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Summary We study the influence of compressibility (density stratification) on fully developed nonlinear convection. The global energy
balance and the dynamics of the thermal boundary layers is throughly investigated. The scaling laws of the Nusselt and top and bottom
Reynolds numbers with the Rayleigh (and Prandtl) numbers are obtained. It is reported, that the compressibility typically tends to
decrease the overadiabatic heat flux in the system and that the dynamics of the top and bottom boundary layers differs significantly.
The top boundary layer is typically thicker and the entropy jump across it is larger than in case of the bottom boundary layer and the
viscous heating at the top layer is stronger. The top boundary layer is also more prone to instability than the bottom one, since the local
Reynolds number based on the boundary layer thickness and the convective velocity is larger in the former case.

INTRODUCTION

The problem of influence of stratification on developed convection is of vital importance from the astrophysical point of
view. The giant planets and the stars are typically strongly stratified and the anelastic approximation is commonly used to
describe convection in their interiors.
The properties of fully developed compressible convection substantially differ from the Boussinesq case the main two
reasons for it being that the thermal and kinetic energies are comparable in the compressible case which means the work
of the buoyancy force and the viscous heating are non-negligible compared to the total heat flux in the system and that
the convection tends to be most vigorous in the region where the density is smallest, i.e. near the top. We study here the
influence of stratification on the Rayleigh (and Prandtl) number dependence of the Nusselt number (the measure of the
total convective heat flux through the system) and top and bottom Reynolds numbers in anelastic convection. The study
is based on the theory of incompressible convection developed by [1].

FULLY DEVELOPED COMPRESSIBLE CONVECTION UNDER ANELASTIC APPROXIMATION

Consider a layer of compressible fluid between two parallel plates, of thickness d, periodic in horizontal directions, the
evolution of which is described by the set of the Navier-Stokes, mass conservation and energy equations under the anelastic
approximation,
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and ∇u : ∇u = ∂jui∂jui. The dynamic viscosity µ = ρ̄ν and the thermal conductivity k were assumed constant. The
basic (static: dp̄/dz = −gρ̄, ∇2T̄ = 0) state is
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where θ = 4T
TB

is the magnitude of the basic temperature gradient and a measure of compressibility of the fluid, TB is the
temperature at the bottom of the layer, 4T = TB − TT > 0 is the temperature jump across the layer and 0 ≤ θ < 1. The
parameter
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Figure 1. A schematic picture of the temperature profile a) and the entropy profile b) in developed convection.

measures the departure of the system from adiabaticity, which is assumed small and γ = cp/cv is the specific heat ratio.
The subscripts B and T indicate that the value is taken at the bottom or at the top of the layer respectively. We have the
following physical picture in mind. The mixing in the bulk is expected to be very efficient in turbulent convection thus the
bulk is assumed to be almost adiabatic and the overadiabaticity, which drives the flow, is accounted for by the temperature
(entropy) jumps accross the top and bottom thermal boundary layers, i.e. (4T )T and (4T )B respectively (cf. Figure 1).
Understanding the energy transfer and production in convective flow is the key to understanding the physics of compress-
ible convection. Therefore we have derived the following relations which will allow us to study some general aspects of
the dynamics of developed compressible convection.
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F
(overadiab.)
total is the total overadiabatic heat flux in the system and equation (12) states that the total work per unit volume

of the buoyancy force averaged over the horizontal directions is equal to the total viscous dissipation in the fluid volume.
Finally, we define the Nusselt number Nu, the Rayleigh number Ra and the top and bottom Reynolds numbers ReT and
ReB in the following way,
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where (9) was used in deriving the second expression for the Rayleigh number in (14) and i = B, T with UT and UB

being the convective velocities at the top and bottom in the bulk. The total convective heat flux in (14) was estimated
with F
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i and the overadiabatic conductive heat flux in the basic state is Fcond = −kdT̄ /dz −
kg/cp = εkTB/d. In the above 4s = −cpε ln (1− θ) /θ is the total entropy jump across the fluid layer.

CONCLUSIONS

We have reported that in a stationary state the heat flux entering at the bottom is equal to the heat flux leaving the system
at the top as in the Boussinesq case, but the work done by the buoyancy force and the viscous heating are no longer
negligible and are of the same order as the total heat flux in the system, which means that the total heat flux going through
every plane z = const. is no longer the same. The heat flux entering at the bottom is typically increased by the bottom
boundary layer viscous heating, then the work done by the buoyancy force reduces the flux in the bulk so that it goes
below the value at the enter and then it is again boosted by the viscous heating in the top boundary layer to reach the
same value at the top boundary as at the bottom boundary. Moreover, the results obtained suggest that increasing the
stratification (compressibility) rather tends to decrease the heat flux going through the system.
Furthermore, we also reported that top boundary layer is thicker and has a larger entropy jump across it than the bottom
layer and that the convective velocities are always larger close to the top than in the bottom region. These two facts mean
that the top layer is much more likely to produce significant viscous heating and is more prone to instability.
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