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Summary Onset of thermal convection of a fluid in an inclined rectangular or cubic cavity is examined numerically using a Galerkin
spectral method, under the assumptions of rigid walls of perfect thermal conductance and of a vertically linear external temperature
profile. For a cubic cavity, its inclination can cause the decrease in critical Rayleigh number. The exchange of the most unstable mode
associated with the variation in the inclination angle of rectangular cavities is observed.

FORMULATION

There have been many studies on the onset of three-dimensional thermal convection from a motionless state in a rectangu-
lar or cubic cavity whose upper and lower walls are horizontal. However, even if the cavity is inclined, a motionless state

is possible if we impose the condition of perfect thermal conductance with a vertically linear temperature profile on all the
rigid walls. Therefore, in the present paper, we examine the onset of three-dimensional thermal convection in an inclined
cubic or rectangular cavity under the above boundary condition. Our main purpose is the examination of the variation in
critical Rayleigh number and exchange of the most unstable mode associated with the variation in inclination angles.

We consider the three-dimensional motion of an incompress-

ible viscous fluid in an inclined rectangular cavity. Carte- @
sian coordinate<¢, n*, ¢*) with their origin at the center of ¢

the cavity, shown in Fig. 1(a), are defined so that mutually- z z (b) © oz ©
perpendicular three sides of the cavity are parallel tosthe 4

n*, and¢*-axes. Coordinatgg™, n*, ¢*) are related to Carte- £ n
sian coordinategr™, y*, z*) in which z*-axis is vertically up- x* T sy

ward in the following way. Coordinates, y*, z’*) are first

introd.uced by the rotation O_f cqordinateﬁ*(y*, z") about  Figure 1. Geometrical configuration and coordinate systems.
y*-axis by anglep, as shown in Fig. 1(b).

Coordinates{*, n*, ¢*) are then defined by the rotation of coordinat€s {*, z’*) abouté*-axis by angley, as shown

in Fig. 1(c). The shape of cavity is determined by two aspect ratios= L /d and A, = L, /d, whereL¢, L,,, andd
respectively denote the length of cavity in the;, and( directions. The attitude of cavity is determined by two angles

and~y. We assume that the external temperature fiélddecreases linearly in vertically upward direction as written by

T, = —pz*+1§, where3(> 0) is an external temperature gradient, ijds the external temperaturezt = 0. All the

walls of cavity are assumed to be rigid and of perfect thermal conductance. We also adopt the Boussinesq approximation.
Non-dimensionalized governing equations under this approximation are written as

Vv =0, (gt+v V)T AT, )
1,0 gd? : .
(62& +uv- V)'v =-Vp+ Av — (E — R(T — To)) (e¢sin ¢ + (e, siny + e¢ cosy) cos @), 2
whereV = e¢ 5 dg +e,5- 8n + e agvA = 86;2 + an + dCz’ andeg, e,, ande¢ respectively represent the unit vectors
in the£*, n*, and¢* directions.¢ = &.n =T ( = St = 515 v = do* T = L2 * is fluid

velocity, 7% is temperaturep* is pressuret* is the time,pg is the density of fluid fofl™ = T0 A|SOZ/ andn: respectlvely
denote the kinematic viscosity and the thermal diffusivity of flyids the acceleration of gravity and = W' Two non-

dimensional parametefg and P respectively denote the Rayleigh number and the Prandtl number defirJ‘EEEb%'Ejfl—d4
andP = ¢, wherea is the coefficient of thermal expansion. Non-dimensionalized boundary conditions are written as
A A, 1

5 n—i 1=+ 3

v=0,T=T, on ¢(=+— 5

whereT,, = —({sin ¢ + (nsiny + ¢ cos ) cos ¢) + Tp.
Governing equations (1) and (2) with boundary condition (3) have the solution of a motionless state with temperature
expressed a%; and pressure,. For R equal to the critical Rayleigh numbéi,, infinitesimal deviations of velocity,

temperature, and pressure from those in the motionless state, defirfeetby,é =T -1T,,4 = p— ps, of neutrally
stable disturbances satisfy

V-4=0, Ab+a- (egsing + (e, siny + e¢ cosy) cos @) = 0, 4)
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—Vi+ Au+ Rcé(eg sin ¢ + (e, siny + ec cosy) cos ¢) = 0, (5)

L n=xl1 (=2 ©)

We use Galerkin spectral method to solve egs. (4)-(6) numerically. Here a divergence-free set of basis functions satisfying
all boundary conditions, produced from Chebyshev polynomials, is used. By solving the eigenvalue problem derived from
this method, we obtain the value &f as well as neutrally stable disturbances.

