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Summary We study the dynamics of a colloidal fluid in the full position-momentum phase space, including hydrodynamic interactions,
which strongly influence the non-equilibrium properties of the system. For large systems, the number of degrees of freedom prohibits
direct simulation and a reduced model is necessary. Under standard assumptions, we derive a dynamical density functional theory
(DDFT), which is a generalisation of many existing DDFTs, and shows good agreement with stochastic simulations.

DYNAMICS OF COLLOIDAL FLUIDS

Consider a large number N of identical, spherically symmetric colloidal particles of mass m suspended in a bath of many
more much smaller and much lighter particles. This separation of scales allows the effects of the bath to be treated in a
probabilistic way, leading to stochastic Newton’s equations for the particles. For the 3N -dimensional vectors r and p,
containing all particle positions and momenta respectively, and potential V :

Figure 1. Bath fluid flows (blue)
caused by colloidal motion (red).

dr
dt

=
p
m

,
dp
dt

= −∇rV (r, t)− Γ(r)p + A(r)f(t). (1)

The final two terms in (1) model the effects of the bath. The motion of colloidal parti-
cles cause flows in the bath, which in turn cause forces on the colloidal particles, called
hydrodynamic interactions (HI), see Fig. 1. The momenta and forces are related by the
3N × 3N positive-definite friction tensor Γ. Collisions of bath particles with colloidal
particles are described by the stochastic forces f . The strength of these collisions is re-
lated to Γ via a generalized fluctutation-dissipation theorem, giving A = (mkBTΓ)1/2,
where T is the temperature and kB is Boltzmann’s constant. If an explict form for A is
known (e.g. if HI are neglected and Γ = γ1, with γ the friction felt by a single isolated
particle), then the numerical solution of (1) takes order N operations at each timestep. If
A must be determined from Γ, this is increased to order N3. Hence HI are often neglected for numerical reasons, whilst
physically they are important in all but very dilute systems as they decay only with the inverse of particle separation.
When N is large, we are interested not in particular realizations of r and p, given by (1), but in their joint probability
distribution f (N)(r,p, t). Averaging (1) over the noise leads to the Kramers equation, a high-dimensional PDE:

∂tf
(N) +

1
m

p ·∇rf
(N) −∇rV (r, t) ·∇pf (N) = ∇p · [Γ(r)(p + mkBT∇p)f (N)]. (2)

It is known rigorously that f (N) is a functional of the one-body position distribution ρ(r1) = N
∫

dpdr′f (N)(r,p, t),
where dr′ denotes integration over all but r1, the position of the first particle. This motivates the derivation of a dynamical
density functional theory (DDFT), i.e. an equation of the form ∂tρ(r1, t) = −∇r1 · a(r1, t, [ρ]), where a is a functional
of ρ. Existing DDFTs have been formulated in the overdamped (high friction) regime [1], where inertial effects may be
neglected, or ignore HI [2]. We present a general DDFT, of which existing formulations [1, 2] are special cases.

DERIVATION OF A DYNAMICAL DENSITY FUNCTIONAL THEORY

0 = ∂tρ(r1, t) + ∇r1 ·
(
ρ(r1, t)v(r1, t)

)
, (3)

0 = ∂t

(
ρ(r1, t)v(r1, t)

)
+ γρ(r1, t)v(r1, t)

+
1
m

∫
dr′∇r1V (r, t)ρ(N)(r, t) (V)

+
Nγ

m

N∑
j=1

∫
dpdr′Γ̃1j(r)pjf

(N)(r,p, t) (H)

+ ∇r1 ·
∫

dp1
p1 ⊗ p1

m2
f (1)(r1,p1, t). (K)

We denote the position and momentum of the jth particle by rj

and pj and let Γ(r) = γ[1 + Γ̃(r)], where the HI tensor Γ̃ is
decomposed into 3 × 3 blocks Γ̃ij [3]. By taking momentum
moments of (2), we obtain an infinite hierarchy of equations.
Truncating at the second equation gives a continuity equation
(3), and the time evolution of the current. To close the second
equation, it is necessary to deal with terms arising from many-
body potentials (V), HI (H), and ‘kinetic pressure’ (K) effects.
For (V), at equilibrium, there exists an exact functional identity∫

dr′∇r1V (r)ρ(N)(r) = ρ(r1, t)∇r1
δF [ρ]

