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A matrix: basic notions

dil1 412 - din
a1 axp -+ azp

A= ] ] ) , A cR™or A e C™XN
dml adm2 - dmn

A is an m X n matrix: m rows, n columns

If m = n, then A is square.

A is a row vector, if m =1, and a column vector, if n = 1.

In algebraic terms A defines a linear mapping A: R" — R™,

such that x — y = Ax.

o AT is the transpose of A (A flipped about its main diagonal,
with rows turned into columns and vice versa): a; — aji. If
AT = A, then A is symmetric (and obviously square).

o For complex matrices A is the conjugate transpose:

aj — aji. If AH = A then A is Hermitian.
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Basic matrix operations

e Matrix sum: A;B € R™*" numerical cost: O(mn) operations
C=A+8B, c,-j:a,-j+b,-j

e Matrix-vector product: A € R™*" x € R", numerical cost:
O(mn) operations

n
y=Ax, yi=) ax
=1

n

411 d12 -+ A1 X1 >_j—1a1jb; y1
n b

a1 a2 - adp X2 Zj:la2jj Y2

n
dml dm2 *°°  dmn Xn Zj:l amjbj Ym
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Basic matrix operations

@ Matrix-matrix product: A € R™*" B € R"*P, numerical cost:
O(mnp) operations

C=AB, c;=) aiby
k=1

ail a2 - ain bir b2 -+ bip

a1 ax» - an by1 b -+ bop

dml dm2 "  dmn bn1 bpp - bnp
11 Ci2 +°+ Cn
Co1 C2 +c+  a2p

Cmi Cm2 - Cmp
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Basic matrix operations

Matrix sum
@ commutative: A+B =B+ A
e associative: A+ (B+C)=(A+B)+C

Matrix product
@ in general, not commutative:

o if either A or B is non-square, both multiplications may not be
possible (incompatible dimensions)

e even if both matrices are square of the same dimensions,
usually AB # BA

e distributive: A(B + C) = AB + AC
e associative: A(BC) = (AB)C
(but the numerical cost can be very different)
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Basic matrix operations

Matrix product is associative, but the numerical cost can be much
different. Consider a matrix-matrix-vector product?:

A B € RVN (matrices), C e RN (a vector)
A(BC) = (AB)C

Numerical cost of A(BC)

cost BC = O(N?)
cost A(BC) = O(N?) + O(N?) = O(N?)

Numerical cost of (AB)C

cost AB = O(N?3)
cost (AB)C = O(N3) + O(N?) = O(N?)

%In C/C++, operator * is left-associative, that is A * B+ C = (A % B) * C.
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Types of problems

Problems related to finite-dimensional linear systems can be
roughly classified into three groups:

© Find-a-solution problems:
given A and y, solve Ax =y
@ Least-square problems:
given A and y, minimize ||y — Ax||?
© Eigenvalue problems: in the narrow sense,
given A, find vector-scalar pairs (x, A) such that Ax = Ax.

In a broader sense, the term “eigenvalue problems” can be
used for all related problems, like the problems of finding
singular values, null-spaces, etc.
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Methods of solution

Methods used to solve problems involving linear system can be
classified into two broad groups

@ Direct methods,
@ lterative methods.

The direct methods

@ Compute the solution in a finite number of steps, which is
known in advance.

@ In the exact arithmetic, the computed solution would be exact.
@ Stability in finite precision arithmetics is usually well-analyzed.

@ Require direct access to the elements of the system matrix A
(which has thus to be known explicitly).
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Methods of solution

The iterative methods

Compute an approximate solution in an iterative way.

In general, the number of iterations to obtain a good
approximation is unknown in advance.

The convergence properties of the methods are often hard to
analyze, especially in finite precision arithmetics. In some
cases, finite-precision iterations may not converge at all.

Many of the methods require access only to a matrix—vector
multiplication procedure (Ax, sometimes also ATx), so that A
may be given only implicitly (e.g. Ax can be the result of an
experiment or a simulation).

