reciprocal tihem,

on the one hand, and the weight function approach, on the.offfee Betti identity has been extensively used in the
perturbation analysis of two and three-dimensional crgfkscolroaz et al., 2007). The concept of weight functioswa
introduced in linear fracture mechanics by Bueckner (1970)

Assumptions

We consider a semi-infinite crack at the interface betweendissimilar elastic half-spac@s = {z = (21,22, 73) €

R3 : +x5 > 0}, see Fig. 1. The two elastic half-spaces are assumed totbeggowith shear modulus and Poisson’s ratio
denoted by andv., respectively. The crack lies on the half-pldie = {x = (21, 72,73) € R3 : 21 < 0,29 = 0}.
The crack faces are loaded by a system of, not necessarilystrical, distributed forces, . It is convenient to introduce
the symmetrical and skew-symmetrical parts of the loadafpbows

<p>:%(p+ +p_), [pl=p,—-p_, 3)
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Figure 1. Semi-infinite interfacial crack loaded by asymmetricakts on the crack faces.

where we used standard notations to denote the averfigand the jump[ /], of a functionf across the plane containing
the crackxy; = 0,

[f($1a0+7x3)+f($17075$3)]5 [[f]](xlax?)) :f($150+7x3)_f($17075$3)' (4)

N =

(f)(@1,23) =
RESULTS

Antiplane shear
For antiplane shear deformation, the integral identitéeslr

1 S(S) 8[[’[1,3]](7) 1 S(C) 3[[U3]](7)

for 1 < O, <O’23>Jr =

<mﬂgbﬂ:— for 21 >0, (5)

b+e o0x1 Cbte ox1
whereS®®) is a singular operator, where&$" is a compact operator,
0 0
(Ww:l/ &) e for <o, ww:l/ &) ge for w0, (6)

Plane strain and general 3D case
For plane strain and general 3D case, the integral idestii@ be written in the matrix form

(p) + A [p] = BO[u]) for z; <0, 7)

() + A“[p] = B[] ) for 21> 0, ®)

where A andB®) are singular matrix operators, whered&”) andB® are compact ones (for the definition of these
operators see Piccolroaz and Mishuris, 2011).

CONCLUSIONS

The singular integral formulation for a three-dimensiogehi-infinite interfacial crack has been derived in expfigim
by means of fundamental properties of linear elasticity imtegral transforms. This formulation for interfacial cks
seems to be unknown in the literature. The method of deomavoids the use of Green’s function and the tedious limitin
process involved in the general procedure. The identitiesnaportant in applications especially in case of multigibg
problems where the elasticity equations are coupled witbratoncurrent phenomena, such as in hydraulic fracturing.
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