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Summary Asymptotics of solutions to the elasticity system in the vicinity of a circular singular edge in a three-dimensional
domain are derived and provided in an explicit form. These asymptotic solutions are represented by a family of eigen-
functions with their shadows, and the associated edge stress intensity functions (EFIFs), which are functions along the
circular edge. We provide explicit formulas for a penny-shaped crack for an axisymmetric case as well as a case in which the
loading is non-axisymmetric. As a particular case we present explicitly the series expansion for a traction free or clamped
penny-shaped crack in an axisymmetric or a non-axisymmetric situation. The precise representation of the asymptotic series
allows to develop a new extraction technique based on the quasi-dual function method, for the edge stress intensity functions
which are of practical engineering importance in predicting crack propagation..

INTRODUCTION AND NOTATIONS

The elastic solution in 2-D domains in non-smooth domains like polygons, is
known to be described in terms of special singular functions depending on the
geometry and the differential operators on one hand, and of unknown
coefficients depending on the given right hand side and boundary conditions on
the other hand. In three dimensional domains as polyhedral, for the straight
edges we have provided explicit representation of the solutions [1] as a series
characterized by: eigen-values a;, their corresponding eigen-functions and
shadow-functions @;(¢p), and their corresponding edge stress intensity function
Ai(z), which are functions along the edge. Here we concentrate on circular edges
(a “penny-shaped crack” being a special renown case) in 3-D domain (see a
cross section in Figure 1), and derive explicitly singular series expansion in the
vicinity of such an edge for the elasticity system. We provide explicitly the
asymptotic solution for the elasticity system in the simplified case of the penny-
shaped crack under axi-symmetric and non-axisymmetric boundary conditions. i

From the engineering perspective the edge stress intenSity functions (ES”:S) Fig. 1 Model domain of interest §2 and the coordinate systems.

Ai(2), when ¢; < 1 are of major importance because
these are correlated to failure initiation. For example a;
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= Y for the penny-shaped crack. This work is motivated ; 1

by the need to compute ESIFs for elasticity problems in - - e g l ;

3-D domains with curved cracks or re-entrant edges as : ; B 1

shown in Figure 2. These are of significant engineering — ! - \\ ; 1

importance because the the ESIFs may (and often do) i : ! ;

vary along the crack front. This presentation will a— ;

provide the explicit representation of the asymptotic - .

solution in the vicinity of circular edges in axi- @ ® | (e) @ .‘”"

symmetric and non-axisymmetric domains [2], and ,: .

qerlve_ methOds for the extraction of the edge stress Fig. 2 Different types of singular circular edges (only a sector is plotted so the circular edge is clearly visible.

|nten5|ty fUnCtlonS. The domain in (c) includes the renown “penny-shaped” crack.

THE NAVIER-LAME SYSTEM IN THE VICINITY OF A CURVED EDGE
Consider the p,p,0, coordinate system in the vicinity of the edge tip as shown in Figure 1. Expressing the Navier-Lame

. . . . . T
equations in these coordinates, and denoting the displacement vector by (up, ug; ug)” one may show that these
equations may be expressed as:

{(1 + % cos \,:')2 [Mo] + (l + % cos p) (%) [Mo1] + (%)2 [Mao2]
+ (l 4+ = 7 COS ¢ ) (%) [M1o]de + (R) [M11]8g + ( ) [U?]daa} u=0

where the matrices [Mg], [Moq].... are given in terms of the material properties and p,p,and their derivatives. This
representation allows one to seek a solution as an asymptotic series of the form:
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Substituting the asymptotic solution into the Navier-Lame system allows one to prove that the eigen-values and eigen-
functions with 1=i=0 are the well known 2-D eigen-pairs, and the others (denoted shadow-functions) are computed by a
recursive formulation. Finally, one may derive the full solution (displacements and stresses). As an example, for a
penny-shaped crack under mode | loading in a non-axisymmetric case the stresses are (A and [ are the Lame
coefficients of the elastic material):
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Having the eigen-pairs and their shadows available, we extend the quasi-dual function method presented in [1] for
straight-edges problems to circular singular edges using the series expansion presented herein, and provide results
extracted from finite element solutions.
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