They are most useful for solving large sparse or structured
systems, for which any factorization (necessary in direct
methods) would take too much time, destroy the sparsity or
the matrix structure, or be too inaccurate.
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Range and null-space of a matrix

In algebraic terms, a matrix A € R"*™ is a linear mapping
A :R™ — R", defined by x — y = Ax.

@ The range of A is defined as
range A = {Ax € R"|x € R™} C R".
If range A = R", the mapping A is a surjection.
(existence) Ax =y is solvable iff y € range A.

@ The null-space (or kernel) of A is defined as
ker A = {x € R™|Ax = 0}.
If ker A = {0}, then the mapping A is an injection.

(uniqueness) If x is a solution to Ax =y,
then x + X for each X € ker A is also a solution.
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Matrix rank

The surjectivity and injectivity of the matrix A can be conveniently
expressed in terms of its rank, which can be defined as

rank A = dimrange A < min(m, n).

@ A is called full-rank, if it has the largest possible rank.
Otherwise it is said to be singular or rank-deficient (which in
the exact arithmetic are synonyms).

@ The rank of the matrix A equals the number of its linearly
independent columns (or, equivalently, rows).

The dimensionality m of the domain of A is split into the
dimensionality of its range and of its null-space,

m = rank A + dim ker A.
@ A is surjective, iff n = rank A (requires n < m).

e A is injective, iff m = rank A (requires m < n).
@ A is bijective, iff m = n = rank A (full-rank square A).
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Existence and uniqueness of solution

Consider a linear equation Ax =y, where A € R"™™_ Depending
on the surjectivity and injectivity of A, four general cases are
possible:

@ A is a bijection (n = m = rank A, full-rank square A). The
equation has a unique solution.

@ A is surjective, but not injective (n = rank A < m). For each
y there are infinitely many solutions, which can be expressed
as Xp + Xo, where x,, is a particular solution and
xg € ker A # {0}.

@ A is injective, but not surjective (m = rank A < n).
Depending on y, there is either a unique solution (if
y € range A) or no solution at all.

© A is neither injective, nor surjective (rank A < min(m, n)).
Depending on y, there are either infinitely many solutions (if
y € range A) or no solutions at all.
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Direct methods

Direct methods

@ Compute the solution in a finite and known in advance time
(number of steps).

@ In the exact arithmetic, the computed solution would be exact.

@ Stability in finite precision arithmetics are usually
well-analyzed.

@ Require direct access to the elements of the system matrix A
(which has thus to be explicitly given).
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Direct methods

Direct methods solve Ax =y in two general steps:

@ Factorize A into a product of two or more matrices (e.g.
A = Q:Q2Q3), such that Q;v = u are all easily solvable. The
original equation is then expressed as e.g. Q1(Q2(Q3x)) =y.

@ Compute the solution x by successively solving the resulting
equations, e.g.

Qix; =y
Qox2 = x1
Q3x3 = x2,

so that finally x = x3.

The numerical cost of the first step (for a square n X n matrix) is
usually O(n®) and much larger then that of the second step O(n?).
If several equations with the same A and different right-hand sides
y have to be solved, A is factorized only once.
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Special matrices

In the first step, a direct method of solving Ax =y factorizes A
into a product of two or more special matrices Q1, Qo, ..., Qpn.

The matrices are called special, since Q;v = u have all to be easily
solvable. They are usually:

o diagonal,

@ unitary or orthonormal,
@ permutation matrices,
°

lower or upper triangular.
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Square diagonal matrices

d>

0o .

D = diag(ch, b, ..., dp) =

@ Elements of a diagonal matrix are all zero except the diagonal.

o If d; # 0 for all i, then D is full-rank and bijective. The
system Dx =y is then uniquely solvable for all y.

o If di = 0 for some i, then D is singular and neither surjective

nor bijective. Depending on y, the system Dx =y has either
infinitely many solutions or no solutions at all.
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Square diagonal matrices

The linear system Dx =y, where D is an n x n diagonal matrix, is
a system of n decoupled equations:

diXi:.yfa i:1,2,...,n,

which can be solved in O(n) operations:
e If all d; # 0, then the unique solution is given by x; = y;/d;.
@ Otherwise there is i such that d; = 0. The matrix D (and
thus also A) is singular and neither surjective nor injective.

