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Summary The problem of unsteady circular layered flow of viscous fluid in thin flat channel with curvilinear lateral boundaries is 
considered.  The top and the bottom boundaries have given velocity distribution. This problem requires the solution of hydrodynamical 
problem for unsteady circular flow on the top surface of the layer. We apply well known discrete vortex method for numerical solution 
of the problem, for which complex potential and velocity field is written in a discrete form. This model allows to solve different 
problems for different values of viscosity (high viscosity case was discovered by Сouette M. (1890) and Hele-Shaw H.S (1898)).  
 

The report is devoted to an application of vortex methods in the modeling of the flow for the shallow channel with 
complex boundaries. The 3D layer flow of viscous fluid between two flat surfaces is described by Navier-Stokes 
equation 
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with boundary conditions for moved boundaries 

),,(),0,,( 0 tyxVtyxV
rr

= , ),,(),,,( tyxVthyxV h

rr
=                                       (3) 

In an assumption that the flow is layered, we found the solution in following form  
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Then we suppose that differential function ),,,( tzyxϕϕ =  is determined for various z and t. This function describes the 
3D distribution of 2D velocity ( , ) using following equation  ),,,( tzyxu ),,,( tzyxv
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Using (4,5), the solution of eq.(1) can be written in the integral form  
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Equation (6) is nonlinear equation, but it is linear equation in respect to the second z-derivative. To achieve correct 
solutions for steady and unsteady regimes with given viscosity and velocity of boundaries it is necessary to carry out an 
asymptotic transformation of the solution (6), not the equation (1).  

For steady laminar (Re<103 due to the depth of the channel) flows the solution (6) can be presented in the 
following form 
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which has the solution  
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Depending on the values of velocity of boundaries (3), the eq.(8) determines different solutions, e.g.: Poiseuille flow 
[5], Сouette flow [2] or Hele-Shaw flow [4]. 

For unsteady slow laminar flow the solution (6) is linear equation as following  
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To find the solution of this equation we have to add unsteady boundary condition, which can be found from another 
hydrodynamical problem, described below.  

Consider the mathematical problem for potential ),,,( thyxϕϕ =  in the multi-connected region D+ with both 
impermeable fixed boundary Ld and free moving boundary Lv. Substitution of equation (5) in equation (2) gives 
Laplace equation for potential function [1,3,8]: 

                  0=Δϕ ,  at      D+                        (10) 
with boundary conditions (fig.1) 
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where  is water discharge in the channel,  SQ
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and initial condition 
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as well as   ∞<∇ +ϕ .                 (15) 
 

Fig.9. Geometry of the channel 

              
We introduce the complex potential ),( tξΦ and velocity field in the following form [3]  
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Then we solve this problem for fixed Ld and moving Lv boundaries. For numerical solution of the (10)-(15) we apply 
well known discrete vortex method [3,6,7], for which complex potential (16) and velocity field (17) can be written as 
following 
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where     
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Small depth of the channel between flat boundaries is the main feature of flow under consideration. As a result, 

we can apply the mathematical problem with multi-connected region and complex boundaries. This solution gives 
averaged distribution of velocity field over the depth of the channel. Analysis shows that numerical results and 
experimental data coincide quite well [1]. 
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