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Summary We consider a rarefied gas between two parallel plates and discuss the reciprocity among elemental relaxation and driven-
flow problems described by a linearized kinetic equation. Numerical demonstration of the reciprocity based on the Bhatnagar-Gross-
Krook model is presented . Moreover, a propagation of an edge, as well as a discontinuity, of the velocity distribution function is
demonstrated.

PROBLEM

Consider a rarefied gas between two parallel plates separated by a diBtakée denote a position vector byzx and
introduce the rectangular coordinates so that the two plates are located=at+1/2. For a simple demonstration,

we assume that (i) the gas behavior is described by the Bhathagar—Gross—Krook (BGK) model [1] kinetic equation and
that (ii) the gas molecules are diffusely reflected on the plates. We investigate the gas behavior in the following four
cases where the deviation from the reference resting equilibrium state with depnsity temperaturé&; (or pressure

po = poRTy, whereR is the specific gas constant) is so small that the linearization of the equation and boundary condition
is allowed. In what follows, the time is denoted by, the molecular velocity by2RT,)'/2¢, the velocity distribution
function (VDF) by (2RTy)~/2(1 + ) E with E = 7=3/2 exp(—|¢|?), wheret, = D/(2RT,)'/? is a reference time.

(DP) A time evolution fromy> = 0 when the plates are kept at the temperafgrand a uniform external forc@, — F’, 0)
such that the rati€’pp = FD/mRT; (m is the mass of a molecule) is small, is acting on the gas.

(DT) Atime evolution fromy = Cpra2(|¢|2—5/2) when the plates are kept at temperaflifel +Cpr2) (|Cpr| <1).

(RP) Atime relaxation from) = —Cgp(, [i.e., from a uniform flow field 0, —U, 0), whereCrp = 2U/(2RT,)'/? and
|Crp| <1] when the plates are kept at the temperaffiyre

(RT) A time relaxation fromy) = —Crr((|¢|> — 5/2) [i.e., from a uniform heat flow0, —¢,0), whereCrr =
2q/po(2RTp)"/? and|Crr| < 1] when the plates are kept at the temperafiiye

We shall use below the subscript index= DP, DT, RP, RT to identify the problem, for instancépp, ¥rr, €tc.
BACKGROUND AND PRIMARY MOTIVATION: RECIPROCITY OF FLUXES

Extensions of the Onsager reciprocity for rarefied gas flows has been discussed by several authors [2] in a connection
to the entropy production. The first author has recently proposed an alternative way of the reciprocity argument and has
developed, for the first time, a general framework that covers not only time-independent but also time-dependent problems
[3, 4] for an arbitrary Knudsen number. We have chosen the above elemental problems for its simple demonstration.

Let us denote the flow velocity b2 RT)'/2C,, (0, u, 0), and the heat flow vector gy, (2RTp)'/2C, (0, Qq,0), where

« is the problem index. Application of the general theory [4] leads to the following identities that hold at arty tinfe

for an arbitrary Knudsen number:

t t t t
Mpgrdt = Hpp = Mpr = | Hgpdt, Mpp= | Mgpdt, Hpr= [ Hgrdt, 1)
0 0 0 0

where(M,, H,) = fé

(o, Qo )dxz1. Below we demonstrate these newly found identities numerically.
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NUMERICAL DEMONSTRATION USING THE BGK MODEL

Flux reciprocity

As an example, Figure 1 shows the profiles of the dimensionless mass and heat Boand(Q,,’s, in the case ok = 1,
wherek is the Knudsen number multiplied hyw/2. They are all different from each other, as seen from the figure.
Nevertheless, it is clearly seen from Figure 2 that the equalities in (1)diady timefor a wide range of the Knudsen
number (ork).
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Figure 1:Mass and heat flows in a half of the chanfiel =z, < 1/2for k = 1. (@)upr andQpp, (b) urr andQrp, (C) upp
andugrp, and (d)Q pr andQrr. Solid lines:Qppr, Qrp, upp, andQ pr. Dashed linesupr, urr, urp, aNdQ rr.
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(a) First equation in (1) (b) Second equation in (1) (c) Third equation in (1)

Figure 2:Time evolution of the fluxes in Eq. (1) for variods Solid lines: Hpp in (), Mpp in (b), andHpr in (c). Circles:
Mpr in (@), [y Mrpdtin (b), andf; Hrrdt in (c). Triangles in (a):f, Hrpdt. Inverted triangles in (a)f;, Mzrdt.

Propagation of the discontinuities of the VDF and its derivative

Figure 3 shows an example of the marginal o 0 e
VDFs defined by wl | | = .
0 o0 Frp Frpl | : 1.00 1
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Itis seen from the figure thdtz p has discon- .| 1 o
tinuities, whileFp » does not. The discontinu- T e |
ities of the former come from the fact that the *°[ | ) LB ] [ . A , L]
initial and boundary data are not continuously ? oo a2 * ooow
connected to each other, and the discontinu- (@) Frp (0) Fpp

ities on the boundaries at the initial time Proprigyre 3:Marginal VDF of problems (RP) and (DP) at = 0.397 for k = 1.
agates into a gas region along the free-flight

molecular trajectories. This kind of source at the initial time does not exist for the problem (RP), Ep thigtcontinuous.

On the other hand, a close observation shows that its derivative, nafigly/9(;, has discontinuities. This discontinu-

ity can be understood in the connection to that in (RP), because we can show by a simple argument that a more detailed
identityypp = fot 1Y grpdt does hold. A similar correspondence can also be obtained betwgeandy gr. Our demon-

stration thus clearly shows the occurrence of an edge of VDF and its propagation, as well as the known discontinuities.
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