Existence of solution depends on y:
o If y; =0 for all i such that d; = 0, then there are infinitely

many solutions, since equation Ox; = 0 is satisfied by any x;.
o If there exists i such that d; = 0 and y; # 0, then there are no
solutions, since no x; can satisfy 0x; = y;, where y; # 0.
The case of a non-square diagonal matrix can be treated in a

similar way.
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Diagonal matrices — examples

Square diagonal matrix

1 000 X1 1
0200 xx | |1
0 00O x| |y
0 0 0 4 Xa 1
If y == 0, then the equation has infinitely many solutions:
X1 1 0
2 1/2 + 0 5 c € R,
X3 0 c
X4 1/4 0

where [11/2 0 1/3]" is a particular solution and [00c0]" belongs
to the null space of the system matrix. Otherwise (if y # 0), the
equation nas no solutions.
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Diagonal matrices — examples

Non-square diagonal matrix

The equation
1000]™ 1
0200/|2]=]1
0030 3 1
X4
has infinitely many solutions,
X1 1 0
x | | 1/2 0
s |13 | Tlo|r <€B
X4 0 C
where [11/2 1/3 0] is a particular solution and [000¢]" belongs
to the null space of the system matrix.
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Diagonal matrices — examples

Non-square diagonal matrix

1 00 1
020 |t _|t
00 3 X2 1
000 3 y
If y == 0, the equation has a unique solution
X1 1
X2 = 1/2
X3 1/3
Otherwise, the equation has no solutions.
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Unitary matrices

A real square matrix Q is called unitary, if Q! = QT. |

If a matrix Q € R"™" is unitary, then

@ Q has orthonormal rows and columns, i.e.
Q'Q=QQ" =1,

where | is the n by n diagonal matrix.

e Columns q1,92,...,q, (and rows) of Q form an orthonormal
basis in R”, that is

q; q; = 0y,

where d;; is Kronecker's delta.

@ Unitary matrices are thus always full-rank.
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Unitary and orthonormal matrices

Since unitary matrices are always full-rank and easily invertible
(Q ' =QT), a linear system Qx = y with a unitary matrix
Q € R"™*" has a unique solution for all y and can be solved in
O(n?) operations,

x=Q ly=Q'y.

A unitary matrix with a part of rows (or columns) removed is
called an orthonormal matrix. The removed (or, more often, not
computed at all) vectors usually form a basis of the null-space of
the considered system matrix. They can be thus disregarded, if
only a particular solution is sought for instead of the full solution
space. The particular solution obtained this way is usually the
minimum-norm solution.
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Permutation matrices

A square n x n matrix I is said to be a permutation matrix, if it is
obtained from an n x n identity matrix by permuting its rows.

@ Every row and every column of a permutation matrix has
exactly single 1 and everywhere else Os.

@ There are n! different permutations of an n-element sequence.
So, there are exactly n! permutation matrices of the
dimensions n x n.

@ A permutation matrix I satisfies MTM = |, therefore it is a
special case of a unitary matrix.

@ When applied to an n x n matrix A:

o MMA is the matrix A with permuted rows.
o ATl is the matrix A with permuted columns.
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Lower and upper triangular matrices

A square matrix L is called a lower triangular matrix, if all its
elements above the main diagonal are zero: /;; = 0 for i < j.

