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ONSET OF THREE-DIMENSIONAL THERMAL CONVECTION IN AN INCLINED
RECTANGULAR OR CUBIC CAVITY
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Summary Onset of thermal convection of a fluid in an inclined rectangular or cubic cavity is examined numerically using a Galerkin
spectral method, under the assumptions of rigid walls of perfect thermal conductance and of a vertically linear external temperature
profile. For a cubic cavity, its inclination can cause the decrease in critical Rayleigh number. The exchange of the most unstable mode
associated with the variation in the inclination angle of rectangular cavities is observed.

FORMULATION

There have been many studies on the onset of three-dimensional thermal convection from a motionless state in a rectangu-
lar or cubic cavity whose upper and lower walls are horizontal. However, even if the cavity is inclined, a motionless state
is possible if we impose the condition of perfect thermal conductance with a vertically linear temperature profile on all the
rigid walls. Therefore, in the present paper, we examine the onset of three-dimensional thermal convection in an inclined
cubic or rectangular cavity under the above boundary condition. Our main purpose is the examination of the variation in
critical Rayleigh number and exchange of the most unstable mode associated with the variation in inclination angles.

We consider the three-dimensional motion of an incompress-
ible viscous fluid in an inclined rectangular cavity. Carte-
sian coordinates (ξ∗, η∗, ζ∗) with their origin at the center of
the cavity, shown in Fig. 1(a), are defined so that mutually-
perpendicular three sides of the cavity are parallel to theξ∗,
η∗, andζ∗-axes. Coordinates(ξ∗, η∗, ζ∗) are related to Carte-
sian coordinates(x∗, y∗, z∗) in whichz∗-axis is vertically up-
ward in the following way. Coordinates (ξ∗, y∗, z′∗) are first
introduced by the rotation of coordinates (x∗, y∗, z∗) about
y∗-axis by angleϕ, as shown in Fig. 1(b).
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Figure 1. Geometrical configuration and coordinate systems.

Coordinates (ξ∗, η∗, ζ∗) are then defined by the rotation of coordinates (ξ∗, y∗, z′∗) aboutξ∗-axis by angleγ, as shown
in Fig. 1(c). The shape of cavity is determined by two aspect ratiosAξ ≡ Lξ/d andAη ≡ Lη/d, whereLξ, Lη, andd
respectively denote the length of cavity in theξ, η, andζ directions. The attitude of cavity is determined by two anglesϕ
andγ. We assume that the external temperature fieldT ∗

ex decreases linearly in vertically upward direction as written by
T ∗
ex = −βz∗+T ∗

0 , whereβ(> 0) is an external temperature gradient, andT ∗
0 is the external temperature atz∗ = 0. All the

walls of cavity are assumed to be rigid and of perfect thermal conductance. We also adopt the Boussinesq approximation.
Non-dimensionalized governing equations under this approximation are written as

∇ · v = 0,
( ∂

∂t
+ v · ∇

)
T = ∆T, (1)

1

P

( ∂

∂t
+ v · ∇

)
v = −∇p+∆v −

(gd3
κν

−R(T − T0)
)
(eξ sinϕ+ (eη sin γ + eζ cos γ) cosϕ), (2)

where∇ ≡ eξ
∂
∂ξ + eη

∂
∂η + eζ

∂
∂ζ ,∆ ≡ ∂2

∂ξ2 + ∂2

∂η2 + ∂2

∂ζ2 , andeξ, eη, andeζ respectively represent the unit vectors

in the ξ∗, η∗, andζ∗ directions. ξ ≡ ξ∗

d , η ≡ η∗

d , ζ ≡ ζ∗

d , t ≡ κ
d2 t

∗,v ≡ d
κv

∗, T ≡ T∗

βd , p ≡ d2

ρ0κν
p∗, andv∗ is fluid

velocity,T ∗ is temperature,p∗ is pressure,t∗ is the time,ρ0 is the density of fluid forT ∗ = T ∗
0 . Alsoν andκ respectively

denote the kinematic viscosity and the thermal diffusivity of fluid.g is the acceleration of gravity andT0 =
T∗
0

βd . Two non-

dimensional parametersR andP respectively denote the Rayleigh number and the Prandtl number defined byR ≡ αgβd4

κν
andP ≡ ν

κ , whereα is the coefficient of thermal expansion. Non-dimensionalized boundary conditions are written as

v = 0, T = Tex on ξ = ±Aξ

2
, η = ±Aη

2
, ζ = ±1

2
, (3)

whereTex = −(ξ sinϕ+ (η sin γ + ζ cos γ) cosϕ) + T0.

