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Summary  We consider the spreading of a thin two-dimensional droplet on a platetrate as a prototype system to compare a
contemporary model for contact line motion based on interface formatianore prevalent models in the literature. Quasistatic
evolution of the droplet radius using the interface formation model isddameduce to an equivalent expression for a slip model when
the prescribed dynamic contact angle has velocity dependent corréeiits static value.

PROBLEM DESCRIPTION

The wetting of a solid by a liquid occurs via a moving contaeelin a gas/liquid/solid system, and is a crucial part
of many natural and technological processes, [1]. iTfiberface formation model developed by Shikhmurzaev [2] using
thermodynamic principles is one of many put forward to ustherd this situation. For all models considered here, the
bulk liquid is taken as a viscous incompressible Newtoniaid flgoverned by the usual Navier—Stokes equatians.and

u are the bulk fluid velocity, density and viscosity, gnis the pressure. Interfaces have unit normal and tangeingec

n, t, with subscriptS and G for solid and gas respectively. Classical conditions on tasidid boundary are no-slip,
u-tg = 0, and no-penetrationy - ng = 0, and on the free surface between a liquid and a gas

of _ T _ T _

EJFU-Vf_O, png - [Vu+ (Vu)'] - tg = —Vions - ta, —p+png - [Vu+(Vu)'] -ng =onsVi - ng,
which are the kinematic condition, the tangential stressaégn, and the normal stress equation, whekg; is the
surface tension on the liquid-gas interfate- 0, and the atmospheric pressure has been normalised to zppticétion

of these classical boundary conditions to the moving cdnilae leads to the nonexistence of a solution, often seen as
a nonintegrable shear-stress singularity, [3]. To allevihis problem, a variety of models and associated corinigu
phenomena have been proposed. These include allowingdigcur at the solid surface, such as in the popular Navier-
slip conditionu - tg = u~!'Byshs - o - tg, whereBys is the coefficient of slip. Other models include accountiog f
the existence of a precursor film ahead of the contact lirrporating intermolecular forces, considering the ifates

to be diffuse, and accounting for evaporation. An equivedelnetween slip and precursor film models has been recently
demonstrated in spreading situations, [4], so we draw a eoisgn with the Navier-slip model primarily.

Theinterface formation model

The interface formation model is motivated through two kegchranisms. (i) surface layers exist in regions near the
interfaces, where the density differs from the bulk due touthfavourable energy state of the molecules near the &uterf

This density variation appears as the surface tension inaaseopic descrip- @)

tion. The surface layer at a solid surface allows a geneekdip condition to be Bulk
applied between the bulk and surface layer, but with noksdipveen the surface

layer and the wall, see Fig. 1(a). (ii) surface tension rafi@x, which through v T e ia’y;”
the assumption that Young equatiefy, cosf, + 015 = o025, see Fig. 1(b), No-slip

holds true for dynamic processes, suggests that the sudas®n varies as a Solid surface

fluid particle moves through the contact line, taking a fititee 7 to relax to (b)

equilibrium. For the full details of the governing equasosee [2]. Fluid 2

Fluid 1
Droplet spreading

Considering droplet spreading as a prototype system, tften @ process of o1
nondimensionalisation and neglecting small terms in aleage expansion, we

have a system including an evolution equation for the iaterfcoupled to two rigyre 1. (a) A solid-surface layer with
ODEs, and supplemented by four boundary conditions at theacoline, three gyrtace velocityv®. (b) A Young's force
at the droplet centre-line and a conservation of mass ainstr diagram.
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whereh(z,t) is the droplet heightA(z,t) and B(x, t) are unknown variables related to the shear stress and $tipitye
at the solid surface, and, 3, 7, p and R, are nondimensional model parameters. At the contactdine,a(t), we have