A square matrix U is called an upper triangular matrix, if all its
elements below the main diagonal are zero: uj; = 0 for i > j.

h1 O U1 Uiz - Ui
Uy -+ U

I I -+ Inn 0 Unn
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Lower triangular systems — forward-substitution

An n x n lower triangular system Lx =y,

ha 0 X1 Vi

b1 o X2 Y2

/nl /n2 v /nn Xn Yn

can be solved with O(n?) operations by forward-substitution.
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Upper triangular systems — back-substitution

Similarly, an n x n upper triangular system Ux =y,

uix U2 -+ Uip

X1 Y1
uzp -+ U2p X2 Yo
= b}
0 Unpn Xn Yn

can be solved with O(n?) operations by back-substitution.

for(int i=n—1; i>=0; —i) {
X _In sum = 0;
" for(int j=i+1; j<n; ++j)

sum += U(i,j)*x(j);
x(i) = (b(i)=sum)/U(i,i);

n
Yi = Dj—iy1 UiXj
Uji

Xj =
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Factorizations and decompositions

Solution of the system Ax =y by direct methods requires a
factorization of A into a product of two or more special matrices
that make the system easier to solve, e.g.

A=Q;:Q: or A =Q:Q:Qs.

Direct methods can be broadly classified into two groups

@ Decomposition methods use a factorization with unitary
matrices and (usually) a diagonal matrix, which directly
provide important information about the matrix and the
related mapping (dimensionality and basis of the null-space,
eigen- or singular values, etc.). The factorization
(decomposition) often amounts to solving the related
eigenproblem.

@ The other direct methods are known under the general name
of factorization methods.



Direct methods
O®000000000!

Factorizations

The probably most commonly used factorizations are

LU factorization: A = LU, where L and U are respectively
lower and upper triangular matrices. It exists for any square
nonsingular matrix3.

QR factorization: A = QR, where Q is a unitary (or
orthogonal) matrix and R is an upper triangular matrix.
Similarly, there exist QL, RQ and LQ factorizations.

LDL factorization: A = LDLT, where L is a lower triangular
matrix and D is a diagonal matrix with positive elements.
LDL factorization exists for symmetric positive definite
matrices (for other matrices it may not exist).

Cholesky factorization: A = LLT, where L is a lower

triangular matrix. Cholesky factorization exists only for
symmetric positive definite matrices.

3Sometimes a pre-multiplication by a permutation matrix 1 is necessary, so
that MA = LU.
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Decompositions — eigen decomposition

Eigenvalues and eigenvectors

A fundamental notion in linear algebra is that of an eigenvalue and
the corresponding eigenvectors of a square matrix.

Let A be a square n x n matrix. A number X is called an
eigenvalue of A and a vector v is called a corresponding
eigenvector if and only if Av = Av.

As the above condition yields (A — Al)v = 0, the eigenvalues of A
are the roots of its characteristic polynomial,

fa(\) =det (A= Al),

which always has n complex roots. Thus, every square n x n
matrix has always n complex eigenvalues (some or all of which can
be real). Every eigenvalue has a multiplicity, which is defined as
the multiplicity of the corresponding root of fa(\).
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Decompositions — eigen decomposition

Symmetric (Hermitian) matrices

The probably most known decomposition is the eigen
decomposition of a symmetric (Hermitian) matrix:
Every square n x n symmetric (Hermitian) matrix A has n
linearly independent eigenvectors and can be expressed as

A =PDP !

where D is a diagonal matrix with the eigenvalues of A on
the diagonal, D = diag (A1, A2, ..., \n), and P is the ma-
trix with the corresponding eigenvectors as columns. The
eigenvalues are all real. The eigenvectors are orthogonal,
and if they are scaled to be orthonormal, then P~1 = PT

and
A =PDP’.
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Decompositions — eigen decomposition

If A is non-symmetric (non-Hermitian), the existence of the eigen
decomposition depends on the number of the eigenvectors:
If a square nx n matrix A has n linearly independent eigen-
vectors, than it can be expressed as

A =PDP !,

where P collects all the eigenvectors as columns, and D is
a diagonal matrix with the corresponding eigenvalues on

the diagonal, D = diag (A1, \2,. .., An). If A

has an eigen decomposition, it is called diagonalizable*. A
non-symmetric (non-Hermitian) matrix may have complex
eigenvalues.

