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Abstract

This paper is concerned with modelling of propagating instabilities and transformation patterns in
NiTi tubes subjected to combined tension—torsion loading. A recently developed gradient-enhanced
finite-strain model of pseudoelasticity is employed for this purpose, and respective finite-element
computations are carried out. It is shown that the model is capable of representing a number of
experimentally observed effects. The major effect, which has not been successfully modelled to date,
is that the transformation is inhomogeneous under tension-dominated loading and alters towards a
homogeneous transformation as the level of torsion is increased. To capture this effect, the model
must deliver a non-monotonic (up-down-up) stress—strain response in tension and a monotonic one
in torsion, and this can be achieved if the model includes three features: tension—compression
asymmetry, transverse isotropy of the transformation strain, and deformation-dependent harden-
ing/softening response. A detailed study is also carried out regarding the transformation yield
locus. The results reveal an ambiguity in determination of the yield locus for tension-dominated
loading and hence an ambiguity in determination of the tension—compression asymmetry. This
aspect seems to have been overlooked in the literature despite its impact on correct interpretation
of experimental results.
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1. Introduction

One of the superior thermomechanical properties of shape memory alloys (SMAs) is pseudoelas-
ticity, which refers to the ability of the material to recover large inelastic deformations upon unload-
ing. The basic intrinsic mechanism of pseudoelasticity is the reversible stress-induced martensitic

phase transformation that takes place between the parent phase (austenite) and the product phase
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(martensite) and is accompanied by formation and evolution of microstructures
2003).

Evolution of the stress-induced martensitic transformation in pseudoelastic NiTi varies depend-
ing on geometry and loading. Under uniaxial tension, the transformation typically initiates by
a deformation instability in the form of localized martensite bands. The transformation advances
then by propagation of interfaces (macroscopic transformation fronts) that separate the transformed
and untransformed regions. The associated mechanical response reveals a stress drop followed by
a stress plateau. Note that such a response represents the overall response of the specimen, while

the intrinsic material response is non-monotonic, i.e. it is characterized by a softening-like branch

(up-down-up response), as illustrated by [Hallai and Kyriakides| (2013), see also|Alarcon et al.|(2017).

In NiTi strips under uniaxial tension, the instability manifests itself in the form of an inclined

martensite band or multiple bands that propagate throughout the specimen, sometimes in a criss-

cross pattern, resembling the Liiders bands (e.g.[Shaw and Kyriakides, [1997b; [Pieczyska et al., 2006}

|Zhang et al.;2010). In NiTi tubes, the instability occurs via nucleation of a helical martensite band

that evolves into a cylindrical domain possessing ring-shaped or prong-like transformation fronts
(e.g. [Li and Sunl [2002} |Sun and Li, 2002; Feng and Sun| 2006; Bechle and Kyriakides|, 2014} 2016;
Reedlunn et al., 2014, 2020a).

In contrast to uniaxial tension, the martensitic transformation in NiTi under uniaxial compres-
sion or shear is usually not characterized by macroscopic instabilities. It has been observed in a
handful of experiments that NiTi exhibits homogeneous transformation under compression or shear,
and the respective stress—strain response is monotonic. As an exception, a mild inhomogeneity of
transformation under shear, not observed previously, has been recently[]] reported by
, see a more detailed discussion below. Moreover, the transformation stress in uniax-

ial compression is higher compared to that in uniaxial tension, while the transformation strain in

compression is smaller, and those of shear lie in between (e.g. |Orgéas and Favier) (1998} |Sun and
2002; [Grabe and Bruhns|, 2009} [Mao et al, [2010; Bechle and Kyriakides), [2014}; Reedlunn et al.
2014} 2020a). Concluding, the experimental observations indicate a significant tension—compression

asymmetry (and also tension—shear asymmetry) of NiTi in terms of the mechanical response and
in terms of homogeneity of transformation.
Some experimental efforts have been also devoted to study the patterns of propagating insta-

bilities in NiTi under bending or mixed-type loading conditions. For instance, diamond-shaped

patterns have been observed in NiTi tubes under bending (Bechle and Kyriakides, 2014; Reedlunn|
2014). The effect of initial torsion on the transformation pattern in NiTi tubes under com-

IThe paper of [Reedlunn et al.| (2020a)) was published after the present paper was submitted to the journal, and

the references to that paper were added while revising the manuscript during the review process.



bined tension—torsion has been investigated by [Sun and Li| (2002)). It has been reported that, as

the level of the initial torsion increases, the transformation pattern alters from a propagating insta-
bility to a homogeneous transformation. The latter conclusion has not been supported by detailed
snapshots of the transformation patterns in combined tension—torsion, and only the snapshots of
the transformation patterns under uniaxial tension and pure torsion have been provided by
. The transition from a propagating instability to a nearly homogeneous transformation

has been also observed in NiTi tubes under combined tension and internal pressure (Bechle and

Kyriakides| [2016). It is generally agreed that the tension—compression asymmetry contributes to

the evolution of the transformation patterns. For instance, the diamond-shaped patterns are only
observed in the tensioned side of the NiTi tube under bending. Likewise, due to the tension—shear
asymmetry, the transformation tends to be homogeneous as the initial torsion is increased in the
case of the NiTi tube subjected to combined tension—torsion.

A qualitatively different behaviour of NiTi tubes under combined tension—torsion has been re-

cently reported by [Reedlunn et al.| (2020a). Proportional (in the strain space) loading paths have

been studied, and the overall stress—strain response has been shown to follow the usual trends: stress
plateaus (indicating a non-monotonic material response) in tension-dominated cases and monotonic
stress—strain response in torsion- and compression-dominated cases. However, in contrast to the
current understanding, the transformation under torsion-dominated loading, including pure tor-
sion, is accompanied by strain localization, as revealed by full-field DIC (digital image correlation)
measurements. Quite surprisingly, the instabilities leading to strain localization are not evidenced
in the overall stress—strain response which is smooth and monotonic. Moreover, the localization
bands are approximately aligned with the tube axis (and are quite diffuse), while a simple reasoning
would suggest that ring-like band perpendicular to the tube axis should be preferable. A definite
explanation of these effects is currently lacking even if some suggestions have been provided by

Reedlunn et al.| (2020a)).

Note that many experiments have been conducted on pseudoelastic NiTi under combined loading

conditions, however, most of the works in this vein are focused on the mechanical response and on

the transformation yield stress locus (see e.g. [Helm and Haupt, 2003; Sun and Li, |2002; McNaneyl|
et all, [2003; [Lexcellent and Blanc, 2004; [Grabe and Bruhns|, 2009; [Bechle and Kyriakides|, [2016];

[Reedlunn et al., [2020a)), while the respective transformation patterns have been rarely documented,

and the main related contributions are those of |[Sun and Li| (2002)), Bechle and Kyriakides| (2016),
and Reedlunn et al| (2020a)).

Modelling of deformation localization and propagating instabilities in SMAs is not a new subject
of study. The main challenge is to treat the ill-posedness of the boundary value problem that results

from the softening-like constitutive behaviour. Accordingly, suitable regularization approaches have



been developed in recent years. Regularization can be achieved by enhancing the model with higher
gradient terms, typically, with the gradient of the volume fraction of martensite (e.g.
2011; Badnava et all 2014; [Alessi and Bernardini, |2015; Rezaee-Hajidehi and Stupkiewicz, 2018),
including the phase-field-type approaches (e.g. [He and Sun| 2010; Wendler et all [2017)), or with

the strain gradient (e.g.|Chang et al. 2006). As an exception, simulations of the transformation

patterns in NiTi strips and tubes have been successfully performed by taking advantage of only

the natural 3D regularization effects (Jiang et all, 2017albllc; Xiao and Jiang) [2020). A review of

the available regularization approaches is not attempted here, see Rezace-Hajidehi and Stupkiewicz|

(2018) and Rezaee-Hajidehi et al. (2020) for the related discussion.

Generally, the computational studies of propagating instabilities and transformation patterns

are essentially limited to SMA wires, strips and tubes under uniaxial tension (e.g. |Chang et al.

2006; He and Sun| 2009, [2010} Jiang et al.| [2017bllc; Rezaee-Hajidehi and Stupkiewicz, 2018 Rezaee-

Hajidehi et al., |2020), whereas the transformation patterning in other types of loading has been

scarcely addressed. As far as we are aware, the only reported example is the simulation of the

diamond-shaped transformation patterns in NiTi tubes under bending (Jiang et al.l [2017a), which

has been accomplished by including a correct tension—compression asymmetry into the model, see

also the very recent study of [Frost et al.| (2020)).

