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ANALYSIS OF CONTINUOUS ADJOINT CONTROL OF COMPRESSIBLE PLANE JETS

Daniel Marinc∗, Holger Foysi∗a)

∗Institute of Fluid- and Thermodynamics, University of Siegen, 57068 Siegen, Germany

Summary Continuous adjoint optimal aeroacoustic control of compressible plane jets using direct numerical and large-eddy simulation
for the 2D and 3D case, respectively, is presented. The gradient of the cost functional obtained using the adjoint is compared to that
using finite differences. It is shown that the error increases drastically with increasing control horizon. Preliminary tests applying a
second order Newton based conjugate gradient method show a faster convergence and indicate usefulness for future applications.

INTRODUCTORY REMARKS

Although much progress has been made in the control and understanding of aeroacoustic sound emission, there is still a
lack of simple, yet sufficient models for typical flow control applications and there are still open questions regarding the
sensitivity and controllability of such flows [1, 2, 3]. One approach is to find the optimal control strategy by making use
of an iterative approach, based on the adjoint state equations. Here, a cost functional constraint by a differential equation
is introduced, measuring for example the acoustic intensity in a target region. Determining the minimum of the cost
functional numerically involves calculation of its gradient with respect to the control. A finite-difference approach would
involveO(n) primal solutions (here: full solutions of the Navier-Stokes equations) for n design variables and is therefore
impractical for non-stationary turbulent flows involving many control parameters. Therefore the gradient is calculated
by making use of the so-called adjoint equations, offering the possibility to determine the gradient independently of the
number of control variables [4]. The accuracy and succession relies, however, on the accuracy of the calculation of the
gradient. Inconsistencies due to modelling, boundary condition treatment and differences in the numerical treatment of
the adjoint and primal solution leads to deviations of the gradient direction from the optimal direction, especially for
in-stationary flow problems. In the following, we present results obtained by comparing the gradient obtained using finite
differences and the adjoint for the configuration of a plane jet with Reynolds number based on the diameter ReD =
2000, Mach number M = 0.9 and domain lengths of Lx/D = Lz/D = 30. The grid resolution was 512 × 640 and
320× 64× 384 for the 2D (DNS2D) and 3D (LES3D) case, respectively. Furthermore, a receding horizon algorithm was
used to extend the control horizon beyond the limitation imposed by the gradient accuracy.
The compressible Navier-Stokes equations are solved in cartesian coordinates. Errors in the adjoint optimization are
minimized by applying a low-dispersion- dissipation fourth-order Runge-Kutta scheme [5] and an optimized explicit DRP-
SBP (dispersion- relation-preserving summation by parts) finite-difference scheme of 6th-order for the spatial derivatives
[6]. For subgrid scale modeling a variant of the approximate deconvolution method originally introduced by Stolz &
Adams [7] is used, which is based on explicit filtering alone [8, 9]. Non-reflecting boundary conditions and sponge layers
are imposed on the domain boundaries. The transition to turbulence was generated by convecting disturbances obtained
in separate precursor simulations of plane temporally evolving mixing layers into the jet shear layers [10]. The adjoint
equations were obtained similarly as in [2] and solved using the same numerical schemes and grid as the primal flow
solution. Analogously to the boundary treatment of the primal flow solution, characteristic boundary conditions were
developed for the adjoint equations. As a cost functional, we chose a measure for the far field sound pressure

= =
∫

Ω

∫
T

(p(x, t)− p(x))2
dt dΩ, (1)

with control interval T , the target volume in the farfield of the jet Ω and the temporal average of the pressure over the
interval T , p. The flow is controlled via two small regions within the jet shear layers, where heating and cooling is applied.
The gradient is obtained using the adjoint flow variables and used in a conjugate-gradient optimization routine with Brent’s
line minimization [11] to update the control from the previous conjugate gradient iteration, φnew = φold − r g(φold),
where r denotes a generalized distance in control space. The code was verified by calculating an anti-sound test case as
detailed in [2].