*It is diagonal in the coordinates defined by the columns of P.
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Decompositions — eigen decomposition — examples

Symmetric matrix

The matrix

1 -1
A:[_1 1], fa(X) = A2 —2)\,

is symmetric, thus it has two linearly independent orthogonal
eigenvectors with two corresponding real eigenvalues,

vi=[-11" vo=[11]",
AL =2 A2 = 0.

One of the eigenvalues is zero, so A is singular.

A= )= ] E 8] %s &
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Decompositions — eigen decomposition — examples

Non-symmetric diagonalizable matrix

The non-symmetric matrix

A:[_i ” fa(A) = A2 — 2\ 1 2,

is diagonalizable, since it has two linearly independent eigenvectors,
vi=[—i1]" vo=1[i1]".
The two corresponding eigenvalues are complex:

A =1+ A=1-—1i.

a_ | L) _[ - i]f1+io0 0.5i 0.5
T O N R | 0 1—i||—05i 05
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Decompositions — eigen decomposition — examples

Non-symmetric non-diagonalizable matrix

The non-symmetric matrix

A:“ (” fa(A) = A —2X + 1,

is non-diagonalizable, since it has only one linearly independent

eigenvector,
vi=[01]",

even if its single eigenvalue has the multiplicity of two:

A1 =X =1

The matrix A has no eigen decomposition and is non-singular. )
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Decompositions — singular value decomposition

The probably most important decomposition is the singular value
decomposition (SVD):
Every rectangular matrix A € R"*™ can be expressed as

3, 0

A:Ul 0 0

]VT:uzvﬂ
where U and V are unitary matrices, and X is an n X m di-

agonal matrix with nonnegative diagonal elements ordered
in a nonincreasing way.
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Decompositions — singular value decomposition

Every rectangular matrix A € R"*™ can be expressed as

3, 0

T _ T
o O]V = UuxzVvT,

where U and V are unitary, and X is a diagonal matrix.

full-rank A € R™"™ (rank A = n < m)

A=UxV' =
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Decompositions — singular value decomposition

Every rectangular matrix A € R"*™ can be expressed as

3, 0

R

] Vi =uxVvT,
where U and V are unitary, and X is a diagonal matrix.
@ Diagonal elements o; of X are called the singular values of A.
@ The number r of positive singular values equals to rank A.
The matrix Xg is thus rank A x rank A.
@ The SVD is unique up to the ordering of the singular vectors
(columns of U and V) corresponding to equal singular values.
@ The columns of V, which correspond to the vanishing singular
values, form a basis for the null-space of A.
e ATA =VITUTUZVT = VETZVT is the eigen
decomposition of ATA. Therefore, 0?(A) = )\;(ATA).
@ The singular values provide full information about
conditioning of A (see Lecture B-4).
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Decompositions — singular value decomposition

Examples

Non-symmetric non-diagonalizable square matrix

The non-symmetric and non-diagonalizable matrix
2 0

has the following singular value decomposition:

1 2 2 _ 17T
Sy
VAR R AV
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Decompositions — singular value decomposition

Examples

Non-square matrix

The non-square matrix
2 00
A= [ 320 ]

has the following singular value decomposition:

Il 7s

SINGI=
Slhg
o Sl=&e
S G-
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Decompositions — rank-revealing QR factorization

Another decomposition is called the rank-revealing QR

factorization:
Let the rank of A € R"™™ be r = rank A < min(n, m).

There exists a rank-revealing QR factorization,

R, R2]

An=[Q Q|| ¢ 7§

where Ry is an r X r upper triangular matrix with positive
diagonal elements, Ry is an r x (m — r) matrix and T is
a permutation matrix such that the first r columns of ATl
are linearly independent. The matrix [Q1Qz2] is unitary. The

matrices Q1 and Q2 are (column) orthonormal:
@ The r columns of Q; form a basis for range AIN.

e The n — r columns of Q, form a basis for ker (AM)T.
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Gaussian elimination

Gaussian elimination is a method of
@ solving a full-rank Ax =y by
o performing the LU factorization of A.