The present work is motivated by the experiment of Sun and Li| (2002) on NiTi tubes subjected to

combined tension—torsion. In particular, it has been observed in the experiment that transformation
is inhomogeneous under uniaxial tension and under tension-dominated loading, and the respective
transformation pattern is that of a helical band of martensite that subsequently evolves towards a
cylindrical domain. On the other hand, the transformation is fairly homogeneous under torsion-
dominated loading. To the best of our knowledge, the related effects have not been successfully
modelled yet, and thus the main aim of the present work is to study the transformation patterns in
NiTi tubes under combined tension—torsion. Analysis of the results of the respective simulations has
led us to an interesting observation regarding the apparent transformation yield locus in the case
when the transformation under tension-dominated loading is inhomogeneous and the associated
overall pseudoelastic response is characterized by a stress drop followed by a stress plateau. The
related ambiguity concerning the tension—compression asymmetry of the transformation stress seems
to have been overlooked in the literature, and hence an additional study focused on the apparent
yield locus is performed here.

The model employed in this work originates from the local isothermal model of pseudoelasticity

developed by |Stupkiewicz and Petryk| (2013). The gradient-enhanced thermomechanically coupled

version of the model has been developed by [Rezaee-Hajidehi and Stupkiewicz (2018]), as well as

its 3D extension by |[Rezace-Hajidehi et al.| (2020). To facilitate the finite-element implementation,




a micromorphic-type regularization of the gradient-enhanced model has been applied, for more
details regarding the micromorphic regularization see [Forest| (2009), see also Maziere and Forest
(2015); [Rys et al.| (2020) for recent applications of the micromorphic approach in gradient plasticity.
The ability of the model to account for tension—compression asymmetry, transverse isotropy of the
transformation strain and deformation-dependent hardening/softening response are the distinctive
features that allow to capture the complex transformation patterns under combined tension—torsion
loadings.

The paper is organized as follows. In Section[2] the gradient-enhanced model and its formulation
in the incremental energy minimization framework are presented along with specification of the
constitutive functions and extended discussion of the details particularly important for the present
study. The finite-element implementation of the model is presented in Section [3| including the
micromorphic regularization, the thermomechanical coupling and the details of the finite-element
treatment. Analysis of the NiTi tube under combined tension—torsion is carried out in Section []

accompanied by a detailed study of the transformation yield locus.

2. Gradient-enhanced finite-strain model of pseudoelasticity

The origin of the gradient-enhanced model presented in this section is the local isothermal model
of pseudoelasticity developed by [Stupkiewicz and Petryk| (2013, where the details of the respective
constitutive description and of the energy minimization framework can be found. In the present
study, some small (but potent) improvements of the constitutive functions are employed. For the
details regarding the gradient enhancement and the improved constitutive functions, the reader is

referred to [Rezaee-Hajidehi et al.| (2020)).

2.1. Kinematics and basic assumptions
The total deformation gradient F' = V¢, where ¢ is the mapping from the reference configu-
ration to the current configuration, is multiplicatively decomposed into the elastic part F° and the

transformation part F*,
F =F°F", F'= R'U", U'=expe', (1)

where the transformation part F* is expressed in terms of the transformation stretch tensor U*
and the rotation tensor R!, and R' = I is assumed so that F* = U'. Adopting the configuration
of undeformed austenite as the reference configuration, we have F* = I for pure austenite state.
It is also justifiably presumed that the martensitic transformation is isochoric, leading to det F'* =
detU* = 1.

In Eq. , the transformation stretch tensor U is defined in terms of the logarithmic transfor-

mation strain tensor e' (cf.|Stupkiewicz and Petryk, [2013)). Following the presumption of isochoric



t is restricted to be traceless, tre® = 0, thus automatically satisfying

martensitic transformation, e
the condition det F'* = 1. In the stress-induced transformation, the martensite variants are prefer-
ably oriented with respect to the local stress. Accordingly, focusing on the pseudoelastic regime,
it is assumed here that the martensite is fully oriented. The transformation strain e® can thus be

defined in terms of the transformation strain tensor of the fully oriented martensite, denoted by &°,

and the volume fraction of martensite, denoted by 7, thus
e’ = ne’, 0<n<1, P ={e": g(e') = 0}. (2)

Here, P denotes the set of limit transformation strains and function g is defined such that g(0) < 0,
g(€') = 0 is a smooth, closed and convex surface in the deviatoric space, and g(re") is a continuously

increasing function of r for r > 0 and &' # 0. The explicit form of function g is specified in

Section 2.41

2.2. The energy minimization framework

Following Rezaee-Hajidehi et al.|(2020)), the isothermal Helmholtz free energy function is adopted
in the form

O(F,€",n,Vn) = ¢o(n) + ¢ei(F, €', 1) + dint(€",0) + Pgraa(Vn), (3)

where ¢g represents the so-called chemical energy, ¢. the elastic strain energy, ¢, the interac-
tion energy and ¢graq the gradient energy term. The individual components of ¢ are specified in
Section 2.3

The functional of the global potential energy reads

Elp, ') = ®lp, ", n] + Q] ‘P[%ét,n]=/B¢(Vso,étm,vn)dV, (4)

where B denotes the body domain in the reference configuration, ® represents the global Helmholtz
free energy, and () represents the potential of the external loads, which in the case of the nominal
surface traction t* prescribed on the boundary 9B; is expressed as Q[p] = — faBt t* - pdS.

The rate-independent dissipation potential is adopted (in the incremental form) as
AD(An) = felAn|,  An=n—1np, (5)

where f. > 0 is a material parameter (characterizing the width of the hysteresis loop in the intrinsic
stress—strain response) and 7, is the volume fraction of martensite at the end of the previous step.
Here and in the remainder of this paper, the subscript n + 1 indicating the quantities at the current
time step t,,+1 is omitted for brevity.

Finally, the incremental solution in terms of the fields of ¢, &' and 7 at instant ¢, 1 is obtained
by minimizing the global incremental potential II,

{¢,€",n} = arg min I, ", 7, (6)
».e'\n



where II is defined as

e, e, n] = E[p, €°,n] — E[pn, €L, mn] + AD[n] + Lo 1 [n] + Zp[e']. (7)

The global dissipation potential AD and the functionals Zjy ;) and Zp are defined as

AD[] = /B AD(AR)AV, Tl = /B Loy Tplet] = /B LEHav, ()

where Zjq 1; and Zp enforce, respectively, the physical constraint on the volume fraction of marten-
site, 0 < 1 < 1, and the constraint on the limit transformation strain, g(e*) = 0, through the
indicator functions,
0 ifo<n<i, . 0 ifet € P,
Io.1(n) = Ip(e") = (9)
400 otherwise. 400 otherwise.
The treatment of the non-smooth dissipation AD(An) and the enforcement of the constraints

0 <n<1and g(e') =0 are discussed in Section

2.3. Specification of the components of the free energy ¢

The individual components of the Helmholtz free energy ¢ in Eq. are adopted as follows (see
Stupkiewicz and Petryk) 2013; |Rezaee-Hajidehi et al., [2020)).
The chemical energy ¢ is taken as the weighted average of the free energy densities of pure

austenite and pure martensite phases, respectively, ¢§ and ¢g', both in the stress-free state, i.e.

¢o(n) = (1 =n)f +ndg" = 6+ Adon,  Ado = ¢g' — &5, (10)

where A¢q is known as the chemical energy of transformation. The dependence of A¢y on temper-
ature is not explicitly indicated here, see Section for the thermomechanically coupled model.

The (isotropic) elastic strain energy ¢ is adopted as
1 - 1
Ga(F, et m) = Su(n)(irb® = 3) + Jr(detb® — 1~ log(deth?)),  b° = Fexp(~2qe ) FT, (1)

where b = (detb®)~1/3b° is the isochoric part of the elastic left Cauchy-Green tensor b® =
Fe(Fo)T = F(CYH)™'FT, and C' = (FY)TF' = exp(2ne') in view of Egs. and (2). Using
the Voigt mixing rule, the shear modulus p(n) = (1 — ) pa + 1w is obtained so that distinct shear
moduli of austenite and martensite phases, respectively, p, and p,,, are accounted for, while the
bulk modulus & is assumed constant during the phase transformation.

The interaction energy ¢yt is adopted as

G (€)= S H(EP, (12)



where the interaction coefficient H determines the type of response during transformation (hardening-
or softening-like depending on the sign of H) and is assumed to be a function of the transformation
strain €'. The explicit form of the interaction coefficient H is introduced and discussed in Sec-
tion

Finally, the gradient energy component ¢g;aq takes the form

1
¢grad(vn) = §GV77 . Vn7 (13)

where the operator V denotes the gradient with respect to the reference configuration and parameter
G > 0 characterizes the energy associated with the gradient of 7. According to the analytical
solution of the one-dimensional small-strain version of the model, for a softening-like response
resulting from a negative constant interaction coefficient H < 0, a characteristic length, which
represents the theoretical thickness of the diffuse austenite—martensite interface, is obtained as
A= ﬂm (Rezaee-Hajidehi and Stupkiewicz, [2018). Since H is defined here as a function of
the transformation strain &°, see Eq. , the interface thickness is not constant and depends on

éet.

