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Summary

The Mathematica package BVPh (version 1.0) is describegtier with some applications in fluid mechanics. Based erhtimotopy analysis
method (HAM) and computer algebra system Mathematica, ##etBL.0 is valid for boundary-value/eigenvalue problemeegoed by nonlinear
ordinary differential equations with multiple solutiorssngularity and multiple-point boundary conditions. Thesiz ideas of the HAM are briefly
described, on which the BVPh 1.0 is based. A few examplessed to show that the BVPh 1.0 is a easy-to-use tool to solvknsam problems
in mechanics.

INTRODUCTION

The world is nonlinear in essence. Like numerical techréga@alytic methods are very important tools for us to urtdadsthe
essence of many nonlinear phenomenon. Among them, petinmdachniques [9] are mostly applied. By means of pertiioba
methods, many nonlinear problems are successfully solmddaeell understood. However, it is a pity that perturbatioetinods
depend too heavily upon small physical parameter and thadics only for weakly nonlinear problems in general. Altlgbusome
non-perturbation methods, such as Lyapunov artificial bpedameter method [8], Adomian Decomposition Method [14 @0
on, are proposed, all perturbation and traditional noryation methods camot guarantee the convergence of the approximation
series. So, it is valuable to develop an analytic methodiali highly nonlinear problems without any small physicatgameters.
Such a kind of analytic technique was proposed first by Lida2992 by using the basic concept “homotopy” in topologtled
the homotopy analysis method (HAM) [2]-[7]. The early HAM svéurther modified by Liao [5] in 1997, who introduced the so-
called “convergence-control parameter” for the first timeantrol the convergence of approximation series. As dtrdbe HAM is
valid for highly nonlinear problems: it is the so-called fe@rgence-control parameter” that differs the HAM fromaher analytic
approximation methods. The basic ideas and typical afjditaare described systematically by Liao [3, 4].

BASIC IDEASOF THE HOMOTOPY ANALYSISMETHOD

Let us consider a nonlinear differential equatibfiu(z)] = 0, whereN is a nonlinear differential operatou(z) is a unknown
function defined in a given interval € €. For simplicity, we omit here all boundary/initial conditis, which can be handled in a
similar way.
Let ¢ € [0,1] denote the embedding parametes(x) the initial guess ofu(x), £ an auxiliary linear operator with the property
L[0] = 0, ¢y # 0 an auxiliary parameter, called the “convergence-conaohmeter”, respectively. Instead of solving the original
nonlinear equationV[u(z)] = 0, we construct a continuous deformatigfx; ¢) with ¢ € [0, 1] defined by the so-called zeroth-order
deformation equation

(1 —q) L[d(z;9) —uo(x)] = co g N[d(z;9)], z€Q, qel0,1]. 6y

Obviously, we havey(x; 0) = ug(x) wheng = 0, and¢(x; 1) = u(x) wheng = 1, respectively. Thus, ag< [0, 1] increases from
0 to 1, the solutiony(z; ¢) of Eq. (1) varies continuously from the initial guess(z) to the solutionu(z) of the original equation
Nu(z)] = 0. Note that Eqg. (1) contains the so-called “convergencerobparameter’c,. Besides, we have great freedom to
chooseL andug(x). Assuming that the auxiliary linear operaidythe initial guess:(z), the convergence-control parametgare

so properly chosen that the Maclaurin serieg@f; ¢) with respect to the embedding parameter [0, 1], i.e.

—+o0
$(w;q) = uo(x) + > um(x) ¢" 2
m=1
is convergent ai = 1, we have the so-called homotopy-series
“+o0
u(z) = uo(x) + Y um(z), (3)
m=1
whereu,, (x) is determined by the lineanth-order deformation equation
L [um('r) - Xm umfl(I)] = Co 6m71('r)7 (4)
with the definition
[0 whenk=1 5o L O Ng(x;q)]
X =11 whenk>2 ° TR aq* o
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Here, Eq. (4) is obtained by substituting the series (2) Edo(1) and equating the like power of the embedding paramete

Since the above approach is based on the homotopy in topdlogiHAM is independent of any small physical parameterdlat a
and besides, we have great freedom to choose the auxilieegrioperatof, the initial guessiy(z) and the so-called “convergence-
control parameteré,. Especially, it should be emphasized that the series (Fpamithe “convergence-control parametegy;,"which
provides us a simple way to control the convergence of theoxjipation series (3). Thus, the HAM overcomes the re$mist
of other approximation techniques. Thus, unlike pertudmaand other non-perturbation techniques, the HAM is vididhighly
nonlinear problems, as shown in details in Liao’s book [4].

It should be emphasized that the “convergence-control” @& concept proposed in the frame of the HAM, which differs th
HAM from all other analytic approximation methods. It is falithat the so-called “convergence-control parametgprovides us
a simple way to guarantee the convergence of the approximsgiries. Using the convergence-control paramgtea generalized
power series about/(1 + ) is deduced, which can be convergent in the whole real axismxbe singular point = —1, i.e.

x € (—oo,—1) andx € (—1,400). Besides, in the frame of the HAM, the so-called homotopyiform is deduced, and it is
proved that the famous Euler transform is only a special oa&d4]. All of these provide us a theoretical base and reatdeness
of the concept “convergence control” in the frame of the HAM.

MATHEMATICA PACKAGE BVPH 1.0 AND ITSAPPLICATIONS

The HAM has been successfully applied to solve many nonlinedinary differential equations (ODESs) and partial diéfitial
equations (PDES) in science, mechanics, finance and emgige€urrently, the HAM-based Mathematica package BVRirgion
1.0) is issued by Liao [4] in his book (Part Il) for boundarghwe/eigenvalue problems governed by one nonlinear ODE

Nu(z)] = f(x), r €

with singularity, multiple solutions and multiple-poinbbndary conditions, wher&/ is a nonlinear differential operatoux) is
unknown function§2 is either a finite interval, b] or an infinite intervala, +o00) with a > 0.

The BVPh 1.0 has been successfully applied to solve bourdgey flows in fluid mechanics, such as Blasius flow, viscoosdl
over a stretching plate, and so on. For example, the mublipligtions about the viscous flow in a porous channel withagtimally
moving walls [10] can be found by means of BVPh 1.0, as showhiby [4]. Besides, the famous Orr-Sommerfeld eigenvalue
equation is solved by the BVPh 1.0, too. It is even valid fansmonlinear PDEs related to non-similarity or unsteadyniolauy-
layer flows. For details, please refer to Liao’s book (P3rf4].

The BVPh 1.0 is free available online ( http://numericakaitu.edu.cn/BVPh.htm ), together with a simple userglg@nd many
examples. It is general and valid for many nonlinear prolsl@ammechanics. Its new versions will be issued in future.
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