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Summary The conventional JKR theory was extended to adhesive contact between layered elastic spheres. Elasticity problems of 
axisymmetric indentation without adhesion on a layered elastic half-space were revisited, with which the force-depth relations were 
obtained in a simple form. By using the solutions of the axisymmetric indentations, the contact between layered elastic spheres was 
analyzed, in which the adhesion energy between the spheres was taken into account. The obtained result differs from that of the 
conventional JKR theory only in several non-dimensional factors depending on elastic constants and geometric parameters. Also, the 
energy release rate at the debonding between layered elastic spheres was expressed in terms of pull-off force, elastic constants, and 
geometric parameters. 

 
INTRODUCTION 

 
Adhesive contact between coated materials, unlike bulk materials, entails difficulties in obtaining the adhesion 
properties of the coating materials due to the effect of substrates. For example, if the theory of adhesive contact 
between elastic bodies, known as the JKR theory developed by Johnson et al. [1], is used for spherical indentation onto 
an elastic film bonded to a substrate, only qualitative results are provided, unless the thickness of the film is much 
larger than the contact radius of the spherical tip. Several researchers [2-7] have studied adhesive contact between an 
axisymmetric tip and an elastic film on a rigid or elastic substrate. However, no JKR-type theory is available for 
adhesive contact between layered spheres, even if it is known that the JKR theory can be developed by appropriately 
superposing the solutions of a flat indentation and a spherical indentation [1, 8]. In this study, the conventional JKR 
theory is extended to the adhesive contact between layered spheres. 
 

EXTENTION OF THE CONVENTIONAL JKR THEORY 
 
The adhesive contact between layered elastic spheres, as shown in Fig. 1, analyzed by following the same procedure as 
described by Maugis [8]. The two spheres with radii LR  and UR  are assumed to be linear elastic and have elastic 

coatings with thicknesses Lh  and Uh , respectively. Under a compressive force F , the area of contact becomes a 
circular region with radius a . The relative displacement   between the centers of the two spheres under the applied 
force F  is the sum of the displacements of the two spheres, that is, L U    . The details of the analysis are not 
shown here, but the results are as follows: 
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Here 3F F R , 2 2 2 1 3(3 )K R    , and 2 1 3( 3 )a a K R  are the normalized contact force, normalized 

relative displacement, and normalized contact area, respectively, and 2 2
1 1 1 11 (1 ) (1 )K E E      and 

1 1 1L UR R R  . Also, in Eqs. (1) and (2), the parameters, { }fK x , * { }fK x , { }sK x , { }s x , and { }x , are non-

dimensional parameters depending on elastic constants and normalized contact radius Lx a h . The equations (1) and 
(2) differ from those of the conventional JKR theory [1], only in those non-dimensional factors. For example, the 
parameter { }sK x  has the relation 2 2

1 1 12 12 3 3 34 341 { } (1 ) [ ( ; , )] (1 ) [ ( ; , )]s s s L UK x E x E xh h           , in which 

12 12( ; , )s a h    can be obtained as shown in Fig. 2. 
 

RESULTS AND DISCUSSION 
 
Equations (1) and (2) expressing the extended JKR theory developed in this study can be used to obtain the relations 
between contact force, relative displacement, and contact area. Figs. 3 and 4 show the plots of normalized contact area 
vs. normalized contact force and normalized contact force vs. normalized relative displacement, respectively.  
                     
a) Corresponding author. Email: stchoi@ulsan.ac.kr. 
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Fig. 1. Contact of layered elastic spheres with 
adhesion. 

Fig. 2. The plots of the non-dimensional parameter 

  12 12; ,s a h   . 
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Fig. 3. The plot of normalized contact area versus 
normalized contact force. 

Fig. 4. The plot of normalized contact force versus 
normalized relative displacement. 

 
CONCLUSIONS 

 
The extended JKR theory was developed in this study for adhesive contact between layered elastic spheres. The 
obtained result differs from that of the conventional JKR theory only in several non-dimensional factors depending on 
elastic constants and geometric parameters. Also, the energy release rate at the debonding between layered elastic 
spheres was expressed in terms of pull-off force, elastic constants, and geometric parameters. The results of the present 
study are useful in exploring the adhesion between thin elastic films especially at micro and nano scales.  
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