2.4. The surface of limit transformation strains, g(e') =0

The function g is inherited, with a small modification, from the model of [Sadjadpour and
Bhattacharyal (2007) and is capable of describing tension—compression asymmetry and transverse
isotropy. These properties are indeed of great importance for the particular study aimed in this

paper. The function g is expressed as
1/3
g(e") = [(_12)3/2 bl — clff} —a (14)
where I}, are the invariants of the transformation strain tensor €' and are expressed as
Lo ey2 _t 6
I2:—§tr(e) , I3 = det e’ Iy =m-ém, (15)

with m as the axis of the transverse isotropy. The parameters a, b and ¢ in Eq. read

_ 3v3  qL/3 b_\/§9a353—7a3+7ﬁ3—9 _2V3 P -pR
_GT[4(1+043)} ’ T 6 (1+ad)(1+p) 7 ‘T3 At a1+

(16)

where a = e /ec is the ratio between the maximum tensile and compressive transformation strains
in the direction along m and 5 = €} /€ is the ratio between the maximum tensile and compressive
transformation strains in the direction perpendicular to m. Note that an isotropic material with
and without tension—compression asymmetry is described by « = 8 # 1 and a = 8 = 1, respectively,
whereas « # [ corresponds to transverse isotropy.

To illustrate the surface of limit transformation strains generated by g(€') = 0 and the associated

dual surface of transformation-onset stresses (jointly referred to as ‘transformation surfaces’ in the
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Figure 1: The effect of parameter a on (a) the surface of limit transformation strains and (b) the surface of

transformation-onset stresses of an isotropic material (8 = «) in the biaxial stress state.

sequel), the effect of parameters o and 8 on the shape of the respective surfaces in a material
subjected to biaxial stress state and combined tension—shear is examined. The biaxial stress state
has been chosen for this illustration because the corresponding transformation surfaces clearly reflect
the effect of parameters o and 3, while, combined tension—shear is related to the main simulations
presented in Section [4]

The transformation surfaces are determined at the material-point level. Thus, the gradient en-
ergy term ¢graq in the Helmholtz free energy function, see Eq. , is disregarded here. Additionally,
in order to simplify the numerical procedure, the small-strain version of the model is employed for
this specific purpose, check for the related procedure.

Figure[] depicts the effect of parameter o on the transformation surfaces of an isotropic material
(8 = «) subjected to a biaxial stress state. In Fig.|l| and in the subsequent figures in this section,

the limit transformation strains £} and £5 (' and #°

in the case of combined tension—shear),
where €' is the small-strain counterpart of €', and the transformation-onset stresses of and o}
(¢ and 7% in the case of combined tension—shear) are normalized, respectively, by the maximum
transformation strain et and the transformation-onset stress o in uniaxial tension. Recall that the
case of = 8 = 1 corresponds to an isotropic material without tension—compression asymmetry,

and the corresponding transformation-onset stress surface, see the respective surface in Fig. b),

forms an ellipse, retrieving the von Mises yield surface. Note that, on account of isotropy, the

t

transformation surfaces are symmetric about the respective lines &} = &5 and of = 7.
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Figure 2: The effect of parameter 8 on (a) the surface of limit transformation strains and (b) the surface of
transformation-onset stresses of a transversely isotropic material (m = 1) in the biaxial stress state. The parameter

a = 1.4 is fixed.

The effect of parameter 8 on the transformation surfaces of a material subjected to a biaxial
stress state is shown in Fig. 2| Parameter a = 1.4 is here fixed and the axis of transverse isotropy
m is oriented along the direction i; = (1,0,0), thus m = ¢;. It can be seen that, as 8 deviates
from «, the transformation surfaces lose their symmetry. Since the axis of transverse isotropy m is
directed along 41, the transformation-onset stress o} is not affected by the change of 8 in the case
of uniaxial tension or compression along 4, see the line o§ = 0. On the other hand, in the case of
uniaxial tension or compression along 42 = (0,1,0), the transformation-onset stress o varies as a
function of S, see the line ot = 0.

Next, as a preliminary study towards the main simulations presented in Section [d] the effect of
parameters « and 8 on the transformation surfaces of a material subjected to combined tension—
shear is illustrated in Figs. 3] and [l The transformation surfaces in this case are represented by
£%4% and o'—7* sections, where (&%, 0%) and (5%, 7%) are the respective axial and shear components.
Due to the symmetry of the transformation surfaces about the respective axes 4* = 0 and 7¢ = 0,
only the upper half of each surface is shown. Note that, for the transversely isotropic case, 8 # «,
in Fig. 4l the axis of transverse isotropy m is directed along the axis of tension.

The discussion of the results given in Figs. [3] and [ is deferred to Section It will be
shown that upon defining a suitable interaction coefficient H and taking the advantage of the

tension—compression asymmetry and transverse isotropy properties of the function g (characterized
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rameter o = 1.4 is fixed, and m is directed along the axis of tension.
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by parameters a and ), a softening-like material response under uniaxial tension and a hardening-

like response under shear can be obtained.

2.5. The interaction coefficient H(e")

The tension—compression asymmetry is a well-known characteristic of NiTi that has been com-
monly observed in experiments. In particular, NiTi exhibits higher transformation stress and
lower transformation strain under compression with respect to those under tension. The tension—
compression asymmetry also applies to the type of the material response in terms of harden-
ing/softening during transformation. Typically, softening is observed in tension, while hardening

in compression (e.g. Bechle and Kyriakides, 2014; Reedlunn et al., 2014} |2020a)). Note that this

type of tension—compression asymmetry is not a common feature in phenomenological models of

pseudoelasticity (e.g., |[Jiang et al) 2017albllc; [Rezace-Hajidehi et all 2020} [Frost et al., [2020)).

The response of NiT1i in shear has also been examined in a number of experimental works (see e.g.

[Orgéas and Favier, [1998; [Sun and Li, |2002; |Grabe and Bruhns| 2009, Reedlunn et al., 2020a). The

main consensus is that the shear response is characterized by a hardening-like behaviour. Besides,
the transformation stress in shear, when expressed in terms of the equivalent stress, lies between
the transformation stresses in tension and in compression.

According to the above experimental observations, the interaction coefficient H, which charac-

terizes the material response in the transformation regime, is proposed to depend on the transforma-

tion strain €°, and the following constitutive function is adopted for that purpose (Rezaee-Hajidehi|

Gt 1] 2020).

H(e) = iy - EAEMIE IO oy = Beng, (7)

where ¢(€') is the equivalent transformation strain, Hr and H¢ represent, respectively, the hard-

ening modulus (softening is obtained for Hr < 0) associated with the uniaxial tension (when
(') = er) and the hardening modulus associated with the uniaxial compression (when €(€') = ec).
Recall that, according to the definition of function g(e') in Egs. 7, parameters et and ec
correspond to the uniaxial tension and compression along the axis m of transverse isotropy, and
so do the hardening moduli Ht and Hc. The response in shear is expected to be intermediate
between the uniaxial tension and compression. However, as shown below, the actual behaviour in
shear is significantly affected by transverse isotropy.

A material-point study has been performed to investigate the effect of transverse isotropy, as
described by parameter 3, on the pseudoelastic response under uniaxial tension, shear and uniaxial
compression. As in Section the contribution of the gradient energy term ¢graq to the Helmholtz
free energy is disregarded, since the intrinsic material response refers to a homogeneous deformation.

The analysis is performed in the finite-strain setting. The material is subjected to a mixed-control

12
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Figure 5: The effect of parameter 8 on the nominal shear stress—shear angle response of NiTi under shear during

loading: (a) 8 <1 and (b) 8 > 1. The parameter o = 1.4 is fixed.

loading that corresponds to the loading of a tubular specimen, cf. Section Specifically, the
engineering axial strain € and shear angle  are here prescribed, and the resulting nominal axial
stress o and shear stress 7 are determined. At the same time, all the remaining components of
the (Cauchy) stress tensor are enforced to be equal to zero. The hardening moduli are adopted as
Ht = —5 MPa and Hc = 7 MPa. With the exception of parameter « = 1.4 and 3 that varies
between 1/« and «, the other material parameters are taken as those in the study in Section
The axis of transverse isotropy m is directed along the axis of tension.

Figure [5|shows the effect of parameter 8 on the nominal shear stress—shear angle response under
shear (null axial strain, e = 0) during loading. It can be seen that parameter 8 not only changes
the transformation-onset stress in shear (see also Fig. , but also has a significant impact on the
response in the transformation branch. In particular, the maximum level of hardening is achieved
when S is equal to unity. On the other hand, as § diverges from unity, the level of associated
hardening decreases.

