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Summary : Using the 3D boundary element method, we calculated the normal contact stiffness of fractal rough surfaces as a 

function of the applied load. In Contrast to the Persson Theory, we found a power-law dependence with an exponent 

varying from 0.5 to 0.85. 

These results were confirmed by means of the reduction method, introduced by one of the authors. As the contact stiffness is 

proportional to the electrical conductivity, applications include micromechatronical devices.  

 

INTRODUCTION 

 

The roughness of surfaces has a great influence on many physical phenomena such as friction, wear, sealing, adhesion, 

and electrical as well as thermal conductivity. While most investigations after the 1950’s and 60’s focused on the contact 

area between rough elastic surfaces, another important contact quantity was much less investigated.  

The contact length 
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 determines many 

practically important properties, such as the electrical 

and thermal conductivity. These quantities are all 

connected with each other by exact analytical relations. 

For example, the electrical contact conductance   is 

linearly proportional to the incremental stiffness [1].  

 

Recently, the contact stiffness was studied numerically 

with the help of molecular dynamics [20] as well as with 

the boundary element method and analytically in the 

frame of Persson's contact theory [3]. According to this 

theory, an exact proportionality exists between the 

normal force and the contact stiffness. Initially, 

numerical simulations carried out in [2] and [3] as well 

as experiments seemed to support this conclusion. 

Results of our calculations, however, show a different 

behavior.  

 

For self-affine fractal surfaces, the spectral density has a 

power law dependency on the wave vector 
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wherein H is the Hurst exponent, ranging from 0 to 1. It is directly related to the fractal dimension: 3fD H  .  

Fig. 1 shows typical graphical representations of surfaces generated according to this law. 

 

 

STUDY OF THE 3D PROBLEM USING THE BOUNDARY ELEMENT METHOD 

Rough surfaces were generated on a square 0A  with an equidistant discretization of 2049 2049  points. We 

applied the boundary element method with an iterative multi-level algorithm to obtain the pressure distribution and 

stiffness for a series of dimensionless normal forces comprising 8 orders of magnitude. All values were obtained by an 

ensemble averaging over 60 surface realizations having the same power spectrum. We defined the dimensionless 

stiffness  *

01.1419 k k E A

 

in order to obtain ‘1’ at saturated contact and our dimensionless normal force was 

chosen as  *

0F F E h A . The calculated dependencies of the contact stiffness on normal force for six fractal 

dimensions are shown in Fig. 2 (left hand side). For low to medium forces, the stiffness is a power function of the 

normal force: Nk const F  .  The power   can be fitted as 0.266D  f . 
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Fig. 1: 3D and 1D representations of fractal rough 

surfaces. The left hand side shows Df=2.2, 

realizations on the right hand side are for Df=2.8.  
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Fig. 2: Dependencies of the dimensionless incremental stiffness on the dimensionless 

normal force. 3D results are shown on the left hand side, 1D results at the right hand side. 

Plots are for Df=(2.0; 2.2; 2.4; 2.6; 2.8; 3.0)
 
as indicated by the arrow.  

Please note the difference in the normal force/stiffness ranges. 
 

 

CALCULATION IN “REDUCED DIMENSIONALITY” APPROACH 

 

 The approach of reduced dimensionality was first demonstrated for single contacts and rough surfaces with a constant 

spectral density [4,5] and verified later in applications to surfaces with various fractal properties by a comparison of the 

results with the data for 3D models existing in literature.  

According to this approach, a solution of an original 3D contact problem can be formally substituted by an equivalent 

one-dimensional study of an artificially constructed line having the following effective spectral density 

    1 2D DC q qC q , 

 

In the approach of reduced dimensionality, the normal contact force at given position z of an upper flexible plate can 

be easily accumulated as a sum of partial forces corresponding to a set of independent springs. 

The dimensionless forces are normalized by a new combination
*E L , in which the length of the system L  substitutes 

the square root of the apparent contact area 
0A in the 3D approach (see [5] for details). 

If our understanding of the problem is correct, the results obtained in two different approaches must give the same 

relation for the contact stiffness for all forces and all fractal dimensions after the same scaling transformation, with the 

only substitution
0A L . Indeed, as can be seen from Fig. 2, the results coincide almost perfectly. For small to 

medium forces, a power law dependence is found. 

We can also learn from the reduced model that the power law dependence remains valid even for very small stiffness 

values, at least down to 610 , if the surface is still fractal at very small wavelengths. Grid sizes in 3D that would allow 

for these small contact areas to be reproduced correctly, cannot be calculated within a reasonable time, not even with 

Multigrid techniques as we have been using. 
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