RESULTS

The accuracy of the calculated gradient for the jet simulations DNS2D and LES3D is estimated by comparing the differ-
ence in the cost-functional, induced by a small perturbation ∆u, FFD(u,∆u) = =(u+∆u)−=(u) to the cost-functional
difference estimated by the linear approximation Fgrad(u,∆u) = d=(u)

du ·∆u. The perturbations were modelled assuming
a Gaussian shape in space and time with an amplitude small enough to remain in the linear regime. Owing to the localiza-
tion in time the gradient accuracy can be estimated at several distinct times. Comparing FFD with Fgrad, FFD ·Fgrad < 0
can be considered as a worst case scenario as it implies that the calculated gradient isn’t an ascent direction. Fig. 1 shows
FFD and Fgrad for the 3D-LES-jet with a control length of ∆T ≈ 65, for various perturbations and for different con-
trols, obtained after different conjugate-gradient optimization steps. The gradient appears to be acceptable within the time
64 ≥ t ≥ 18, beyond that time the gradient direction may even be in the opposite direction and the optimization process
becomes ineffective. This situation may be avoided by using a so called receding horizon approach (see e.g. [12]). Here,
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the full control interval is split into several subintervals and the control is obtained for these subintervals by solving the
primal and adjoint until convergence. This control is then used to advance forward to some larger time and the procedure
is iterated until the desired control-length is obtained. Fig. 2 shows that this approach is successful for long time intervals.

sufficient for a successful optimization.
To check the necessity for a correct gradient direction, a fur-

ther numerical experiment was performed. The gradient ob-
tained using the adjoint was replaced by picking an arbitrary
gradient out of a random sub-interval within the full receding
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Figure 12: Comparison of FFD and Fgrad (see eq. (24) and (25)) for the
DNS2D-case for (a) the first and (b) the second CG-iteration.
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Figure 13: Comparison of FFD and Fgrad (see eq. (24) and (25)) for the
LES3D-case for (a) the first and (b) the second CG-iteration.

horizon simulation, described during the next section. It should
be noted, that the linesearch used in the conjugate-gradient-
algorithm is constructed in such a way as to iterate until a reduc-
tion of the cost-functional is achieved, for any prescribed con-
trol. The reduction obtained this way was less than 1% of the
reduction obtained with the correct gradient-direction. The gra-
dient calculated by using adjoint optimization is therefore not
arbitrary and a correct direction is important to achieve strong
sound reduction. Nevertheless noise reduction can be achieved
for time horizons slightly longer then those determined to be ad-
equate by performing a comparison with finite differences. In
a further simulation we set the gradient of the cost-functional
to zero for t ≤ 20, where we expect deviations from the correct
gradient direction. In this case the noise reduction was observed
to start later in time compared to the reference case, where the
information of the adjoint over the whole control-interval was
used. This is clear, of course, since no gradient information is
used initially. In the reference case, however, there are instances
where the gradient-direction is correct over a small time hori-
zon, since the errors are still not large enough to provide wrong
gradient directions at at every time step and useful information
for the adjoint optimization is available, resulting in sound re-
duction even for times slightly lower than t = 20. Nevertheless,
when approaching t = 0 the optimization saturates quickly and
the sound reduction decreases strongly due to increasingly un-
reliable gradients.

Fig. 13 shows FFD and Fgrad for the 3D-LES-jet with a
control-length of ∆T ≈ 65. Taking into account the same con-
siderations as above it can be observed that the gradient appears
to be acceptable within the time 64 ! t ! 18, i.e. a time-
interval of ∆t ≈ 46. Note, that in the LES3D-case Ω was 9D
nearer to the jet centerline when compared to the DNS2D-case.
As a consequence, the time needed for the sound waves to reach
the observer region is ≈ 11 in this simulation.

As the perturbations weren’t localized in the homogenous
spanwise direction, the scalar product d#(u)du ·∆u in function F in-
volves a spatial average in the three-dimensional simulations in
the homogenous direction, making a direct comparison between
both cases difficult. Despite these differences one can conclude
from figure 12 and 13, that the time horizon over which an re-
liable gradient is observed is approximately of the same length.
Although the grid resolution of the three-dimensional LES is
coarser and implicit subgrid scale modelling is involved, our
expectations to have accurate gradients over smaller time hori-
zons was not fullfilled, when comparing figures 12 and 13. This
seems to indicate, that the exponential growth of small incon-
sistencies in the linear adjoint equations is responsible for the
deterioration of the gradient direction with time.