To further investigate the effect of 8 on the pseudoelastic response, two representative values
of B are chosen, namely 8 = o = 1.4 and 8 = 1, and for each value, the response under uniaxial
tension, shear and uniaxial compression is plotted in Fig. [} The plots show the corresponding
equivalent stress—equivalent strain curves, where the equivalent stress 0.4 and the equivalent strain

€cq are defined as
Oeq = V02 + 372, Eeq = VEZ +72/3. (18)

It follows that parameter $ does not affect the response in uniaxial tension and uniaxial compres-
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Figure 6: The effect of parameter 8 on the equivalent stress—equivalent strain response of NiTi under uniaxial tension,
shear and uniaxial compression: (a) 8 = a = 1.4 and (b) 8 =1 and a = 1.4. Note that only the response in shear is

affected by 3.

sion, see also Fig. [dl The response in shear, regardless of the value of parameter 3, always remains
intermediate between the uniaxial tension and compression responses. For § = a = 1.4, although
the transformation-onset stress in shear is slightly higher than that of uniaxial tension, the corre-
sponding levels of softening are almost the same. On the other hand, for 8 = 1, a hardening-like
response is obtained in shear, as already shown in Fig. |5l This shows that it is crucial to account
for the transverse isotropy of the transformation strain (8 # «) to be able to simultaneously de-
scribe a softening-like response in tension and a hardening-like response in shear, and the effect is

maximized when 8 = 1.

Remark 1. The combination of parameters such that « is larger than unity and g is smaller than
« and, say, close to unity, as discussed above, is actually physically relevant. In fact, NiTi tubes
(as well as wires and rods) typically exhibit the drawing texture in which the (111) poles of the
austenite are preferably aligned with the tube axis. For such a texture, the tensile transformation

strain is the highest for the loading along the tube axis, and this is accompanied by a significant

tension—compression asymmetry along this direction (e.g. [Thamburaja and Anand, |2001)).

Remark 2. The stress—strain response predicted by the present model is approximately trilinear with

an abrupt change of the slope at the onset and saturation of the transformation. The actual material

response is smooth (e.g. [Lim and McDowell, 1999} |Grabe and Bruhns| [2008; [Wang et al.| [2010), as

can be predicted by the micromechanical models (e.g. [Thamburaja and Anand, [2001; [Stupkiewicz

land Petrykl 2010). The non-monotonic material response revealed by Hallai and Kyriakides| (2013])
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is smooth as well, and such a non-monotonic response is predicted by a micromechanical model
in which the interfacial energy contributions are accounted for at several relevant spatial scales

(Stupkiewicz et al., 2020).

3. Finite-element implementation

3.1. The micromorphic regularization

The finite-element implementation of the gradient-enhanced model presented in Section is
not convenient due to the presence of the Laplacian of the volume fraction 7 in the transformation

criterion. Accordingly, a micromorphic-type regularization is employed as a tool to facilitate the

finite-element implementation of the model. Details can be found in |[Rezaee-Hajidehi and Stup-|

kiewicz| (2018]) and [Rezaee-Hajidehi et al. (2020), see also Maziére and Forest| (2015), as well as

(2009) for a general context.

To perform the micromorphic regularization of the gradient-enhanced model, the gradient en-

ergy term ¢grad in the Helmholtz free energy function, Eq. 7 is replaced by its micromorphic

counterpart,
DR RV | .
Berad (0,71, V) = 5 GVij - Vij + 5 x(n = 11)?, (19)

where a new variable 7}, the micromorphic counterpart of 7, as well as a new regularization parameter
X, which penalizes the discrepancy between 1 and 77, have been introduced. As a result of this

substitution, the Helmholtz free energy function takes the form

O(F, €', 0,11, Vi) = ¢o(n) + der(F, €', 1) + dint (€', 1) + Pgraa (1,77, V). (20)

Consequently, the evolution problem @ is replaced by the global minimization problem with respect
to the fields of ¢, &*, n and 7,
{p,€"n,7} = arg min Tl[p, €, n, ], (21)
,&" i
where the global incremental potential IT is formulated, in analogy to Eq. @, in terms of the global
potential energy £ defined as

Elp, €', 11 = ®lp, €', n,1] + Q] <I>[¢P,étﬂ77ﬁ]=/B¢(V<P,ét»n,777vﬁ)dv~ (22)

The beneficial feature of the micromorphic formulation is that the minimization with respect

to n can be performed pointwise (i.e. locally at each integration point), which leads to a straight-

forward finite-element implementation (Rezaece-Hajidehi and Stupkiewicz, 2018; [Rezaee-Hajidehil

G ], 2020).
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3.2. The thermomechanically coupled model

Although the finite-element simulations in this study, Section[d] are carried out in nearly isother-
mal conditions (thus almost no temperature gradient exists), a thermomechanically coupled model
is employed in the computations. Following [Rezaece-Hajidehi et al.| (2020), the thermomechanical
couplings are included in the model through the temperature dependence of the chemical energy
¢o in the Helmholtz free energy function, Eq. , and through the internal heat source associated
with the phase transformation. These two essential couplings are briefly described below, while a
general case including all related couplings is described in Appendix B in [Rezaee-Hajidehi et al.
(2020).

First, the chemical energy in Eq. is reformulated in terms of volume fraction 1 and tem-
perature T' as,

Go(n, T) = ¢5(T) + Ado(T)n,  A¢o(T) = As™(T = Ty), (23)

where As* is the entropy difference between the pure austenite and pure martensite phases and T
is the equilibrium temperature. Note that the form (23])2 for the chemical energy of transformation,
Adgy, is obtained thanks to the assumption of identical specific heat capacities for pure austenite
and pure martensite phases, ¢ = c¢™ = c.

Next, the internal heat source R is expressed as
R = As"Ti + foli, (24)

where the overdot denotes the derivative with respect to time. The first and second terms in
Eq. represent, respectively, the latent heat of transformation and the heat due to mechanical
dissipation.

Finally, the heat conduction equation (in the reference configuration) is written as
00cl +V-Q =R, Q=-KC™'VT, (25)

where ggc is the specific heat, @ is the nominal heat flux, C = FTF is the right Cauchy—Green
tensor and K is the heat conductivity coefficient. See, e.g., Holzapfel| (2006) for more details.

3.8. Finite-element treatment

The finite-element treatment of the model follows that applied by |Rezaee-Hajidehi et al.| (2020)),
where all the details can be found. The complete thermomechanical problem, consisting of the
global minimization problem for the mechanical part and the heat conduction equation
for the thermal part, comprises five unknown fields, out of which u = ¢ — X, 1 and T are global
unknowns, while 7 and &' are local variables. In the finite-element implementation of the model, the

quadratic serendipity hexahedral (20-noded) element with a reduced (2x2x2) integration rule is
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employed for the displacement field w, while the tri-linear hexahedral (8-noded) element is employed
for the fields of 77 and T'. The serendipity element proved to be computationally more efficient than
the tri-quadratic (27-noded) hexahedral element used in our previous study (Rezaee-Hajidehi et al.
2020)).

In analogy to the global minimization problem , the local (point-wise) minimization with

respect to 1 and €' is formulated as
et
where F', 7 and V7 are considered to be known, and the local potential 7 takes the form,

W(Faétﬂ%ﬁ»vﬁ) = ¢(F7étanaﬁvvﬁ)_d)(Fnaé;ﬁwnnvﬁnvvﬁn)"_AD(n_nn)"_I[O,l](77)+I75(ét)' (27)

Due to the presence of the non-differentiable term AD+Ijg 1, the local potential 7 is non-smooth in
1. To treat this, the augmented Lagrangian technique (cf. |Stupkiewicz and Petryk} |2013) has been
exploited. On the other hand, the usual Lagrange multiplier technique has been used to address
the equality constraint g(€') = 0 that appears in the minimization of m with respect to &' through
the indicator function I5. For details, see |Rezaee-Hajidehi et al.| (2020).

On the global level, the Newton method is used to solve (in a monolithic manner) the cou-
pled nonlinear equations resulting from the finite-element discretization. Automatic differentiation
technique has been employed using the Mathematica toolbox AceGen (Korelc, 2009; Korelc and
Wriggers, |2016) to efficiently compute the derivatives involved in the finite-element procedure. As
a result, due to the exact linearization of the nonlinear equations, the quadratic convergence of the
Newton method is ensured. The finite-element code generated by AceGen is then implemented in
the Mathematica toolbox AceFEM to perform the finite-element simulations. A direct solver (Intel

MKL PARDISO) is used for solving the system of linear equations at each Newton iteration.

4. Analysis of a NiTi tube under combined tension—torsion

The main aim of the simulations presented in this section is to study formation and evolution
of transformation patterns in a NiTi tube subjected to combined tension—torsion loading. For this
purpose, the experiment of |Sun and Li| (2002)), see also|Li and Sun| (2002]), is considered as a reference
for the geometry and characterization of the material parameters of the NiTi tube under study, cf.
Section [41] In Section [£:2] the simulation results related to the NiTi tube under uniaxial tension
are presented as a baseline for subsequent comparisons. The results of the simulations of combined
tension—torsion are then discussed in Section In Section [£:4] a detailed study is carried out

regarding the transformation yield stress locus of NiTi under combined tension—torsion.
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Figure 7: NiTi tube under combined tension—torsion: (a) the geometry of the tube, (b) the loading program and (c)

the nominal axial stress—elongation response under uniaxial tension. The experimental curve in panel (c) refers to

the results of (2002), which have been used to calibrate the model parameters.