Governing equations (1) and (2) with boundary condition (3) have the solution of a motionless state with temperature
expressed asTs and pressureps. ForR equal to the critical Rayleigh numberRc, infinitesimal deviations of velocity,
temperature, and pressure from those in the motionless state, defined byû ≡ v, θ̂ ≡ T − Ts, q̂ ≡ p − ps, of neutrally
stable disturbances satisfy

∇ · û = 0, ∆θ̂ + û · (eξ sinϕ+ (eη sin γ + eζ cos γ) cosϕ) = 0, (4)
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−∇q̂ +∆û+Rcθ̂(eξ sinϕ+ (eη sin γ + eζ cos γ) cosϕ) = 0, (5)

û = 0, θ̂ = 0 on ξ = ±Aξ

2
, η = ±Aη

2
, ζ = ±1

2
. (6)

We use Galerkin spectral method to solve eqs. (4)–(6) numerically. Here a divergence-free set of basis functions satisfying
all boundary conditions, produced from Chebyshev polynomials, is used. By solving the eigenvalue problem derived from
this method, we obtain the value ofRc as well as neutrally stable disturbances.
From the symmetry of eqs. (4)–(6), it is sufficient to solve these equations only for theû and θ̂ of some symmetries.
For ϕ = γ = 0, it is sufficient to solve these equations only for each of eight modes denoted asθ̂(e, e, e), θ̂(e, e, o),
θ̂(e, o, e), θ̂(e, o, o), θ̂(o, e, e), θ̂(o, e, o), θ̂(o, o, e), andθ̂(o, o, o) modes. Here in̂θ(e, e, o) mode,θ̂ is an even function
of ξ, η and an odd function ofζ, and the symmetry of̂u is determined from this property of̂θ. The symmetry of other
modes is defined similarly. Forϕ = 0 andγ ̸= 0, it is sufficient to solve eqs. (4)–(6) only for each of four modes denoted
asθ̂(e, e), θ̂(e, o), θ̂(o, e), andθ̂(o, o) modes. Here in̂θ(e, o) mode,θ̂ is an even function ofξ and an odd function with
respect to the transformation(η, ζ) → (−η,−ζ), for example. Forϕ ̸= 0 andγ ̸= 0, it is sufficient to solve eqs. (4)–(6)
only for each of two modes denoted asθ̂(e) andθ̂(o) modes, where in̂θ(e) mode,θ̂ is an even function with respect to the
transformation(ξ, η, ζ) → (−ξ,−η,−ζ), for example. Among the above eight, four, or two modes, the mode of smallest
Rc is called the most unstable mode.

RESULTS

In the description of results of stability analysis, we useϕ̃ ≡ (180/π)ϕ and γ̃ ≡ (180/π)γ instead ofϕ andγ. For
Aξ = Aη = 1 andϕ̃ = 0, with the increase iñγ from 0 to 45,Rc decreases and takes the minimum value ofRc = 6714.9
at γ̃ = 45, as shown in Fig. 2. Therefore, the inclination of a cubic cavity causes the decrease inRc. For γ̃ satisfying
0 < γ̃ < 90, θ̂(e, o) mode always gives the minimum value ofRc among four modes. For̃γ = 0 or γ̃ = 90, because one
of θ̂(e, o, e) andθ̂(o, e, e) modes is obtained by rotating the other mode about the vertical axis by 90 degrees, bothθ̂(e, o)

and θ̂(o, e) modes in Fig. 2 give the same value ofRc = 6797.7, the minimum value ofRc among eight modes in the
non-inclined case. This value agrees well with the value obtained by Mizushima and Matsuda[1] for a non-inclined cubic
cavity. The flow pattern of most unstable mode [θ̂(e, o) mode] forγ̃ = 45 is similar to one-vortex structure whose axis is
horizontal and agrees with the axis of the rotation of cavity,ξ-axis (x-axis).
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Figure 2. Dependences ofRc for θ̂(e, o) andθ̂(o, e) modes on
γ̃. Aξ = Aη = 1 andϕ̃ = 0.
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Figure 3. Dependence ofRc on γ̃. Aξ = 1, Aη = 3, andϕ̃ = 0.

ForAξ = Aη = 1 andϕ̃ = 45, with the increase iñγ from 0 to 45,Rc decreases to 6712.4 forγ̃ satisfying0 ≤ γ̃ ≤ 29

and increases for̃γ larger than 29. For̃γ satisfying0 < γ̃ < 90, θ̂(o) mode always gives the lower value ofRc thanθ̂(e)
mode. From the above results, the value ofRc for a cubic cavity can be decreased at least to 6712.4 from the value 6797.7
in the non-inclined case by its inclination.
ForAξ = 1, Aη = 3, andϕ̃ = 0, the exchange of the most unstable mode occurs twice, as shown in Fig. 3. That is, with
the increase iñγ from 0 to 90, the most unstable mode changes fromθ̂(e, o) mode toθ̂(e, e) mode at̃γ = 33, and then
changes tôθ(o, e) mode at̃γ = 49. It is noted that althougĥθ(e, e) mode is the most unstable for intermediate values of
γ̃, this mode is not the most unstable forγ̃ close to 0 or 90.
Similar exchange of the most unstable mode with the increase inγ̃ from 0 to 90 withϕ̃ fixed to 0 is observed also for
Aξ = 1, Aη = 2 and forAξ = 1, Aη = 4. However, the exchange occurs only once forAξ = 1, Aη = 2, and three times
for Aξ = 1, Aη = 4.
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