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SummaryWe consider inviscid and incompressible magnetohydrodynamic flows in which current-vortex sheets exist. A current-vortex
sheet is defined by a singular surface across which the tangential discontinuities of both the fluid velocity and the magnetic field exist.
We derive the equation to describe the temporal evolution of the strength of a current sheet coupled with the evolution equation of the
vortex sheet strength, and perform numerical calculations using the vortex blob method. We show that a vortex sheet is deformed by the
current that flows on the sheet; especially, motion of the vortex sheet considerably changes due to the polarity (sign) of the current. We
present various profiles of the current-vortex sheet which appear in the Rayleigh-Taylor instability (RTI), and show that a current-vortex
sheet can stabilize RTI.

A current sheet is defined by a singular surface across which the tangential discontinuity of the magnetic filed exists [2].
Current sheets are important in investigating the large-scale structure of the corona or the solar wind flow in astrophysics
and plasma physics [5]. Several studies consider planar and homogeneous current sheets which are nearly equilibrium
state [1, 5], in order to be able to treat with analytical methods. When we investigate large deformation of a current sheet
such that appears in MHD turbulence, we also need to take into consideration motion of a vortex sheet coexisting with the
current sheet. A singular surface across which the tangential discontinuities of both the fluid velocity and the magnetic
field exist is defined as a current-vortex sheet [3].
Here, we consider an interface between two fluids with different densities in inviscid and incompressible magnetohydro-
dynamic flows. The Governing equations in each fluid regioni (i = 1, 2) are given by

ρi

(
∂ui

∂t
+ (ui · ∇)ui + gŷ

)
= −∇pi + J i × Bi, (1)

∂Bi

∂t
= ∇× (ui × Bi), (2)

∇ · ui = 0, (3)

∇ · Bi = 0, (4)

µiJ i = ∇× Bi, (5)

where the constantsρi andµi are the density and permeability in fluidi (i = 1, 2), g is the gravitational acceleration,̂y
is the unit vector in they direction,ui is the velocity which is related to the velocity potentialφi as∇φi = ui, pi is the
pressure,Bi is the magnetic field,J i is the current density, and we assume that the subscripts 1 and 2 denote the lower
and upper fluids of the interface, respectively.
Introducing the magnetic potentialχi which satisfiesBi/

√
µi = ∇χi and imposing the pressure continuous condition

p1 + B2
1/(2µ1) = p2 + B2

2/(2µ2) at the interface, equation (1) yields the Bernoulli equation in this system:
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]
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(∇χ1)2 = ρ2
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∂φ2

∂t
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]
− 1

2
(∇χ2)2, (6)

where the spatial derivative is taken at the interface. Defining the circulationΓ and average velocity potentialΦ as
Γ = φ1 − φ2 andΦ = (φ1 + φ2)/2, we rewite the Bernoulli equation (6) as

DΓ
Dt

= 2A
DΦ
Dt

− Aq · q +
A + 2α

4
κ · κ − αAκ · q + 2Agy + B · σ, (7)

whereq = ∇Φ, κ = ∇Γ, B = ∇(χ1 + χ2)/2, σ = ∇(χ1 − χ2), andα = α(A) (|α| ≤ 1) is a weighting factor such
thatα ̸= 0 for A ̸= 0. Here, we normalizedBi/

√
ρ1 + ρ2 → Bi. The derivativeD/Dt is defined as

D
Dt

=
∂

∂t
+ ū · ∇, ū = q +

ακ

2
,

whereū is the velocity of a fluid particle on the interface. We consider the interface as a vortex sheet and suppose that the
interfacex = (x, y) is parameterized by a Lagrange parametere asx = x(e, t) andy = y(e, t). Then the vortex strength
κ(e, t) is defined asκ = κ · t = ∇Γ · t = ∂Γ/∂s = Γe/se, where the subscript denotes the differentiation with respect
to the variable,e here,s is arc length of the sheet, andt is a unit tangent vector of the interface.
Now we define a functionχ− asχ− = χ1 − χ2. Then the current densityJ in a current sheet is given by

J = −n ×∇χ− = (0, 0, J) =
(

0, 0,
χ−

e

se

)
=

χ−
e

se
ẑ = J ẑ, (8)
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whereχ−
e /se = ∂χ−/∂s = ∇χ− · t. Definingσ asσ = ∇χ− at the interface, we have

σ · t =
∂χ−

∂s
=

χ−
e

se
= J = σ. (9)

The velocity of the sheet induced by the volticity at the interface is given by the Birkhoff-Rott equation [4]

∂z∗(e, t)
∂t

=
1

2πi
PV

∫
κ(e′, t)se(e′)de′

z(e, t) − z(e′, t)
+

ακ(e, t)z∗e (e, t)
2se(e)

, (10)

wherePV denotes Cauchy’s principal value integral,z(e, t) = x(e, t) + iy(e, t) andz∗ is the complex conjugate ofz.
This equation corresponds to the Biot-Savrt law in 2D. Separating the real and the imaginary parts in equation (10), we
obtain

∂x

∂t
= U +

αxe

2se
κ,

∂y

∂t
= V +

αye

2se
κ, (11)

in which

U(e, t) = − 1
4π

∫ π

−π

sinh (y(e, t) − y(e′, t))κ(e′, t)se(e′)de′

cosh (y(e, t) − y(e′, t)) − cos (x(e, t) − x(e′, t)) + δ2
,

V (e, t) =
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sin (x(e, t) − x(e′, t))κ(e′, t)se(e′)de′

cosh (y(e, t) − y(e′, t)) − cos (x(e, t) − x(e′, t)) + δ2
, (12)

where we assumed the periodicity of the vortex sheet. The parameterδ was introduced by Krasny in order to regularize
the Cauchy integral. This approach is called the vortex blob method [4].
Differentiating equation (7) with respect toe, we obtain the following Fredholm integral equation of the second kind:
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where we setB = (Bx, By). The magnetic induction equation (2) on the interface is given as
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The average magnetic field on the sheetB = (Bx, By) is given by the Biot-Savart law in the similar manner to equation
(12):

Bx(e, t) = − 1
4π

∫ π

−π

sinh (y(e, t) − y(e′, t))σ(e′, t)se(e′)de′

cosh (y(e, t) − y(e′, t)) − cos (x(e, t) − x(e′, t)) + δ2
,

By(e, t) =
1
4π

∫ π

−π

sin (x(e, t) − x(e′, t))σ(e′, t)se(e′)de′

cosh (y(e, t) − y(e′, t)) − cos (x(e, t) − x(e′, t)) + δ2
. (15)

Solving equations (11), (13), and (14) simultaneously, we can determine motion of a current-vortex sheet. From the linear
stability analysis, we can show that RTI can be stabilized due to the existence of the magnetic field. We will also present
the results of numerical calculations of the governing equations.
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