4.1. Description of the problem

The geometry of the tube is depicted in Fig. m(a). The outer diameter and the wall thickness of

the tube are, respectively, d = 1.5 mm and ¢ = 0.15 mm, as in the experiment (Sun and Li, |2002).

To reduce the computational cost, the length of the tube is taken as L = 12 mm, which is about 4
times smaller than the one in the experiment (52 mm). It has been observed that employing a longer
tube in the simulations does not lead to qualitatively different predictions. This is commented in
Section

Similar to the experiment, the ambient temperature is fixed to the room temperature 7 = 296 K.
The heat-sink effect of the grips in the experiment is mimicked by prescribing the temperature at
both ends of the tube equal to the ambient temperature Ty. The simulations are carried out at
a constant strain rate of 2 x 107°1/s, which results in nearly isothermal conditions. The loading
program is shown in Fig. El(b) First, the tube is twisted by increasing the overall shear angle ~,
while the owverall elongation ¢ is kept at zero. After reaching the maximum overall shear angle
v = 7, the overall elongation ¢ is increased until € = ¢¢ is reached. The unloading proceeds in the
reverse order.

The overall elongation € = 6/L and the overall shear angle v = ¢ d/(2L) are applied by prescrib-
ing, respectively, the axial displacement ¢ and the angle of twist ¢ at the nodes located at Z; = L,
where Z; denotes the axial reference placement of the i-th node. At the same time, the axial displace-

ment and rotation are constrained at Z; = 0. Uniform radial expansion or contraction is allowed by
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Table 1: Material parameters adopted in the computations.

K Ha Hm As* fe Hr Hc T; €T « B Qoc K G X
(GPa] [GPa] [GPa] [MPa/K] [MPa) [MPa [MPa [K] [ [ [ [MJ/®K)] [W/(mK)] [Pam? [MPa]
130 11 8.5 0.24 6 -5 7 220 0.045 125 1 2.86 18 1073 500

applying the boundary condition y; X; — z;Y¥; =0 at Z; = 0 and y; X; — z;Y; = (2, X; +v;Y;) tan ¢
at Z; = L, where (X,;,Y;) and (z;,y;) denote, respectively, the reference and current placement of
the i-th node in the respective plane. Accordingly, the deformation is homogeneous in the entire
tube until strain localization is triggered by an imperfection, as discussed below. Similar boundary
conditions have been used, for instance, by |Jiang et al.| (2017h).

The material parameters are selected as follows. The bulk modulus x = 130 GPa and the
shear moduli p, = 11 GPa (for austenite) and p,, = 8.5 GPa (for martensite) are adopted. The
chemical energy of transformation As* = 0.24 MPa/K is taken as in our previous studies (Rezaee-
Hajidehi et all 2020). The parameters Ty = 220 K, f. = 6 MPa and er = 0.045 are selected
such that the stress at the onset of transformation, the transformation strain, and the width of
the hysteresis loop in the uniaxial tensile response of the NiTi tube match approximately those
in the experiment, see Fig. (c) Similarly, the hardening modulus Hr = —5 MPa is determined
in a way that the level of the stress plateau in the uniaxial tensile response is approximately the
same as the one in the experiment. On the other hand, the hardening modulus Hc = 7 MPa is
adopted according to the homogeneous response of NiTi in compression (Bechle and Kyriakides,
2014; |Reedlunn et al., [2014)). The parameters characterizing the tension—-compression asymmetry
and transverse isotropy are adopted as @ = 1.25 and § = 1, with the axis of transverse isotropy
m directed along the tube axis. The value of « is in the typical range for NiT1i, while the value of
B is selected based on the results of the parametric study presented in Section [2.5] The thermal
parameters, i.e. goc = 2.86 MJ/(m3K) and K = 18 W/(mK), are taken as those in our previous
studies (Rezaee-Hajidehi and Stupkiewicz, 2018; |Rezaee-Hajidehi et al.l {2020)).

The two parameters related to the gradient enhancement are adopted as G = 102 Pam? and
X = 500 MPa. The wall thickness is here relatively large (d/t = 10) so that the 3D effects provide
a substantial regularization of the localization bands (Maziere and Forest} [2015; [Rezaee-Hajidehi
et al.| |2020), and a small value of G is thus sufficient. Note, however, that the effect of the gradient
enhancement, even if small, is still important, as it significantly improves robustness of the model.
Preliminary studies have shown that, for a vanishingly small value of G, the computations were
almost twice slower and the overall response exhibited spurious oscillations. The adopted value
of parameter x ensures that the discrepancy between the micromorphic variable 7; and the local

volume fraction 7 is negligibly small. All model parameters are summarized in Table
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The finite-element size is fixed to 0.065 mm within the surface of the tube. The tube is thus
discretized with 72 and 184 elements along the perimeter and height, respectively, and one ele-
ment in the thickness direction. This results in the total number of elements of nearly 13400,
leading to nearly 334000 degrees of freedom (recall that quadratic shape functions are used for
the displacements). The resulting finite-element mesh is illustrated in the inset in Fig. [f[(a). The
related computational cost (wall-clock time) of the complete simulation (loading and unloading)
varies between 46 hours for the case of uniaxial tension and 27 hours for the case of combined
tension—torsion with 4¢ = 3.75% (the computations were carried out on a 10-core workstation with
Intel Core i7-6950X CPU and 128 GB RAM).

To trigger nucleation of the martensite band, a small imperfection is introduced at the mid-span
of the tube, via indenting the surface of the tube by 0.1¢ (where ¢ is the tube thickness) over a
uniform area, see the inset in Fig. a). The imperfection has been tilted in such a way that a
right-handed helical band forms under uniaxial tension, as in the case of combined tension—torsion,
when the sense of the twist angle ¢ implies the right-handedness of the helix. Note that, in the case
of a symmetric (not tilted) imperfection, the handedness of the helix is random and results from

numerical imperfections.

4.2. NiTi tube subjected to uniazxial tension

The case of uniaxial tension is studied first. Figure[§depicts the snapshots of the transformation
pattern during loading together with the nominal axial stress—elongation response. The transfor-
mation pattern is represented by the distribution of the volume fraction 7 shown in the current
configuration. The nominal axial stress, denoted by o, is calculated as the axial force divided by
the initial cross-section area.

The martensite band nucleates at the position of the imperfection, see the arrow at snapshot 1
that shows the initial position of the imperfection. Initially, the band has a helical shape with the
inclination angle of about 58° with respect to the tube axis, which is in agreement with our previous
study (Rezaee-Hajidehi et al., 2020) and with the experiments (Li and Sun, |2002; Feng and Sun|
2006; Reedlunn et all 2014} |2020al). The type of the martensite band, e.g. a single helix or two
symmetric helices, and its handedness are sensitive to the imperfection and boundary conditions,
see |Jiang et al.| (2017b)); Rezaee-Hajidehi et al.| (2020) for a more detailed discussion.

Formation of the martensite band is accompanied by a stress drop of about 50 MPa, which is
slightly higher than the one in the experiment of [Sun and Lil (2002)). The helical band then starts
growing in both length and thickness, while the helical angle remains fairly constant, and eventually,
in the neighbourhood of point 5 in Fig. [8] it ceases to grow lengthwise with the maximum length
(measured along the helix) of about 16.5 mm, which is close to the length of 16 mm observed in the

experiment. Subsequently, the band continues to grow in thickness only. It has been observed that
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Figure 8: Evolution of the transformation pattern in a NiTi tube subjected to uniaxial tension (v = 0) and the

corresponding nominal axial stress—elongation response.

increasing the height of the tube does not have a significant impact on the transformation pattern.
For instance, the maximum length of 17 mm and the inclination angle (at nucleation) of 58° have
been obtained for a longer tube with the length L = 15 mm.

Between instants 5 and 6 in Fig. [8] the helical martensite domain starts merging into a single
cylindrical domain. This event is associated with a stress drop, see the arrow in the nominal axial
stress—elongation response. Afterwards, the multi-prong interfaces of the cylindrical domain, see
snapshots 7 and 8, propagate simultaneously towards both ends of the tube along helical paths until
the tube transforms completely. Such multi-prong fronts have been observed in experiments
land Sunl [2006; Reedlunn et al. 2014, 2020a; Bechle and Kyriakides, 2016)), see also the related
simulations (Jiang et al., 2017b} Rezaee-Hajidehi et al., [2020; Xiao and Jiang| 2020). The multi-

prong fronts have not been reported by [Sun and Li| (2002), note, however, that their experiment

was not accompanied by a full-field measurement of the strain field. The discussion on the impact

of the interfacial and elastic strain energy contributions on the competition between multi-prong

and ring-shaped interfaces in pseudoelastic tubes can be found in He and Sun| (2009).