From the symmetry of egs. (4)—(6), it is sufficient to solve these equations only far #mel 6 of some symmetries.

For¢ = ~ = 0, it is sufficient to solve these equations only for each of eight modes denoé{d,ase), é(e,e,o),
O(e,0,¢), B(e,0,0), B(o,e,¢), B(o,¢,0), 6(0,0,¢), andd(o, 0,0) modes. Here if(e, e, 0) mode,d is an even function

of &, 7 and an odd function of, and the symmetry of. is determined from this property éf The symmetry of other
modes is defined similarly. Fer = 0 and~y # 0, it is sufficient to solve egs. (4)—(6) only for each of four modes denoted
asf(e, e),6(e,0),0(o,¢), andf(o, o) modes. Here (e, o) mode,d is an even function of and an odd function with
respect to the transformatlcﬁn, ¢) = (—n,—(), for example. Fop # 0 andy # 0, it is sufficient to solve eqgs. (4)—(6)

only for each of two modes denoted@s) andd(0) modes, where ii(¢) mode,d is an even function with respect to the
transformatior(¢, n, ¢) — (=€, —n, —(), for example. Among the above eight, four, or two modes, the mode of smallest
R, is called the most unstable mode.

a4=0,0=0 on (==

RESULTS

In the description of results of stability analysis, we yse= (180/7)¢ andy = (180/7)~ instead ofp and~. For

A¢ = A, = 1andg = 0, with the increase ify from O to 45,R,. decreases and takes the minimum valu®of= 6714.9

aty = 45, as shown in Fig. 2. Therefore, the inclination of a cubic cavity causes the decredsefor 5 satisfying

0 <74 <90, é(e, 0) mode always gives the minimum value Bf among four modes. Far = 0 or 4 = 90, because one

of 6(e, 0, ¢) andf(o, e, ¢) modes is obtained by rotating the other mode about the vertical axis by 90 degree¥cboth
andd(o, ¢) modes in Fig. 2 give the same value®f = 6797.7, the minimum value of?, among eight modes in the
non-inclined case. This value agrees well with the value obtained by Mizushima and Matsuda[1] for a non-inclined cubic
cavity. The flow pattern of most unstable moé(aeL 0) mode] fory = 45 is similar to one-vortex structure whose axis is
horizontal and agrees with the axis of the rotation of cagisixis (z-axis).

6800

6790 | 3800

6780 3600 -

6770 -
3400
6760 -

6750 | Re 3200 |

6740 -
3000
6730

6720 | 2800 r

6710 . . . . . . . . 2600
0 10 20 30 40 50 60 70 80 20 0 10 20 30 40 50 60 70 80 90

Figure 2. Dependences aR. for §(e, 0) andf(o, ¢) modes on Figure 3. Dependence oR. on7. A = 1, A, = 3, and¢ = 0.
7. A¢ = A, = 1and¢ = 0.

Ford; =4, =1 and¢ = 45, with the increase iy from 0 to 45,R. decreases to 6712.4 fgrsatisfyingd < 5 < 29

and increases fof larger than 29. Fof satisfyingd < 5 < 90, 6(0) mode always gives the lower value Bf thanf(e)

mode. From the above results, the valudipffor a cubic cavity can be decreased at least to 6712.4 from the value 6797.7
in the non-inclined case by its inclination.

ForA. =1, A, =3, and¢ = 0, the exchange of the most unstable mode occurs twice, as shown in Fig. 3. That is, with
the increase iy from 0 to 90, the most unstable mode changes fégmo) mode tof(e, ¢) mode aty = 33, and then
changes td(o, ¢) mode atj = 49. It is noted that although(e, ¢) mode is the most unstable for intermediate values of
7, this mode is not the most unstable foclose to 0 or 90.

Similar exchange of the most unstable mode with the increasefiom 0 to 90 with¢ fixed to 0 is observed also for

A¢ =1, A, =2andforA: = 1, A, = 4. However, the exchange occurs only onceder= 1, A, = 2, and three times
forAs =1, A, = 4.
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