3
hd3h — A = 702 [2h282h —34Ah — B+

h=hdh=0, 1—(9,h)°=2D, 22+ p)BB—4BUcr (1+ p) - 8pa(A—BB) = (1 +4a) [hd3h — A],
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whereUq;, = B — Ry (th)’1 D is the contact line velocity, and the second (a) 18 ; ;
conditionhd2h = 0 arises from the requirement of finite pressure at the contact
line. The droplet centre-line conditions and volume caietrare

9uhl. g = Alseo = Bloeo = 0, / hdz = 1— Rer(1+ p)(a—a(o0)), =
0

and for simplicity in the above we have
46D = 7 8, [(1+4a) (hd3h— A—2p3B) +8paA+63h*03h—45(3Ah+ B)).

Noting that typical parameter values, [5], suggest the moedsional slip and
relaxation time satisfy3 > 1 and7 < 1, then following studies with slip
models [6] by assuming quasistatic spreading( 1), we find through a process
of matched asymptotic expansions that the free surfaceeslogd contact line

velocity have behaviours 3105
1 Talteo 3 6 [€7F 6 £
—0zh ~1+aln [e e B(a — :L)] , 3aa” In — | =a” =27, (1) oy
2a03 :
wherec, is an unknown parameter arising in the matching behavimmfthe 115 ‘ ‘
inner region near the contact lines. This parameteis zero for slip models 10° 10, 10 10°

when the dynamic contact angle is prescribed to be equaktstétic value,

but for the interface formation model it is a function of th@del parameters, Figure 2. (a) Droplet front evolution for
obtained through the solution of a coupled seventh ordeesysf two ODES. A initial droplet radiusa(0) = 1.2 and pa-
comparison between this asymptotic result and a solutidimeofull PDE system rameter values = 102, 37 = 1, a =

is given in Fig. 2. 1/12, p = 0.1, Ry = 1/3. Dashed
lines use the asymptotic result in (1), with
Comparison to conventional models ¢o = 0.12, and solid lines from the full nu-

Given that the interface formation model predicts a velodiégpendent contactmerical solution. (b) the contact angle vari-
angle, it is of interest to see how similar behaviour wouléetfthe Navier-slip ation from the PDE solution.

model. As an example, we consider the contact line conditipi(a)]?> =

1 4 2aéy, giving the free surface slope and spreading rate behaviour

ﬂNS;j_CO} =a®—27, (2)

showing that the variation df; with contact line velocity impacts the spreading
rate in the same way as found for the interface formation oz (1). A
similar slip model of Ruckenstein and Dunn [7] yields= (3% ,/h)0u, at the
solid surface in the long-wave approximation, [4], and wd fimat (2) holds also
Figure 3. Rolling motion in the moving for this model. Two features of the interface formation miaate that it predicts
frame of reference, with interfaces showsinite pressure at the contact line, seen through the asyiogtmcedure used
schematically as layers of finite thickness.tg optain (1) and that rolling motion can occur as the eftectiontact line for
the bulk is not a stagnation point in the moving frame of refee Ucrp = a #
u|.—a, see Fig. 3), although we find this second feature only in thdem version of the model, whef®, # 0. We note
that Navier-slip predicts logarithmically singular prassat the contact line, whereas the Ruckenstein and Dunelrisod
able to predict finite pressure. Slip models are not ableédipt rolling motion through the contact line.
Through investigation of a variety of model equations, ityniee seen that the removal of the stagnation point at the
contact line is only possible if mass transfer from the bslkliowed, either across either gas or solid interface (day.
diffusion, evaporation or with a porous solid surface) doia surface layer such as that in the interface formationehod
Consequently, a suitably chosen slip model with empiriedtions for the dynamic variation of the contact angle and
mass transfer across the liquid-gas interface relatedegtassure difference, for instance, will be able to reminee t
stagnation point, predict finite pressure and stressesatdhtact line, and display the same spreading behaviotreas t
interface formation model.

—0sh ~1+aln [€F°B(a—2)], 3aa’ln {
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