It can be seen in Fig. [§] that the macroscopic transformation front is, in fact, a diffuse inter-
face separating the domains of austenite and martensite. The thickness of the diffuse interface is
relatively small when the interface is inclined, as in the helical band at the initial stage of trans-
formation, while the local interfaces of the multi-prong fronts at the final stage of transformation
are visibly thicker. Note that the preferential inclination angle of the helical band ensures geomet-

ric compatibility between the transformed domain of martensite and the untransformed domain of
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Figure 9: Evolution of the transformation pattern in the NiTi tube subjected to combined tension—torsion and the

corresponding equivalent stress—equivalent strain response for the initial torsion ¢ = 0.95%.

austenite, see the respective theoretical predictions (Shaw and Kyriakides, |1997a; [Li and Sun) 2002;

[Wendler et all 2017, [Rezaee-Hajidehi et al., [2020) based on the classical analysis of necking-type
discontinuity in thin sheets (Nadai, [1950; 11952). Accordingly, the 3D effects and the related

extra energy of the interface are relatively small for a preferentially inclined interface. The 3D
effects and the energy of the prong interfaces are higher since the interfaces must accommodate the
incompatibility of the transformation strain, and hence their thickness is larger.

The reverse transformation pattern during unloading follows a rather similar evolution as that
during loading, see[Appendix B} A movie showing the complete transformation pattern evolution for
the tube under uniaxial tension is provided as a supplementary material (Movie S1) accompanying

this paper.

4.8. NiTi tube subjected to combined tension—torsion

Figures show the transformation pattern and the equivalent stress—equivalent strain re-
sponse of the NiTi tube subjected to tension for different levels of initial torsion =y, which is varied
between 0.95% and 3.75%. Recall that torsion is applied prior to elongation, and then it is kept
constant while the elongation is increased, cf. Fig. m(b) For the highest initial torsion v = 3.75%
studied here, a homogeneous transformation initiates under torsion (with =~ 0.2 in the entire
volume) already before elongation is applied.

The equivalent stress ooq and the equivalent strain ceq are determined according to Eq. (18],

the latter evaluated now in terms of the overall strains ¢ and +. As in Section [£.2] the nominal axial
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Figure 10: Evolution of the transformation pattern in the NiTi tube subjected to combined tension—torsion and the

corresponding equivalent stress—equivalent strain response for the initial torsion v = 1.90%.
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Figure 11: Evolution of the transformation pattern in the NiTi tube subjected to combined tension—torsion and the

corresponding equivalent stress—equivalent strain response for the initial torsion ¢ = 2.50%.
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Figure 12: Evolution of the transformation pattern in the NiTi tube subjected to combined tension—torsion and the

corresponding equivalent stress—equivalent strain response for the initial torsion v = 2.83%.
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Figure 13: Evolution of the transformation pattern in the NiTi tube subjected to combined tension—torsion and the

corresponding equivalent stress—equivalent strain response for the initial torsion ¢ = 3.75%.
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stress ¢ is computed as the axial force divided by the initial cross-section area. The nominal shear
stress 7 is computed as the torque divided by the product of the initial cross-section area and the
mean radius.

It can be seen in Figs. that in all cases the transformation initiates by nucleation of a
helical band that subsequently evolves towards a cylindrical domain with multi-prong fronts. Thus,
from this point of view, the transformation pattern is qualitatively similar to that observed in
uniaxial tension. The effect of increasing the initial torsion ¢ is that the angle of the helical
band with respect to the tube axis increases, while the maximum length decreases, i.e. the helical
shape evolves towards a ring-like shape. A perfect ring-shaped nucleation band, however, was not
observed in the simulations, see snapshots 1 in Figs. [9) The maximum band angle and the
smallest maximum length are obtained equal to 83° and 7.8 mm, respectively, for vy = 3.75%.
Moreover, it is apparent that, as the size of the helix decreases, it merges into a cylindrical domain
at an earlier stage, see e.g. the transformation pattern in Fig. [I3] where the cylindrical domain is
formed at an early stage of the inhomogeneous transformation. Actually, this is the reason that the
computations become cheaper as the value of the initial torsion 7 increases. As discussed above,
the prong-like fronts have more diffuse interfaces compared to the preferably-oriented helical bands.
Accordingly, propagation of the former proceeds in a computationally more efficient manner, since
the mesh can resolve the corresponding interfaces more effectively. Another apparent, yet important,
observation from Figs. is that, as the value of the initial torsion ~¢ increases, the number of
prongs decreases. For instance, in the case with v = 3.75%, only two prongs are formed during
propagation of the cylindrical domain, while six prongs are formed in the case of uniaxial tension.

Note that further increase of the initial torsion 7 does not considerably affect the evolution of
the transformation pattern, except that the tube is homogeneously transformed to a higher volume
fraction of martensite before tension is applied. Besides, the range of vt examined here is sufficient
for the study of the tension—torsion segment of the transformation yield stress locus, which is carried
out next. Note also that a complete homogeneous transformation of the tube under torsion could
not be obtained, as buckling was observed at the final stage of transformation during loading (our
auxiliary study has revealed that this instability results from the specific form of the dissipation
potential and the instability is suppressed when a term related to martensite reorientation is
included in the dissipation potential).

The reverse transformation during unloading is discussed in for two representative
cases (v = 1.90% and 2.83%). The corresponding movies showing the complete transformation
pattern evolution accompany this paper as a supplementary material (Movies S2 and S3).

To clearly illustrate the transition from a helical band towards a ring-like band, as the initial

torsion increases, the shapes of the helical martensite bands are shown in Fig. [14] for different values
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Figure 14: The effect of the initial torsion ¢ on the shape of the helical band at the maximum lengthwise growth.

The corresponding overall elongations are given at the bottom.

of ¢ at the respective instants when the helices are at the maximum lengthwise growth. For a
more clear visualization, the martensite band is represented by the domain of 1 > 0.5 so that the
diffuseness of the interface is not visible. Moreover, each tube has been rotated about its axis in
order to find the most illustrative view of the helix.

Figure shows the helix angles, determined in the reference configuration, at the nucleation
stage, see the corresponding snapshots 1 in Figs. and at the maximum lengthwise growth of the
helical bands, see Fig. The results are compared to the transformation front angles measured by
Reedlunn et al.| (2020a)) separately for the leading and trailing edges, see their Fig. 27(b). To allow
comparison, the helix angles are shown as a function of the instantaneous loading angle defined as
tan~!(y/(2¢)) which is analogous to the angle of the proportional strain-space paths used in the
experiment. The agreement is good. Note that the evolution of a helical band and its orientation
angle at the maximum lengthwise growth (empty markers in Fig. are affected by the loading
path (which is here non-proportional, hence the instantaneous loading angle changes). In all cases,
the helix angle increases during the band growth, but to a small extent.

The nucleation of the martensite band is always represented by a kink in the equivalent stress—
equivalent strain curve, except for the limit case of vy = 3.75%, where a noticeable homogeneous
transformation (with the martensite volume fraction n &~ 0.2) develops in the tube before initia-
tion of the inhomogeneous transformation under tension, see snapshot 1 in Fig. and thus the
nucleation kink is hindered. Note that the tube transforms homogeneously into martensite during

torsion also in the case of ¢ = 2.83%. However, the related volume fraction is small (n ~ 0.05) and
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(2020a)).

thus hardly visible in Fig.

It can be seen in Figs. see also Fig. L7 below, that, as the initial torsion 7 increases, the
equivalent stress at the onset of transformation increases and subsequently the equivalent stress
declines more steeply during inhomogeneous transformation. The former stems from the tension—
compression asymmetry (controlled by parameter «). The latter, however, is the outcome of the
stress redistribution during inhomogeneous transformation under tension. As shown in Fig. b),
for @ > 1, the higher the shear stress, the higher the transformation-onset stresses. In addition,
the transformation-onset stress is also influenced by the effect of transverse isotropy (controlled
by parameter (), see Fig. b). Figure illustrates the effect of the initial torsion ¢ on the
shear and axial responses. It can be seen from Fig. a) that the higher the shear stress at the
onset of inhomogeneous transformation, the higher the shear stress drop during the inhomogeneous
transformation. Figure[17]shows the complete hysteresis loops expressed in terms of the equivalent
stress 0.q and equivalent strain e for four representative values of ;.