Gaussian elimination uses two elementary operations
@ adding a multiple of the ith row to the jth row and

@ interchanging two rows/equations (or columns/unknowns),
called pivoting

to eliminate the unknowns x; in order to obtain an equivalent
upper triangular system Ux =y, which can be solved by
back-substitution.
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a1l a1

a1 ax
Ax = ] ]

dnl an2

X1 Y1
X2 y2

= : = y
Xn Yn

First, x1 is eliminated from the other equations by subtracting the
multiple l;; = aj1/a11 of the first equation from the ith equation.
This way a reduced system of n — 1 equations with n —1

unknowns xa, ...,

X, is obtained,

air  an ain
2 2
Ay — 0 352) agn)
0 3222) ag,)
where a( ) = aj — li1aj1 and y,-(z) =

X1 1
(2)
X2 _ y2 _ )
Wl |
— li1bs.
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Gaussian elimination

The procedure is repeated n — 1 times: xx, k=2,...,n—1is
eliminated from the rest i = k+ 1,..., n equations using the
multiplier [ = af,f)/afi). This yields an upper triangular system,
which can be solved by back-substitution:

411 a12 - din 1
B | |
Ay — L S=1 7 =y,
O 3£777) Xn }/r(rn)
where algjkﬂ) _ algjk) _ ika,(kk) and yi(k+1) _ blgk) _ /ikb,(f)-
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Gaussian elimination with pivoting

Gaussian elimination uses in the kth step the multiplier
Iy = al(,f)/aii) to eliminate the unknown xx. This works seamlessly,
unless the diagonal element af(i) ~ 0.

o If af(l,i) = 0, elimination is not possible.

(k)

e If a,,” is very small, elimination can be numerically unstable.

The second elementary operation (row pivoting) can be then used.
The kth row is interchanged with one of the next rows, so that the
diagonal element is maximized. Some procedures pivot also
columns (interchange the unknowns). Before performing the
Gaussian elimination with pivoting, the matrix should be rescaled

@ The maximum magnitude of the elements in each row to one.

@ The sum of the magnitudes of the row elements to one.

There is no need for pivoting, if A is symmetric positive definite.
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Gaussian elimination with pivoting — example

Example (Dahlquist and Bjérck)
10°° 1 || x 1
A is nonsingular and well-conditioned. The exact solution is
_ 1 -1 | -1
*T1o106| 1 [T 1|

However, the solution computed by Gaussian elimination without
pivoting in the precision of 6 decimal digits yields

-[2]
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Gaussian elimination — numerical costs

After all steps an upper triangular system is produced,

a1l di2 - aln
2@
A(n)x — . :’7 2 _ y2 _ y(n)
0 A | | o

The number of operations in Gaussian elimination is ~ n®/3. This
is substantially more than ~ n?/2 necessary to solve the resulting
upper triangular system.

If the multipliers [ are stored (together with the information
about row interchange and scaling, if necessary), then y(" for
different right-hand side vectors y can be computed at later times
at the cost of ~ n?/2 only. Hence the total cost of each
subsequent computation would be ~ n? only.
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Gaussian elimination — numerical costs

After all steps an upper triangular system is produced,

d11 d12 -+ dln

2o @
A7)y — SR e ) GO VL)
O aﬁ,’,’) Xn )/r(rn)

To save the memory, the multipliers /;x can be stored for later use
in the lower part of the matrix A(%) (in the place of the zeroed
elements),

arlr a2 - din

by o o &)

In1 lp - 35171)
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Gaussian elimination — LU factorization

Gaussian elimination is an algorithm for LU factorization of the
system matrix, A = LU, where:
o L =[ly], where lix =1 and [ = 0 for i < k.

o U = [uy], where uy; = a%.() for j > k and uy; = 0 otherwise.

il a2 - adin
(2) (2)
A | P 2
In1 I -+ 351’:1)
1 a1 a2 '+ ain
O 22 @
by 1 22 2n
— ) .

