GENERAL TEMPORAL INSTABILITY CRITERIA FOR STABLY STRATIFIED INVISCID FLOW
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Summary According to this analysis of the Taylor-Goldstein equatibeoretically, the stable stratificatidfi® > 0 has a destabiliza-
tion mechanism, and the flow instability is due to the contjmetiof the kinetic energy with the potential energy, whisldominated
by the total Froude numbdrr;. Globally, Fr? < 1 implies that the total kinetic energy is smaller than thaltpbtential energy. So
the potential energy might transfer to the kinetic energgrdfeing disturbed, and the flow becomes unstable.

INTRODUCTION

The instability of the stably stratified shear flow is one oimaroblems in fluid dynamics, astrophysical fluid dynamics,
oceanography, meteorology, etc. On the one hand, the stsability is known as the instability of vorticity maximym
after a long way of investigations. It is recognized that tegonant waves with special velocity of the concentrated
vortex interact with flow for the shear instability [1]. Otheelocity profiles are stable in homogeneous fluid without
stratification. On the other hand, Rayleigh (1883) provedtbat buoyancy is a stabilizing effect in the statical case.
Thus, it is naturally believed that the stable stratificatito favor the stability, which finally results in the well kmo
Miles-Howard theorem. According to this theorem, the flowstsble to perturbations when the Richardson nunitier
(ratio of stratification to shear) exceeds a critical vakig = 1/4 everywhere. In three-dimensional stratified flow, the
corresponding criterion iRi. = 1.

However, the stabilization effect of buoyancy is an illusf@]. There is a big gap between Rayleigh'’s criterion anceishil
Howard’ criterion, Yih (1980) wondered “Miles’ criteriorf stability is not the nature generalization of Rayleighél-
known sufficient condition for the stability of a homogenedluid in shear flow" [3]. Recently, Friedlander doubled “the
Richardson number criterion is not, in general, a necesmahsufficient condition” [4]. The mystery of the instalyilis

still cover for us.

Following the frame work of [1], this study is an attempt tea the confusion in theories. We find that the flow instapbilit
is due to the competition of the kinetic energy with the pttdmenergy, which is dominated by the total Froude number
Fr. And the unexpected assumption in Miles-Howard theorenisiéfae contradiction to other theories.

STABILITY CRITERION

The Taylor-Goldstein equation for the stratified invisciowflis employed, which is the vorticity equation of the dis-
turbance. Considering the flow with velocity profil&y) and the density fielgh(y), and the corresponding stability
parametetV (the Brunt-Vaisala frequency),

N =—g/'/p, 1)
whereg is the acceleration of gravity, the single prifréenotesi/dy, and N? > 0 denotes a stable stratification. The
vorticity is conserved along pathlines. The streamfumctierturbatiory satisfies
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wherek is the real wavenumber ard= ¢, + ic; is the complex phase speed and double pfirdenotesi? /dy?. Fork
is real, the problem is called temporal stability problerheTeal part of complex phase spegds the wave phase speed,
andw; = kc; is the growth rate of the wave. This equation is subject todgeneous boundary conditions

¢=0aty=a,b. 3)

It is obvious that the criterion for stability is; = 0 (¢; = 0), for that the complex conjugate quantiti#sandc* are also
physical solutions of Eq?) and Eq.??).
Multiplying Eq.(??) by the complex conjugaté* and integrating over the domain< y < b, we get the following
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As a first step in our investigation, we need to estimate ttneoeﬁj: |¢'|>dy to f: |¢|?dy. This is known as the Poincaré’s

problem:
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where the eigenvalue is positively definite for any # 0. The smallest eigenvalue value, namgly can be estimated
asp; > (7% ) [1].

In departure from previous investigations, we shall ingade the stability of the flow by using EGX) and Eq.??). As

1 is estimated with boundary so the criterion is global. We algo adapt a different methodology. If the velocity profile
is unstable §; # 0), then the equations with the hypothesiscof= 0 should result in contradictions in some cases.
Following this, a sufficient condition for instability car lobtained.

Firstly, substituting Eq®?) into Eq.(?), we have
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where )
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It is noted thaty(y) > 0 for N2 > 0. Thenc? > 0 if h(y) < 0 throughout the domain < y < b for a propere, andk.
Obviously,h(y) is a monotone function df: the smallerk is, the smallef(y) is. Whenk = 0, h(y) has the smallest
value.
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If we define the total, shear and Rossby Froude numbersF'r, andF'r, as
(U - ¢, )? U"(U —e)
Fr] =Frl+Frl Frl= N Fr? = —NT (10)

where the shear Froude numlfer, is a dimensionless ratio of kinetic energy to potential gneAsU"” plays the same
role of 3 effect in the Rossby wave [1,5], the Rossby Froude nuniberis a dimensionless ratio of Rossby wave kinetic
energy to potential energy. Théiy) < 0 equals toFr? < 1. Thus a general theorem for instability can be obtained
from the above notations.

Theorem 1: If velocity/ and stable stratificatio? satisfyh(y) < 0 or Fr? < 1 throughout the domain for a certain
¢, the flow is temporally unstable witha > 0.

Physically,F'r? < 1 implies that the total kinetic energy is smaller than thaltpbtential energy. So the potential energy
might transfer to the kinetic energy after being disturteetdj the flow becomes unstable. On the other hand, when the
potential energy is smaller than the kinetic enerjyq > 1), the flow is stable because no potential energy could teansf
to the kinetic energy.

CONCLUSIONS

In summary, the stably stratification is a destabilizatioechmnism, and the flow instability is due to the competition
of the kinetic energy with the potential energy. Globallye fflow is always unstable when the total Froude number
Fr? < 1, where the larger potential energy might transfer to thetkinenergy after being disturbed. Locally, the flow
is unstable as the gradient Richardson numBer> 1/4. The approach is very straightforward and can be used for
similar analysis. In the inviscid stratified flow, the unstaperturbation must be long-wave scale. This result ex@end
the Rayleigh’s, Fjgrtoft's, Sun’s and Arnol'd’s criteriarfthe inviscid homogenous fluid, but contradicts the welxkn
Miles and Howard theorems. It is argued here that the tramsfo = ¢/(U — ¢)™ is not suitable for temporal stability
problem, and that it will leads to contradictions with theutts derived from Taylor-Goldstein equation [5].

This work is supported by the National Basic Research PmgrChina (No. 2012CB417402), and the Knowledge
Innovation Program of the Chinese Academy of Sciences (KBEX2-YW-QN514).

References

[1] Sun L.: General stability criterion for inviscid parallifiow. Eur. J. Phys. 28:889-895, 2007.

[2] Howard, L. N. Maslove, S. A.: Stability of stratified shdlows. Boundary-Layer Meteorol. 4:511-523, 1973.

[3] Yih C.S.: Stratified Flows. Academic Press, New York. @98

[4] Friedlander S.: On Nonlinear Instability and Stabilior Stratified Shear Flowd. Math. Fluid Mech. 3:82-97, 2001
[5] Sun L.: General temporal instability criteria for stalstratified inviscid flow, web sitattp://arxiv.org/abs/1004.3457



