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Summary Exact three-dimensional finite-amplitude solutions aespnted for the problem of flow through a parallel-sided nkan
subject to spanwise rotation. A number of distinct flows demtified, with streamwise flow structures featuring loveesp streaks in
streamwise velocity, which may be varicose or sinusoidal, \&hich are flanked by aligned or staggered streamwisecesttiResults
for plane Poiseuille flow, the special case of the preserileno in the limit of vanishing rotation, are also presented.

BACKGROUND

The effect of rotation on fluid dynamics is of prime importaie understanding fluid behaviour in geophysical problems,
oceanography and meteorology, and also features in maiiyemrgg problems such as flow in rotating machinery.

The present problem considers channel flow driven in thastvase direction by a constant imposed pressure gradient
and subject to system rotation about a spanwise axis. Erpatiand simulation studies find that with increasing Reysol
number (or rotation rate for a large enough Reynolds nuntherpasic flow first loses stability to a steady streamwise-
independent streamwise vortex secondary flow, which iteelfi loses stability to travelling wave tertiary flows, wic
feature a waviness imposed on the vortical structures ofd¢loendary flow. Finite-amplitude solutions describing the
two-dimensional secondary flows have previously been ptedeby Wall & Nagata [3]. In the present study we seek
exact finite-amplitude solutions for the three-dimensitraaelling wave flows that bifurcate from these secondany§,

and for completeness also seek three-dimensional tragellave secondary flows that bifurcate from the basic state.

FORMULATION

Flow through the channel is governed by the Navier-Stokes#ans for an incompressible fluid expressed in a rotating
frame. All lengths are scaled by half the channel widthand the velocity by/L, wherev denotes the kinematic
viscosity. Two physical parameters appear in the problé@Reynolds numbeR = L3.J/2pv?, and rotation number,

0 = 20*L?/v, where—J (J > 0) is the pressure gradient in the positive streamwise damecp is the constant fluid
density and2* denotes the dimensional rotation rate. We seek nonlindaticas to the governing equations that deviate
from the basic state. Solution variables are expressedwieFgeries in the spanwisg)(and streamwiser directions,
and in terms of modified Chebychev functions in the wall ndrdieection (z). The amplitude coefficients are then
obtained by Newton iteration. Hencefoith, M, N') denote the number of modes retained in the {y) directions.

RESULTS

Three-dimensional Secondary Flows

Experiments find that the basic flow first loses stability to-simensional streamwise-independent secondary flows, as
studied in [3]. We also, however, consider three-dimeraisecondary flows bifurcating directly from the basic stitee
such flows have also been observed in simulation studiesufd] may play an important role in turbulent flow regimes.
Only a single symmetry group is possible for these threeedsional secondary flows, with the solutions satisfying
a reflectional symmetry about a streamwise - wall normal@lamd a glide-reflectional symmetry about streamwise-
wall normal planes located a quarter of one spanwise wagtiegither side of the plane of reflectional symmetry. The
streamwise velocity components of velocity and vorticity & representative flow of this type are shown in Fig. 1. The
flow is distinguished by two lines of low-speed pulses pemngpse wavelength, which are flanked by aligned vortices.
The flow appears to be qualitatively similar to ribbon-celit-amplitude flows observed in Taylor-Couette flow.

Three-dimensional Tertiary Flows

Three-dimensional flows can also be found from bifurcatifsom the two-dimensional streamwise-independent sec-
ondary flows described in [3]. We consider spanwise superbaic (i.e. the spanwise secondary disturbance Floquet
parameteb = 0) and spanwise subharmonic£ (32 /2, wheress is the spanwise wavenumber of the secondary flow)
secondary disturbances. It can be shown that two symmaetnypgrare possible for bifurcating superharmonic solutions
The velocity fields for flows of the first symmetry group, satisfy a glide-reflectional symmetry about a streamwia$-
normal plane, while those of the second symmetry gréilysatisfy a reflectional symmetry about the same plane. Only
one symmetry group;, is possible for the subharmonic solutions, and this is dotanbe identical to that of the three-
dimensional secondary flows described above. When thensivise secondary disturbandes O(1) a single complex
eigenmode loses stability on the upper branch of the secpfidev, before regaining stability on the lower branch ofthi
flow. Fig. 1 shows such a superharmonic flow, of symmetry grtdupifurcating from the upper branch of the secondary
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Figure 1.  Streamwise velocity (upper) and streamwise vorticity @owfor (a) secondary flow with(R,a,3,Q) =
(315.7,0.4,2.89, 22.1325), (b) upper-branch superharmonic tertiary flow fat, o, 3, Q) = (430, 1.5, 2.5,22.1325), (c) lower-
branch superharmonic tertiary flow foR, o, 3,Q) = (267.8,0.4,2.5,22.1325), (d) lower-branch subharmonic tertiary flow for
(R, o, 3,2) = (429.3,1.0,1.25,22.1325). Solutions computed at truncation level (a) and (#) M, N) = (29, 8,16), (b) and (c)
(L, M,N) = (29,8,8). (Hereaw and 3 denote wavenumbers in theandy directions.)
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Figure 2. Solution for plane Poiseuille flow extended by homotopy friira flow shown in Fig. 1(b) for parametef®, o, 3,Q2) =
(2730, 2.896, 2.5, 0) at truncation leve(L, M, N) = (51,9, 9). (left) Streamwise velocity, (middle) streamwise votgicand (right)
velocity vectors.

flow whend is O(1). The flow is characterised by one low-speed sinusoidallsirethe streamwise velocity compo-
nentu per spanwise wavelength, with the streaks flanked eithertsjdstaggered vortices. In contrast, superharmonic
flows of the same symmetry group bifurcating from the lowemoh of the secondary flow (not shown) feature two such
low-speed streaks per spanwise wavelength.

Whend = O(10~1) up to four distinct eigenmodes can become unstable. Thetsaeonic flow shown in Fig. 1(c),
arising when the second least stable eigenmode losesitstéduild = O(10~1), selects instead symmetry groBpWhile
similar to Fig. 1 (b) in that there is again one low-speedastre@ise-orientated streak in per spanwise wavelength,
the streak is varicose rather than sinusoidal in form, aratc®mpanied by aligned rather than staggered vortices. A
subharmonic flow bifurcating from the lower branch of thes®tary flow whend = O(1) is shown in Fig. 1(d), this
flow exhibits four low-speed streaks per spanwise wavelengto are sinusoidal flanked by staggered vortices and two
are varicose flanked by aligned vortices.

Plane Poiseuille Flow

We are presently attempting to investigate whether thetisoliypes found for the rotating Poiseuille flow problem
described above can exist in the special case of zero rotedie, i.e. in plane Poiseuille flow. Initial results find tha
the superharmonic solution type described in Fig. 1, camdrestormed by homotopy to yield a new solution in plane
Poiseuille flow. The solution is visualised in Fig. 2, andtfeas two weaker vortices in the half of the channel (<

z < 0) that is stable according to Rayleigh’s inviscid criteriaraddition to the two stronger vorticesin< z < 1. In
contrast to Nagata & Deguchi’s [1] and Waleffe's [2] soluisp the flow is not symmetric about the channel centreline.
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