It I -+ 1 0 35)71)
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Gaussian elimination — LU factorization

Gaussian elimination yields LU factorization of the system matrix.
Therefore, it is one of the direct methods, as it computes the
solution of a linear system Ax =y in two steps

@ Single LU factorization MA = LU, where I is the
permutation and row rescaling matrix (if necessary). This step
requires ~ n3/3 operations.

@ Solution of (l'l_lLU) x =y via the solution of the equivalent
systems Lx; = My and Ux = x3, where My is the rescaled and
pivoted y.

The second step costs only ~ n? operations and can be repeated
several times for different right-hand side vectors y.
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@ Iterative methods
@ Stationary methods
@ Krylov subspace methods
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[terative methods

Iterative methods
@ Compute an approximate solution in an iterative way.

@ In general, the number of iterations to obtain a good
approximation is unknown in advance.

@ The convergence properties of the methods are often hard to
analyze, especially in finite precision arithmetics. In some
cases, finite-precision iterations may not converge at all.

@ Many of the methods require access only to a matrix-vector
multiplication procedure (Ax, sometimes also ATx), so that A
may be given only implicitly (e.g. Ax can be the result of an
experiment or a simulation).

@ They are most useful for solving large sparse or structured
systems, for which any factorization (necessary in direct
methods) would take too much time, destroy the sparsity or
the matrix structure, or be too inaccurate.
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[terative methods

There are two important groups of iterative methods

@ Stationary methods: Jacobi, Gauss-Seidel, successive
over-relaxation (SOR), etc.

@ Krylov subspace methods, out of which the conjugate gradient
method seems to be the most important.
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Stationary methods for Ax =y

@ Split the system matrix A into
A=M-—-N,

such that M is a nonsingular special matrix (diagonal, lower
triangular, etc.) Direct access to A is thus required.

o Compute iteratively the solution using an easily solvable®
Mx, 11 = Nxx +y.

o Convergence properties are usually well-analyzed, e.g.

If A € R™" s nonsingular and the spectral radius® of
M~IN satisfies p(M~IN) =< 1, then

@ x, converge to x = A~y for any starting xo,

o the error ||x — x| tends to zero like p(M~IN)X.

5The subscript k in x, denotes the iteration number, and not the kth
component xi of the (kth iterate) vector x.
®Magnitude of the maximum-magnitude eigenvalue.
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Stationary methods — Jacobi and Gauss-Seidel

Stationary methods for Ax =y are defined by
Mx, 1 = Nxx +y, where A =M — N.

Split the system matrix A into its strictly lower triangular L,
diagonal D and strictly upper triangular U parts,

A=L+D+U.

@ The Jacobi method is defined by
M =D,
N=-L-U.
@ The Gauss-Seidel method is defined by

M=D+L,
N=-U.

Both method are convergent if A is symmetric positive-definite.
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Stationary methods — Jacobi and Gauss-Seidel

Both Jacobi and Gauss-Seidel formulas have a simple explanation.
For example, consider a linear system with three unknowns:

a11X1 + a12X2 + a13X3 = y1
a1X1 + a»X2 + 323X3 = ¥2
az1x1 + a32X2 + a33x3 = y3
It can be transformed to an equivalent form
a11X1 = y1 — a12X2 — d13X3
dxeXo = y2 — d11X1 — d13X3
d33X3 = y3 — di1X1 — d12Xx2
which in the vector notation takes the form
Dx =y — (L + U)x,

where D, L and U are respectively the diagonal, strictly lower and
strictly upper triangular parts of A.



Iterative methods
00000

Stationary methods — Jacobi and Gauss-Seidel

Therefore, every linear system Ax =y can be transformed to the
equivalent form
Dx=y— (L+ U)x.