Using the data provided in Fig. a,b)7 the transformation yield stress locus of the NiTi tube
under combined tension—torsion has been constructed in Fig. The transformation yield stress
locus can be determined either in terms of the overshoot stresses, indicated by empty triangles in
Fig. [16| and corresponding to the instant of the nucleation of the martensite band, or alternatively
in terms of the post-drop stresses, indicated by filled triangles in Fig. [16| and corresponding to the
state just after the abrupt stress drop. On the other hand, in the cases with a smooth transition

between the elastic and transformation branches, namely for v = 2.83% and ~; = 3.75%, there is no
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Figure 16: The effect of the initial torsion «¢ on the nominal shear stress—shear angle response (a) and on the nominal
axial stress—elongation response during loading (b) and during unloading (c). In the shear response in panel (a), the
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Figure 17: The effect of the initial torsion ¢ on the complete loading—unloading response expressed in terms of the
equivalent stress and equivalent strain. The dashed lines represent the intrinsic material responses corresponding to

uniaxial tension and pure torsion.
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abrupt nucleation event and no associated stress drop (in the case of 4 = 2.83%, a nucleation kink
is noticeable, see Fig. but it is not followed by an abrupt stress drop). The transformation yield
stress is then determined at 0.2% offset strain, see the star markers in Fig. Note that the point
where the overshoot stress locus intersects the post-drop stress locus indicates the tension—torsion
load combination at which the transformation initiation switches between an abrupt nucleation
event and a smooth transition.

The von Mises yield stress surfaces are also included in Fig. in order to accentuate the
difference between the transformation yield stresses in tension and in torsion that results from the
tension—compression asymmetry. Note also that, as illustrated in Fig. [I8] the transformation yield
surface can be determined in two ways, and each of them leads to a different apparent tension—

compression asymmetry. This is discussed in more detail in Section [£.4}

4.4. Study of the transformation yield stress locus in combined tension—torsion

The transformation yield stress locus determined for the NiTi tube undergoing inhomogeneous
transformation has been discussed at the end of the previous section, see Fig. Due to the
high computational cost, only a few simulations have been performed, and thus the transformation
yield stress locus has been identified by a few points only. In this section, the goal is to study the
transformation yield stress locus using the material response. Since the computational cost is low,
the yield locus can be identified with a higher resolution.

A proportional mixed-control tension—torsion loading is applied, where the engineering axial
strain € and shear angle v are prescribed, and the resulting nominal axial and shear stresses,
respectively, o and 7 are determined. At the same time, all the remaining components of the

(Cauchy) stress tensor are enforced to be equal to zero, which corresponds to the stress state in
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yield stress locus determined in terms of the intrinsic material response and (b) the tension—torsion segment of
the transformation yield stress locus. The proportional loading program is shown as an inset in panel (a). The

superimposed color markers and cross markers in panel (b) represent, respectively, the transformation yield stresses

obtained in the simulation of the NiTi tube, cf. Figs. [L6] and and in the experiment of (2002)).

the NiTi tube analyzed previously. The intrinsic material response studied here is free of artifacts
such as inhomogeneous deformation due to finite wall thickness and imperfections. As a result, the
transformation-onset stresses can be captured with a good precision. In addition, since buckling is
not relevant in the material-point study, the analysis is extended to encompass also the compression—
torsion loading conditions.

A selected number of (nominal) axial stress—shear stress responses are shown in Fig. a).
Despite the proportional loading path, see the inset in Fig. a), the response is not proportional
in the stress space, and characteristic hysteresis loops are obtained, except in uniaxial tension and
uniaxial compression, where the contribution of the shear stress vanishes. Note that a hysteresis
loop is observed also in pure torsion, in which the engineering axial strain ¢ is constrained to zero,

as a result of a compressive axial stress that develops. These qualitative features are consistent

with the experimental observations of Helm and Haupt| (2003), except for pure torsion in which

the hysteresis loop is essentially missing in the experiment. Similar hysteresis loops have also been

observed in the recent tension—torsion (e.g., strain path P2) and compression—torsion (e.g., strain

paths P11-P14) tests by Reedlunn et al.| (2020a)), see the corresponding supplemental information

(Reedlunn et all, [2020b). Consistent with the experiment is also the development of a compressive
axial stress of about 50 MPa in pure torsion, which is due to the Swift effect (Reedlunn et al.|
20204).

Figure a) shows also the transformation yield stress locus determined in terms of the material
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response. The respective curves have a smooth appearance, since they have been obtained using
a sufficiently large number of loading orientations. In tension-dominated cases, the response in
the transformation regime is characterized by a monotonically decreasing equivalent stress. The
respective transformation yield stresses can then be represented either by the transformation-onset
stresses or by the transformation-midway stresses. The latter are defined as the stresses at the
instant when the volume fraction of martensite is equal to n = 0.5 and approximately correspond
to the post-drop stresses obtained in the case of the NiTi tube, see Fig. The notion of the
transformation-midway stress, as defined above, is here close to the classical notion of the Maxwell
stress that intersects the non-monotonic material stress—strain response; however, the corresponding
Maxwell construction is not immediate in the case of multiaxial loading. On the other hand, the
transformation-onset stresses approximately correspond to the overshoot stresses characteristic for
the NiTi tube undergoing localized transformation.

In torsion- and compression-dominated cases, where the transformation regime is characterized
by a monotonically increasing equivalent stress, the transformation-onset stresses define the trans-
formation yield stress locus in a unique manner, and can be captured precisely on account of the
trilinear-like material response.

Figure b) shows an enlarged view of the tension—torsion segment of the transformation yield
stress locus. The transformation yield stresses obtained in Section [4.3]and in the experiment of |Sun
and Li| (2002)) are superimposed for comparison. It can be recognized from the experimental data
reported by [Sun and Li (2002) and, in particular, from the experimental curve in Fig. c) that
in tension-dominated cases, i.e. when an abrupt nucleation event occurs, the experimental yield
stress locus included in Fig. (b) has been determined in terms of the post-drop stresses. The
overshoot stress, on the other hand, does not provide a reliable measure for the transformation
yield stress, as it is very sensitive to the experimental setup, geometry and imperfections (Churchill
et al., [2009). Moreover, the overshoot stress is often undetectable in the experiment unless special
care is exercised.

Similar to the experiment, the overshoot stresses obtained in the simulation of the NiTi tube, cf.
Section may exhibit the same sensitivities. However, as shown in Fig. b), the overshoot stress
locus obtained here for the NiT1i tube, see the empty triangles, agrees well with the transformation-
onset stress locus determined in terms of the intrinsic material response. The external factors
mentioned earlier appear thus to have a negligible effect on the respective features determined here
for the NiTi tube.

It can be seen in Fig. that each of the transformation yield stress loci obtained for NiTi,
represents a distinct apparent tension—compression asymmetry. Considering the transformation-

onset stresses, the ratio of the yield stress in tension (equal to 510 MPa) to that in compression (equal
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to 651 MPa) is equal to 0.78, which is close to 1/a = 0.8, as expected. Instead, if the transformation-
midway stress is taken as the transformation yield stress in tension (equal to 447 MPa), then the
corresponding ratio is equal to 0.69, and the apparent tension—compression asymmetry is then
much higher. Note that, in experiments, due to the complexities associated with determination of
the overshoot stresses (represented here by the transformation-onset stresses), the transformation
yield stress locus is usually characterized by means of the post-drop stresses (approximated here by
the transformation-midway stresses), and the actual tension—compression asymmetry is determined
accordingly. This shows that, regarding the tension—compression asymmetry, care is needed when
calibrating the models based on the experimental data, in particular, when the deformation mode is
different in tension (strain localization followed by a stress plateau) compared to that in compression
or torsion (uniform deformation accompanied by a monotonic stress response). In the present work,
the parameter characterizing the tension—compression asymmetry (o = 1.25) has been adopted
arbitrarily, since our focus here is on qualitative features. Moreover, the post-drop stresses depend
also on the hardening parameters Hr and Hc, see the discussion below, that cannot be easily
determined experimentally.

The change of the deformation mode is associated with a corner on the transformation yield
locus, cf. Fig. and this qualitative feature is also present, actually even more pronounced, in the
experimental locus determined by [Sun and Li (2002). Note, however, that the related features are
highly sensitive to the way in which the transformation yield stress is determined. In the experiment
of Sun and Li| (2002), the tension-dominated cases correspond to a non-proportional shear-then-
tension loading, while the torsion-dominated cases correspond to a non-proportional tension-then-
shear loading, which may influence the resulting yield locus. At the same time, in the recent
proportional loading experiments of Reedlunn et al.| (2020a)), the change of the deformation mode is
clearly visible in the overall stress—strain responses (stress plateau under tension-dominated loading
vs. smooth and monotonic stress—strain response under torsion dominated loading), but the corner
on the transformation yield locus is hardly visible, if present at all. To make the picture even more
complex, the transformation under torsion-dominated loading, despite their regular stress—strain
response, is accompanied by strain localization along bands approximately aligned with the tube
axis, as revealed by full-field DIC measurements (Reedlunn et al., [2020al). This new phenomenon,
which currently lacks definite explanation, may also influence the corresponding yield locus.

