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Summary The flow of a liquid film over step topography is studied. The @ to see if the important qualitative features of such
flows can be predicted using an asymptotic model based orsthamgtion of small topographic height. The case of film flowrov
a downwards and an upwards step is of particular interesh thé focus being on the shape of the free surface profileeilth
negotiates the step. Kallaidasisal. [1] found that for film flow over a downwards step, the surfacefife exhibits a capillary ridge
immediately prior to the step. The small-height topograpiymptotic model reproduces this feature. The effect ofectric field is
also investigated with a view to manipulating the surface#ila; in particular with a view to ironing out the ridge ovéietstep.

INTRODUCTION

Liquid film flows over topography occur in many industrial #ipgtions including, for example, coating technologied an
cooling processes. In the former (e.g. [2]-[3]), a coatimgel of uniform thickness is normally required and attenapés
made to mitigate any disruptions engendered by the topbgralfeatures. On the other hand, in the latter case surface
waves help to enhance heat or mass transfer and so promditeganfca target surface. There is a significant body of both
theoretical and experimental work devoted to film flow ovgratgraphy.

The aim of the present work is to derive asymptotic solutiortee Navier-Stokes equations for small-amplitude sabestr
topography. Of particular interest is the case where adidjim flows along a flat wall which undergoes a small, sharp
step downwards at some point along its length. For such a fi@liadasiset al. [1] (and a number of subsequent
workers) found that the film noticeably thickens in the imiagelregion of the step to form what is known as a capillary
ridge in the free surface profile. Our goal is to predict thid ather features using our asymptotic model. We are also
interested to see if the possibility of eliminating the diapy ridge using an electric field, which was demonstratgd b
Tseluiko et al. [4] using a thin-film model for arbitrary stepight, can also be captured by the small-height topography
asymptotic model. For finite Reynolds number flow, Bontoragt Serifi [5] carried out finite-element calculations and
found that the height of capillary ridge increases as thenBlgls number is raised from zero, but then starts to decrease
and eventually disappears. Veremie@al. [6] also found that increasing the Reynolds number raise$éight of the
ridge, and studied the effect of an electric field on the sgrfarofile at non-zero Reynolds number.

PROBLEM FORMULATION

We consider the steady flow of a liquid film down an uneven watlined at an anglé to the horizontal, as shown in Fig.

1 (left panel). The wall is at = s(z) and the film surface is at= f(z). An electric field is applied such that, far from
the film surface, it acts purely in thedirection with strengthizy. The wall behaves like an electrode held at a constant
voltage. The liquid is treated as a perfect dielectric ohp#ivity 1, and the air above the liquid film is assumed to be
a perfect dielectric with permittivity,. Tseluiko et al. [9] noted that the problem for a perfecteti&ic film reduces
mathematically to the problem for a perfect-conductor fitnthe limite,, — oo, wheres, = ¢;/e».

We wish to findf (z) for chosers(z), and chosen electric field strength, at arbitrary ReynolasherRe. For a flat wall,
s(z) = 0, the film is of uniform thicknessio, and moves with surface spe&d = pghg sin 6/2u, wherep andp denote

the density and viscosity of the fluid, respectively, anid gravity. For a general wall shape, we non-dimensionalise
variables usingdy as the length scal&], as the velocity scale, andJ,/ho as the pressure scale. The electric potentials
in the film and in the air are non-dimensionalised by dividaygZy .

The no-slip and no-penetration conditions require that 0 on the wall,z = s(x). The kinematic condition at the film
surface,z = f(x), requires thar - n = 0, wheren is the unit normal to the film surface pointing into the film. €Th
dynamic balance of stress at the film surface; f(x), demands that

o1-n=—(k/C+ P,)n+ Mz —M;) - n, Q)

whereo; is the Newtonian stress tensarjs the curvature of the film surface taken to be positive whensurface is
concave downwards, as is indicated in FigPL,is the dimensionless air pressure, &g = ¢, W. (E;E; — I|E;|?/2)
are the Maxwell stress tensors in the liquid= 1, and in the airj = 2. C' is a capillary number. The electric field (for a
perfect conductor fluid) satisfies Laplace’s equation altbgdluid and the condition of constant electric potentiattoa
surface, and a matching condition to the normal field at ityfini

We assume small height topography and wsite) = eo(x), wheree <« 1. At leading order ire the wall is flat, the free
surface is flat, and the flow adopts the classical Nusseltlerafi= U(y) = y(2 — y). To find the correction to the free
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Free surface correction f1

Figure 1. (Left) lllustration of the flow of a thin liquid film over a smalownward step of heightin the presence of a hormal electric
field of strengthEy. The region above the film is occupied by a passive dielegag (Right) Free-surface correctignfor Re = 0,
andWe = 0 (solid line), We = 15 (broken line).

surface provoked by the small-height topography, we exjpgnariting f = 1 + € f1 + - - -, and write similar expansions
for the flow streamfunction and pressure, and the electtiergial, o, in the air above the film. Eliminating the pressure
from the momentum equation in the liquid film, at first orderatain linearised equation,

Re(UV2¢1I - U//"/)lx) - V4"/)1; (2)

with conditionsy;, = 0,41, = —20 atz = 0, and

1 1
1/111 = _f1z7 wlzz _wlww = 2f17 djlzzz +3w1wwz = _Eflwww +260t9f1z +2(1 - ?)We Plzz, (3)
p
atz = 1. HereWe is an electric Weber number (whéfie = 0 there are no electric effects). The functipg,.|.—1
is found by solving the first order electric field problem. Bdhe first order electric field and fluid flow problems can
conveniently be solved by first taking a Fourier transformjithe free surface correctiofy is then found by inverting
the transform.

RESULTS

Here we focus attention on flow over a downwards step socthat = — H (z), whereH (z) is the Heaviside function.
In Fourier space (2) is an ordinary differential equatiorr iwhich we solve usingvatlab (when Re = 0 the equation
can be solved exactly); the Fourier transform is invertech@rically using a suitable numerical quadrature rule. Samp
solutions at zero Reynolds numb&e = 0, are shown in Fig. 1 (right panel). The step is located at 0. The solid line
corresponds to the free surface correctfdriz) in the absence of an electric field/e = 0, and exhibits the capillary
ridge identified by Kalliadasist al. [1]. The broken line is for the same flow but with'e = 15, ¢, = oo (perfect
conductor film). While the electric field does push down thgilary ridge, it also introduces oscillations upstreanthef
step and a trough just downstream. These features werdmegbiasing a thin-film model by Tseluilet al. [8] in terms

of the movement of the poles of the inversion kernel fpin the complex Fouriek-plane. The predictions fake = 0
have been successfully compared with the results of nualesiimulations for Stokes flow using the boundary element
method (Tseluikat al. [7]). Our next goal is to compute small-step predictionsRer> 0 and compare with numerical
results for film flow over a step of arbitrary height (Vereraiegt al. [6]).
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