δρ − kBT∇r1ρ(r1),
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where F [ρ] = kBT
∫

dr1ρ(r1)
[
ln

(
Λ3ρ(r1)

)
− 1

]
+ Fexc[ρ] +

∫
dr1ρ(r1)V1(r1) is the Helmholtz free energy func-

tional. In general, Fexc is unknown but has been well-studied at equilibrium and good approximations exist, e.g. [4]. We
thus assume that this identity also holds out of equilibrium, in particular obtaining the correct equilibrium behaviour.
Since HI vanish at equilibrium there exists no analogous identity for (H). For ease of exposition, we assume that the
HI are two-body: Γ̃ij(r) = δij

∑
` 6=i Z1(ri, r`) + (1 − δij)Z2(ri, rj). We also assume that f (2)(r1, r2,p1,p2, t) ≈

f (1)(r1,p1, t)f (1)(r1,p1, t)g(r1, r2, [ρ]) for a known functional g. Again, this has been well-studied at equilibrium [5].
As (K) is analogous to the kinetic pressure tensor, there is no reason to expect it to be a simple functional of ρ and
v. However, for general f (1), we have f (1)(r1,p1, t) = f

(1)
le (r1,p1, t) + f

(1)
neq(r1,p1, t), where f

(1)
le (r1,p1, t) =

(2πmkBT )−3/2ρ(r1, t) exp
(
–|p1 − mv(r1, t)|2/(2mkBT )

)
is the local-equilibrium part. The non-equilibrium part

f
(1)
neq satisfies

∫
dp1α(p1)f

(1)
neq(r1,p1, t) = 0 for α(p1) ∈ {1,p1, |p1|2}. Combining these three approximations gives

∂tv(r1, t) +
(
v(r1, t) ·∇r1

)
v(r1, t) +

1
m

∇r1

δF [ρ]
δρ

+
1

ρ(r1, t)
∇r1 ·

∫
dp1

p1 ⊗ p1

m2
f (1)
neq(r1,p1, t)

+ γv(r1, t) + γ

∫
dr2ρ(r2, t)g(r1, r2, [ρ])

[
Z1(r1, r2)v(r1, t) + Z2(r1, r2)v(r2, t)] = 0 (4)

which, along with the continuity equation (3), and under the additional assumption that the term containing f
(1)
neq may be

neglected or approximated as a functional of ρ and v, gives a DDFT. Neglecting this term can be rigorously motivated
both close to local equilibrium, giving a generalised Navier-Stokes equation with non-local terms, and in the overdamped
limit [3], recovering a Smoluchowski equation with a novel diffusion tensor. The terms involving Zj in (4) are absent in
previous DDFTs. The term involving Z1 combines with γv to give an effective, density dependent friction coefficient,
whilst that involving Z2 couples the velocities in a non-local way.

NUMERICAL SIMULATIONS
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Figure 2. Comparison of DDFT and stochastic sim-
ulations; see text for details.

We consider 50 identical hard spheres of diameter 1 initially at equilib-
rium with spherically-symmetric external potential V1(r). The external
potential is then instantaneously switched to V0(r) and then, at time
t = 0.5, back to V1(r). Fig. 2 shows the mean radial position r̄ and
radial momentum p̄ of the particles. We show eight simulations; DDFT
as solid lines and stochastic simulation as squares. Red denotes the so-
lution of (3) and (4) and the Euler-Maruyama solution of (1) without
HI, i.e. Γ = γ1 (see also [2]). Purple is the corresponding overdamped
DDFT [1] and Ermak-McCammon stochastic simulation [6]. Blue is as
red, but the HI term is given by the inverse of the Rotne-Prager tensor for
the stochastic simulation and by the 11-term Jeffrey-Onishi expansion
for the DDFT [7]. These are not strictly equivalent and thus we expect
only qualitative agreement. Finally, green is as purple but with the HI
term given by the Rotne-Prager tensor for both DDFT and stochastic
simulation. All simulations have m = kBT = 1 and γ = 8.
The agreement in all cases is very good and clearly demonstrates the
need to include both inertial effects and HI. In particular, neglecting
inertia (purple/green) leads to a kink in the mean position, whilst its in-
clusion leads to smooth curves with a delay before the mean momentum
changes sign. Further, there is a large quantitative difference from in-
cluding HI; in particular, HI increase the effective friction of the system.
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