The accuracy and with it the permissible control-length
might be increased with the first-discretize-then-optmize ap-
proach (see e.g. Chandler et al. (2011)). Also a more consistent
treatment of the LES-model/filter in the adjoint equations might
be of importance. However, such considerations are not part of
this work.
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interval of ∆t ≈ 46. Note, that in the LES3D-case Ω was 9D
nearer to the jet centerline when compared to the DNS2D-case.
As a consequence, the time needed for the sound waves to reach
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As the perturbations weren’t localized in the homogenous
spanwise direction, the scalar product d#(u)du ·∆u in function F in-
volves a spatial average in the three-dimensional simulations in
the homogenous direction, making a direct comparison between
both cases difficult. Despite these differences one can conclude
from figure 12 and 13, that the time horizon over which an re-
liable gradient is observed is approximately of the same length.
Although the grid resolution of the three-dimensional LES is
coarser and implicit subgrid scale modelling is involved, our
expectations to have accurate gradients over smaller time hori-
zons was not fullfilled, when comparing figures 12 and 13. This
seems to indicate, that the exponential growth of small incon-
sistencies in the linear adjoint equations is responsible for the
deterioration of the gradient direction with time.

The accuracy and with it the permissible control-length
might be increased with the first-discretize-then-optmize ap-
proach (see e.g. Chandler et al. (2011)). Also a more consistent
treatment of the LES-model/filter in the adjoint equations might
be of importance. However, such considerations are not part of
this work.
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Figure 15: (a) Cost-functional over time for the uncontrolled DNS2D-case and the controlled jet for the receding horizon algorithm. Note, that the cost-functional
don’t differ at the beginning of the simulation, as the control needs a finite time-interval to effect the sound in the farfield. (b) “Energy”-content of the control for
the same case. The vertical lines indicate the different subintervals Ta of the receding horizon algorithm.

3.3. Receding-horizon aeroacoustic optimization of a 2D-jet

As was shown in section 3.2, the accuracy of the gradient
requires optimization calculations over limited time intervals
only. However, to improve statistical convergence of the con-
trolled jet and in order to reduce sound over much longer time
horizons long control intervals are necessary. One way to cir-
cumvent the restriction imposed by short time intervals is the so
called receding horizon algorithm. The idea, as described for
example in Collis et al. (2000), is to first split the full control
interval Te into several subintervals t ∈ [0,Tp]. The control is
obtained for these subintervals by solving the primal and adjoint
until convergence. The control obtained from such a subinterval
is used to advance forward to some time t = Ta ≤ Tp. After that,
the optimization is carried out on the interval t ∈ [Ta,Ta + Tp]
and one advances forward to time t = 2Ta. This procedure is
iterated until the desired control-length is obtained, see figure

14 for illustration.

The length of the control interval is a subtle choice. It has
to be long enough for the control to be able to affect the cost
functional. This minimum time interval is determined by the
convection speed of vortices and the time needed by acoustic
waves to travel to the observed region Ω. On the other hand,
numerical errors increase with time and the gradient direction
becomes inaccurate such that the control interval must not be-
come too large (see section 3.2).

After various tests we choose Tp ≈ 79 and Ta ≈ 30.5, such
that after 8 performed optimiziation-steps the overall control-
length is T ≈ 244. Fig. 15(a) shows the evolution of the
cost-functional over time for the uncontrolled and controlled
DNS2D-case. To the authors knowledge, this is the first time
that this kind of suboptimal control is applied in an instation-
ary aeroacoustic context. The control successfully reduces the
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Figure 2. Cost-function over time for the uncontrolled and controlled DNS2D-case using the receding horizon procedure. Note, the
cost-functional don’t differ at the beginning of the simulation as the control needs a finite time-interval to effect the sound in the farfield.

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

0.16

1 2 3 4 5

J

n

CG(1st.order)
NCG(2nd.order)

Figure 1: A comparison of cost functional reduction of an anti sound test case.
The computational effort is chosen to be the same for both schemes; NCG:
Newton Conjugate Gradient method, CG: Conjugate Gradient method
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Figure 3. (a) Comparison of the cost functional reduction of the anti-sound test case [2]. The computational effort is chosen to be
equal for both schemes; NCG: Newton Conjugate Gradient method, CG: Conjugate Gradient method (b) Convergence history of NCG
method for solving the Newton equation. ||r||2/||r0||2 is the normalized L2 norm of the residual, r0 denotes the residual at the starting
point and the convergence criteria was chosen to be min(0.05, ||∇J ||2, where J is the cost functional.

CONCLUSIONS

Results for continuous adjoint optimal aeroacoustic control simulations were presented using heating and cooling within
the jet shear layers. The gradient accuracy was shown to degrade with increasing optimization time owing to numerical
and modeling inconsistencies between the adjoint and primal flow solution. These inconsistencies may be reduced and the
optimization extended to long time horizons using, although more expensive, the receding horizon approach. Currently,
a Newton conjugate gradient method is developed using the second order adjoint equation. First results (figure 3) look
promising and may improve the applicability of the continuous adjoint.
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