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Summary The formulation of gradient inelasticity models has generally been focused on the effects of additional size-dependent
hardening on the material behavior. Recently, the formulation of such models has taken a step in the direction of phase-field-like
models in the sense that energetic microstructure interaction and development is accounted for via non-convex contributions to the free
energy of the system. In the current work, the formulation ofsuch free energy models and the corresponding IBVP using rate variational
methods are briefly discussed. With the help of two simple models for such interaction non-convexity, it is shown that phenomena like
stress relaxation after yielding as well as PLC-like serrated flow result from the corresponding inelastic deformationmicrostructure
development and non-convexity.

INTRODUCTION

Although now a basic tenet of modern material modeling and material science, the idea that material properties and
mechanical behavior are determined by the underlying microstructure is still an issue of research in detail. In particular,
with regards to model development, the focus in recent yearshas been on the formulation of models encompassing
multiple length- and/or timescales. For the case of the inelastic behavior of single- and polycrystalline metals, for example,
two recent developments in this direction are (i) the development of gradient crystal plasticity (e.g., [1, 2, 3, 4, 5, 6]) at the
glide-system level, and (ii) the application of microscopic phase field methods (e.g., [7]) at the single dislocation level,
in such systems. A prominent aspect of phase field models is the modeling of energetic microstructure interaction via
non-convex contributions to the free energy of the system. Recently, gradient plasticity has been extended in this direction
in [8, 9, 10], resulting in a type of coarse-grained phase field form for gradient plasticity (e.g., [11, 7]).

MODEL FORMULATION & EXAMPLE RESULTS

The model formulation is carried out in the framework of continuum thermodynamics and rate variational methods (e.g.,
[11, 6]). For simplicity, attention is restricted to isothermal, supply-free, quasi-static, infinitesimal deformation processes.
In this context, besides the displacement fieldu, the principle global unknown is the setγ = (γ

1
, . . .) of shears associated

with glide systems having unit normals(n
1
, . . .). In some cases, one can also work with the corresponding dislocation

densities(ρ1, . . .) as unknowns (e.g., [9]), whereρa = curl(γa na). For brevity, attention is restricted here to kinematic
boundary conditions; many other types of boundary conditions (e.g., flux-type) may be considered as well (e.g., [11]). On
this basis, the IBVP can be formulated with respect to a configurationB of the material in terms of the rate functional

R(. . . , u̇, γ̇ ) =

∫
B

r(. . . ,∇u̇, γ̇ ,∇γ̇ ) dv (1)

and corresponding rate densityr = ζ + χ, whereζ represents the stored energy rate density, andχ is the dissipation-rate
density. Stationarity ofR with respect to admissible variationsδu̇ andδγ̇a, a = 1, . . ., then yields the weak field relations

0 =

∫
B

∂∇u̇
r · ∇δu̇ dv , 0 =

∫
B

(∂γ̇
a

r δγ̇a + ∂∇γ̇
a

r · ∇δγ̇a) dv , a = 1, . . . , (2)

of the formulation. The first of these represent the weak formof quasi-static momentum balance, while the second is the
non-local flow rule.
Consider for example the simplest case of a single glide system and one-dimensional deformation in the glide direction
(e.g., [8, 9]). In this case,B reduces to one dimension, e.g., a bar of lengthl0. Neglecting any size-dependence of
activation or yielding (e.g., [12]) for simplicity, assume(i) linear elasticity, (ii) non-convex local hardening-softening, (iii)
linear non-local (i.e., gradient) hardening, and (iv) immediate activation of inelastic deformation. In this case, the simple
form

r = E
0
(∇u − γ) · ∇u̇ + {∂γψγ − E

0
(∇u − γ)} γ̇ + a

E0
l2
E0

∇γ · ∇γ̇ + 1

2
σ
D0
γ̇
0
|γ̇/γ̇

0
|2 (3)

for r is obtained. Here,E0 is Young’s modulus,a
E0

is the energetic gradient hardening modulus, andl
E0

represents the
corresponding material lengthscale. In addition,γ̇

0
denotes the material characteristic inelastic deformation (response)

rate, andσ
D0

is the drag stress. Further,ψγ(γ) represents the interaction hardening contribution to the free energy
density. For example, [8] worked with the Landau-Devonshire formψγ(γ) = C

1
γ4 + C

2
γ3 + C

3
γ2 in formal analogy
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with models for phase transitions based on strain as an orderparamter (e.g., [13], Chapter 4). A generalization of this is
the modified Frenkel formψγ(γ) = c

1
{1− cos(c

2
γ)}+ c

3
tanh(c

4
|γ |) for dislocation-lattice interaction; the first part

also appears in the Peierls-Nabarro dislocation model (e.g., [14], Chapter 8) or the overdamped sine Gordon continuum
limit of the discrete Frenkel-Kontorova model (e.g., [15]). In particular, for very smallγ , this modified Frenkel form
for ψγ(γ) reduces to a polynomial form of the Landau-Devonshire type.A comparison of the model response for these
two forms is shown in Figure 1. In both cases, a strong rate-dependence of the material response and tendency to form
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Figure 1: Stress-strain results from the Landau-Devonshire (left) and modified Frenkel (right) forms ofψγ(γ) for hard
boundary conditions (γ̇ = 0) and different values of the ratiȯε0/γ̇0, with ε̇0 the external deformation rate:102 (solid line),
101 (dashed line),100 (thick-dotted line),10−3 (dash-dotted line). These results are based on the characteristic parameter
valuesE0 = 2.1 × 103 GPa,a

E0
/E0 = 7.0 × 10−2, l

E0
/l0 = 1.0 × 10−1 (Landau-Devonshire),l

E0
/l0 = 2.5 × 10−1

(Frenkel),σ
D0
/E

0
= 1.7 × 10−4, C

1
= 1.525 × 108, C

2
= −5.2 × 106, C

3
= 5.0 × 104, c

1
= 1.0 × 10−1 MPa,

c
2
= 5.0× 102, c

3
= 1.3× 100 MPa,c

4
= 8.0× 101.

inelastic microstructure (as evidenced by stress relaxation after yielding) is evident. Clearly, for external ratesε̇
0

much
greater than the material rateγ̇0, the material has no time to relax the stress via inelastic microstructure formation and
the response is elastic (e.g., solid curves in Figure 1). In other words, kinetic effects (i.e., too low dislocation mobility)
prohibits microstructure formation. Aṡε

0
approacheṡγ

0
, however, this clearly changes. In addition, in the modified

Frenkel case, dislocation-lattice interaction clearly results in a type of "jerky", "wiggly" or serrated flow reminiscent of
the PLC effect.
More recently, these considerations have been extended to two dimensions and latent hardening neglecting self-hardening
[10]. In this context, work in progress is concerned with theformulation of such interaction models and the corresponding
IBVP for both deformation and dislocation-density based approaches, including (i) ideal dislocation-dislocation (e.g.,
cross slip, latent hardening), (ii) dislocation-lattice,and (iii) dissociation, interactions. Examples will be given.
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