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Summary Memory effects have been recognized to be very important in turbulent shear flows. And turbulent flows of Newtonian
fluids have already been compared with non-Newtonian laminar flows. In this paper the analogy between these classes of flows is
explored, and a new approach to derive a turbulent model concerning memory effects based on a nonlinear constitutive equation is
shown. In order to reach this aim, opened DNS databases of turbulent channel flows are used and analyzed in the light of the classical
parameters of non-Newtonian constitutive equations. The Reynolds stress tensor is expressed in terms of a set of basis tensors based
on a projection of a nonlinear framework. The coefficients ofthe model are given as functions of the intensity of the mean strain
tensor. The apparent turbulent viscosity, the first and second normal stress difference, are presented in function of the shear rate. These
material functions, exhibiting a shear-thinning behavior, are fitted with the power law (the Carreau-type) model. The range of the
Reynolds number investigated was180 ≤ Reτ ≤ 2000. One of the advantages of the new algebraic nonlinear power law constitutive
equation derived in the paper is that its dependence is only on the mean velocity gradient and can be integrated up to the wall.

INTRODUCTION

Turbulence exist widely in nature and engineering, it is a classical complicated nonlinear problem. Owing to the long
decay process of turbulent large scale structures, turbulent quantities could not be presented only by local quantities, and
the history process must be considered in turbulent modeling, so to develop new turbulent model interrelated to memory
effects are significant to enrich turbulent theory and exploit engineering application.
The analogy between the turbulent Reynolds stress tensor for Newtonian fluids and the constitutive laws for viscoelastic
flows is explored in this paper. Rivlin (1957) was probably the first one to qualitatively investigate the relation between the
laminar flows of non-Newtonian fluids and the turbulent flows of Newtonian fluids. Later, such similarities were explored
in several other papers Townsend (1966); Crow (1968); Groisman& Steinberg (2000).
The purpose of this work is to propose an approach, alternative to the traditionalk − ε one, to capture the coefficients of
the non-linear model expressed by a three-tensor basis thatgeneralizes the Boussinesq hypothesis. Based on the analogy
with non-Newtonian fluids, these coefficients are related tothe viscosity, first and second normal stress coefficients, which
are usual material functions obtained from shear flows of viscoelastic fluids.

NONLINEAR CONSTITUTIVE EQUATIONS AND VISCOMETRIC FUNCTIONS

Let us denoteRij =
2
3ρδijk−ρuiuj as the anisotropic traceless stress tensor.k is the turbulent kinetic energy (k = 1

2uiui)
andδij the Kronecker delta function.In the 2-D framework, the anisotropic tensorR can be written as follows(Bird 1987),

R
ρ

= 2νTS − β(SW − WS)− γ(S2 −
1

3
{S2}I) (1)

where the coefficientsνT , β andγ are given as functions of the basic invariants of the flow (Schmitt 2007),
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where{} is the trace operator,uv, uu, vv andww , the shear and the three normal Reynolds stress components.
In order to go further, we consider viscoelastic analogy, since viscoelastic flows possess normal stress differences and the
viscosity is shear dependent. Here we introduce viscometric functions into turbulent modeling. The mechanical properties
of the flow are fully determined when three functions are known, τ(a), Ψ1(a), Ψ2(a), shear, first and second normal
stress difference, respectively. These functions are expressed against the strain rate variablea as follows (Qiu et al 2011)
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ρa
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ρ
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6
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K − ww) =

2

ρ
[Ψ1(a)− 2Ψ2(a)]. (3)

For an unknown viscometric flow, these functions are experimentally estimated and some general properties of the flow
are inferred. For Newtonian flowsτ(a)/a is constant, so if this ratio depends ona, the flow possesses non-Newtonian
(e.g. shear thinning) characteristics. To explore the analogy, we assume here that the total stress of a turbulent shearflow
corresponds to a viscometric flow, and see what can be said about the different viscometric functions.
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Using the expression of total stressRtotal = Rv + R, then the quadratic constitutive equation for the total stress can be
written in terms of the viscometric functions as

Rtotal

ρ
= 2(ν + νT )S −

Ψ1(a)

ρ
(SW − WS)−

2

ρ
[Ψ1(a)− 2Ψ2(a)](S

2 −
1

3
{S2}I), (4)

DATABASES AND TURBULENT MODELING

We consider here several DNS databases of shear flows, characterized by a range of Reynolds numbersReτ from 180 to
2000. These databases correspond to plane channel flow and Poiseuille flow, see details from Qiu et al 2011.
In order to use the DNS data base to derive the material functions, the following non-dimensionalisation is introduced :

y+ =
y

y0
, U+ =

U

uτ
, τ+ =

τ

ρu2τ
, a+ =

dU+

d(y/δ)
= a

δ

uτ
(5)

whereuτ =
√

τw/ρ is the characteristic velocity,y0 = ν/uτ the characteristic length, andδ is half width of the channel.
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Figure 1. Profiles of (a) viscometric functionΨ1 and (b) apparent viscosityνapp vs. shear ratea+.

Using the DNS data presented in Fig.1(b) to obtainνapp , we can write the model as follows

ν+app(a
+) = ν0app[1 + (λ+c0 a

+)2]
n0−1

2 , where ν0app = 0.0655, n0 = 0.0064, λ+c0 = 0.0678. (6)

For the first viscometric functionΨ+
1 , since there are two slopes (see Fig.1(a)), one for the smalla+ region and and one

for the largea+ region, the following expression to fitΨ+
1 is used:

Ψ+
1 (a

+) = ψ1exp(−λc1 a+)(a+)(m1−1) + ψ2[1− exp(−λc2 a+)](a+)(n1−1) (7)

For smalla+ (a+ < 4) Ψ+
1 tends to beψ1(a

+)(m−1) , and for largera+ , Ψ+
1 tends to beψ2(a

+)(n−1). The coefficients
of the model can be obtained as below:

ψ1 = 0.3501, ψ2 = 1.0957, λc1 = 0.2, λc2 = 0.11,m1 − 1 = −1.9836, n1 − 1 = −1.6854. (8)

For the viscometric functionΨ+
2 (figure not shown here), also using the same previous approach forΨ1, we get:

Ψ+
2 (a

+) = φ1exp(−λd1 a+)(a+)(m2−1) + φ2[1− exp(−λd2 a+)](a+)(n2−1) (9)

For smalla+ (a+ < 4), Ψ+
2 tends to beφ1(a+)(m−1), and for largera+, Ψ+

2 tends to beφ2(a+)(n−1). Based on the two
slopes, we have the following coefficients:

φ1 = 0.0117, φ2 = 0.2605, λd1 = 1, λd2 = 0.05,m2 − 1 = −1.9434, n2 − 1 = −1.6760. (10)

For this model,non-Newtonian material functions were introduced to derive the parametersνapparent, β andγ, instead of
using the turbulent kinetic energy and dissipation rate scales in classical turbulent models, ask − ǫ model.
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