The post-drop stresses, approximated here by the transformation-midway stresses, significantly
depend on the actual softening-like response during transformation, which, in turn, depends on the
hardening parameters Ht and Hc, cf. Eq. . The effect of these parameters on the transformation
yield stress locus is illustrated in Fig.[20] Note that the transformation-onset stresses do not depend

on Ht and Hc. However, the point at which the transformation-onset and transformation-midway
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Figure 20: The effect of the hardening parameters Ht (a) and Hc (b) on the transformation-midway stress locus.
The dashed line represents the transformation-onset stress locus, which is identical in all cases, and the markers

indicate the points at which the transformation-onset stress locus intersects the transformation-midway stress loci.

stress loci intersect does depend on Ht and H¢. This intersection point is indeed an intrinsic feature
of the material that emerges from the competition between Ht and Hc, see the markers in Fig.
Recall that Hr = —5 MPa and Hc = 7 MPa are the baseline values that were used in the preceding
simulations. It can be observed that, as the absolute value of Hr increases, the intersection point
approaches the pure torsion axis, i.e. a wider range of the responses are characterized by softening.
This is also accompanied by a decrease of the transformation-midway stress in uniaxial tension.
The intersection point moves towards the pure torsion axis also when parameter H¢ is decreased.

At the same time, the transformation-midway stress in uniaxial tension does not depend on Hc.

5. Conclusion

Propagating instabilities and the related transformation patterns in NiTi tubes subjected to
combined tension—torsion have been studied, apparently for the first time, using a recently developed
finite-strain gradient-enhanced model of pseudoelasticity (Rezaee-Hajidehi et al., |2020)). The model
is capable of capturing the complex features observed in the experiment by [Sun and Li| (2002)) which
has been taken as the reference (and motivation) for the present study. The major experimental
effect that has been correctly reproduced is that the transformation is inhomogeneous for tension-
dominated loading and homogeneous for torsion-dominated loading. Furthermore, the predicted
pattern of inhomogeneous transformation is that of a helical martensite band that upon subsequent
loading merges into a cylindrical domain with multi-prong transformation fronts, in qualitative

agreement with the experimental observations (Reedlunn et all |2020a). It has been also shown
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that, as the initial torsion is increased, the inclination angle of the helical band with respect to the
tube axis increases, while its maximum length decreases.

It is well recognized that inhomogeneity of transformation results from a non-monotonic (up-
down-up) intrinsic stress—strain response which is typical for NiTi under tension and which can
be easily included in the constitutive model. Crucial for describing the change in the deformation
mode (from inhomogeneous to homogeneous) is that the stress—strain response becomes monotonic
under torsion. It follows that such a constitutive behaviour (non-monotonic response in tension
and monotonic in torsion) can be achieved for physically-relevant model parameters only if the
model includes the following three features, namely the tension—compression asymmetry, transverse
isotropy of the transformation strain, and deformation-dependent hardening/softening behaviour.

The present results lead also to an important observation concerning the apparent transfor-
mation yield stress locus. In tension-dominated cases, when the overall pseudoelastic response is
characterized by a stress drop followed by a stress plateau, the yield stress locus can be determined
in two different ways, namely in terms of the overshoot stresses or in terms of the post-drop stresses,
and each of them yields a different apparent tension—compression asymmetry. In the experimental
practice, the yield stress locus would be typically determined in terms of the post-drop stresses,
since the overshoot stresses are highly sensitive to experimental conditions and sometimes are not
even observed. It follows that care is needed when interpreting the experimental data regarding the
asymmetry of the transformation yield stresses in tension and compression, as the two may be rep-
resented by quantities of different nature. It seems that the related ambiguity has been overlooked

in the literature to date.

Appendix A. Determination of the transformation-onset stresses

In this appendix, we describe the procedure used in Section for the determination of the
transformation-onset stresses. The analysis concerns the material-point response, hence the gradient
term @grad in the Helmholtz free energy function is not considered. To simplify the analysis, the
small-strain version of the model is employed.

In analogy to Eq. , the local Helmholtz free energy function in the small-strain setting is
adopted as

=1 a e 1 e 1 e =
d(e, €' n) = ¢ + Agon + ptr(ede,)? + Shltre )%+ §H772, e=¢e"+ne', (A1)

where € is the strain tensor that is additively decomposed into elastic and transformation parts
€® and net, respectively, and &' is the limit transformation strain, i.e. the counterpart of €' in the
finite-strain model. The model is further simplified by assuming an identical shear modulus for

austenite and martensite u, = um = p as well as a constant interaction coefficient H.
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Upon prescribing the total strain e, the limit transformation strain &° and the volume fraction n
are determined by minimizing the local incremental potential = 7 (e, €%, 1) in its small-strain non-
gradient version, cf. Egs. 7. During the forward transformation, the necessary condition
for the minimum of 7 with respect to 7 is expressed in the following form (Rezaee-Hajidehi and

Stupkiewicz, [2018)),

0
fn=fe fn= _£ = —Ad¢o + tr(o - ") — Hy, (A.2)

where f,, is the thermodynamic driving force conjugate to 7, and o denotes the stress tensor.

On the other hand, minimization of m with respect to &* is performed by adopting a Lagrange
function L = ¢+nw g(€'), where the Lagrange multiplier w is used to impose the equality constraint
g(") = 0 that is introduced in 7 through the indicator function I, cf. Eq. (7). The condition of

stationarity of L with respect to €° can be written in the following form,

oL _oo 0y

~oet oe 1% pet

99
= 7’](—O'dev + Wa?), (A3)

which implies that the deviatoric stress ogey is normal to the surface of the limit transformation
strain g(€') = 0 (recall that €' is a deviator on account of the assumption of isochoric transforma-
tion).

Consider now a material point subjected to the stress state specified by a unit deviator &4ey,
|Gaev|| = 1. With reference to the stationarity condition (A.3)), and considering the onset of

transformation so that n — 0, the following set of equations is obtained,

Og(&*
g+ @) g,

et (A.4)
g(e") =0,

where @ is a scaled Lagrange multiplier that corresponds to the unit tensor o 4ey.

The set of equations involves 6 independent equations and 6 unknowns, i.e. 5 components
of the deviatoric limit transformation strain €' and the Lagrange multiplier @. After solving equa-
tions , the deviatoric part of,, of the transformation-onset stress tensor o* is determined by
scaling the unit tensor &g4e,, namely O'fiev = SO qev, Where the scaling factor s is found such that
the transformation criterion is satisfied for  — 0. The spherical part of o' can then be

determined according to the desired stress state, e.g., biaxial loading.

Appendix B. Reverse transformation pattern during unloading

Reverse transformation patterns during unloading are reported in this appendix for three repre-
sentative cases of the NiTi tube under uniaxial tension (Section |4.2]) and under combined tension—

torsion for the initial torsion v¢ = 1.90% and 2.83% (Section [4.3).
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Figure B.1: Evolution of the reverse transformation pattern during unloading in a NiTi tube subjected to uniaxial

tension (v¢ = 0) and the corresponding nominal axial stress—elongation response.

In the case of uniaxial tension, the reverse transformation follows a rather similar evolution as
that of the forward transformation during loading, see Fig. [B] Specifically, a helix-to-cylinder
conversion of the austenitic domain is observed. However, the reverse transformation initiates by
the nucleation of two (left-handed) helical bands both inclined at about 63° with respect to the tube
axis and mirrored to each other with respect to the imperfection position, see the inset in Fig.
Afterwards, the two helices grow simultaneously and merge into a single cylindrical domain of
austenite with multi-prong fronts which concurrently (but not synchronously) travel towards the
ends of the tube. It can be seen that the fronts of the cylindrical austenite domain during the reverse
transformation are more diffuse and less apparent compared to those of the cylindrical martensite
domain during forward transformation, cf. Fig

The reverse transformation during unloading for ¢ = 1.90% and 2.83% is illustrated in Figs.|B.2
and [B.3] respectively. In both cases, similar to the uniaxial tension case, Fig. the transformation
initiates by formation of two left-handed helices, which are inclined with respect to the tube axis at
about 61° and 58°, respectively, for 7y = 1.90% and 2.83%, followed by merging of the helices into
a single cylindrical austenite domain with multi-prong fronts. Interestingly, after formation of the
cylindrical domain, the handedness of the prongs alters from left-handed to right-handed, see the
arrows in the equivalent stress—equivalent strain responses in Figs.[B-2|and [B:3| pointing towards the
corresponding instants. Note that due to the large diffuseness of the fronts, ring-shaped interfaces

are formed at the final stage of unloading for the case with vy = 2.83%, see snapshots 7 and 8 in

Fig. [B.3]
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Figure B.2: Evolution of the reverse transformation pattern during unloading in a NiTi tube subjected to combined

tension—torsion and the corresponding equivalent stress—equivalent strain response for the initial torsion vy = 1.90%.
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Figure B.3: Evolution of the reverse transformation pattern during unloading in a NiTi tube subjected to combined

tension—torsion and the corresponding equivalent stress—equivalent strain response for the initial torsion v = 2.83%.
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