The Jacobi method takes this formula directly and obtains
Dxi11 =y — (L4 U)xg,

where all components of xx41 are computed using the
previous-step iterate x,. However, when the ith component of the
vector X1 is being computed, then all the components preceding
it (no. 1,2,...,i— 1) are already known and can be used instead
of these of the previous-step iterate x,. This yields the
Gauss-Seidel method,

Dxyir1 =y — Lxgg1 — Uxy, that is
(D + U)Xk+1 =y — Uxg.
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Stationary methods — successive over-relaxation (SOR)

The Jacobi and Gauss-Seidel methods are appealing because of
their simplicity. However, when the spectral radius of M~IN is
close to unity, their convergence is very slow.

The successive over-relaxation (SOR) method tries to improve the
convergence by modifying the original Gauss-Seidel step,

Dxyy1 =y — Lxpq1 — Uxg,

so that the formula for the iterate xx1 is weighted against the
previous value x, with such a relaxation factor w,

Xk+1 = wD™! [y — Lxgs1 — UXk] + (]_ — w)xk,

that the corresponding spectral radius is minimized.
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Stationary methods — successive over-relaxation (SOR)

The SOR method can be compactly represented in the general
form of the stationary methods,

wak+1 = wak + wy,
where

M, =D +wl,
N, = (1 —w)D — wU.

The relaxation factor w should minimize the spectral radius of
M_IN,,. The choice of its optimum value is not easy. In general

@ SOR can be convergent only for w € (0, 2).

o If A is symmetric positive-definite, then SOR converges for all
w € (0,2).
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Krylov subspace methods

Krylov subspace methods find iteratively the best (in a given
sense) solution x, of Ax =y in successively larger Krylov
subspaces Kx(A,y) = span (y, Ay, A%y, ... Ak ly).
@ They are often expressed as iterative optimization methods.
@ Most of them can be also related to the Lanczos iterative
tridiagonalization procedures.

@ No access to the full matrix A is required, only a routine for
matrix-vector multiplication Ax (and sometimes also ATy).

The most important Krylov subspace method seems to be the
conjugate gradient method.
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Krylov subspace methods — conjugate gradient method

The conjugate gradient method (CG) for a linear system Ax =y
with a symmetric positive-definite A can be expressed as

@ an iterative optimization of the objective function
1

o(x) = 2xTAx —y'x

@ in successively growing Krylov subspaces Ky (A.,y),
@ which can be shown to be generated by the gradients in the
successive approximations X,

Vo(xi) = Axx —y = —ry,

where ry denotes the residual.
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Krylov subspace methods — conjugate gradient method
after Bjorck, Dahlquist

p=ro=y— Ax

@ The matrix A has to be while [[rg|| > €
symmetric positive-definite. q=Ap
@ Note that the matrix A is l[rol|?
required only in the form of = PTq
a matrix-vector
X=X+ ap

multiplication Ax.
@ The algorithm requires L= —Qozq ,
additional storage for few B = |ralI*/lIroll

vectors and scalars only. p=ri1+70p

ro=rn
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Krylov subspace methods — CGLS method

after Bjorck, Dahlquist

If A is not symmetric

positive-definite, then the CG r=y—Ax
method can be applied to the p=so=ATr
normal equations, while [|r]| > ¢
ATAx = ATy, q=Ap
. o a = [soll?/lal®
which amounts to minimizing = 55T
1 r=r—o
0(x) = 5llAx — y|. a
S1 = ATr
This is the conjugate gradient B = HSle/HSOHZ
least-squares (CGLS) method. 548
A is required only in the form of g ! s
So = S1

the multiplications Ax and ATy.




Outline

© Homework 7



Homework 7 (25 points)

LU decomposition

Available soon at http://info.ippt.pan.pl/~1ljank.

E-mail the answer and the source codes to 1jank@ippt.pan.pl.


http://info.ippt.pan.pl/~ljank
mailto:ljank@ippt.pan.pl
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