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Abstrat

Classial time integration shemes fail in vibration analysis of omplex problems with moving

onentrated parameters. Moving mass problems and moving support problems belong to this

group. Commerial systems of dynami simulations do not support suh an analysis. Moreover,

the lassial �nite element method with the Newmark-type time integration method does not

allow us to obtain onvergent results at all. The reason lies in the impossibility of full mathemat-

ial onsideration of the time integration stage and the analysis of inertial terms of a travelling

mass. Both of them, unfortunately, are deoupled. In this paper we propose an e�ient and

exat numerial approah to the problem by using the spae-time �nite element method. We

derive harateristi matries of the disrete element of the string and the Bernoulli-Euler beam

that arry the onentrated mass. We present four types of virtual funtions in time and we

apply two of them to the pratial analysis. Displaements in time obtained numerially are

ompared with semi-analytial results. Almost perfet oinidene proves the e�ieny of the

approah.

Keywords: spae-time �nite element method, vibrations, virtual funtion, moving mass

1 Introdution

The paper deals with the numerial approah to the problem of strutural vibrations under a travel-

ling inertial load. Travelling non-inertial loads are unlikely to be solved by ommerial odes. Suh

problems are not implemented in most of them. Inertial loads are not implemented in omputer

systems at all. Problems with travelling masses are of speial interest in engineering pratie. The

in�uene of the mass attahed loally to the struture annot be negleted. We an only mention
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here the oupling of the 500 kg mass of the train wheel with a rail or a trak. A similar ase ours

in problems onerning railway power olletors. The speed of the rail vehile an reah the ritial

value. In suh a ase the wave response signi�antly di�ers from the response of massless systems.

In the paper we present an algorithm for the moving mass analysis in the ase of unidimensional

strutures: a string or a bar and the Bernoulli-Euler beam. In the ase of other types of strutures

the approah is idential. We derive and list the matries expliitly. The resulting harateristi

matries an be diretly applied to numerial algorithms. The priniple of appliation of the spae-

time �nite element method to the problem with inertial travelling load was presented by [1℄ who

showed the way from the di�erential equation to the numerial sheme and the step-by-step formula

by use of the spae-time element method. The solution was limited to the simplest problem of string

vibrations and to the use of the Dira delta funtion as a virtual distribution of the veloity. The

quality of the solution ould, however, be improved by the appliation of modi�ed virtual funtions

in the formulation. This paper will desribe the solution of the problem with higher auray

formulas and apply them to more omplex strutures � beams.

The lassial �nite element approah to the moving mass problems with the Newmark time

integration method fails. The di�ulty lies in the methodology of the solution of the variable

oe�ients di�erential equation with the lassial time integration method. In this ase the spatial

disretisation is performed at a seleted time point ti. Vertial aeleration is expressed in the

travelling point x = vt. The solution is obtained by introdution of the so-alled Renaudot formula,

whih in fat is the hain-rule derivative of the vertial displaement. Thus the aeleration in the

inertial term, for x = vt, results in three terms

d2u(vt, t)

dt2
=

∂2u(x, t)

∂t2

∣

∣

∣

∣

x=vt

+ 2v
∂2u(x, t)

∂x∂t

∣

∣

∣

∣

x=vt

+ v2 ∂2u(x, t)

∂x2

∣

∣

∣

∣

x=vt

, (1)

interpreted as the vertial aeleration, the Coriolis aeleration and the entrifugal aeleration,

respetively. The diret use of (1) in the di�erential equation governing the motion of the ontinuous

struture results in wrong formulas, sine this mathematial step is exeuted rather automatially,

based on two separate mathematial stages: onstrution of the time integration sheme and on-

tribution of the moving mass term based on (1). Then harateristi matries, i.e. mass, damping,

sti�ness, et., are established. They are related to time ti and do not ontribute properly to the

in�uene of terms with variable oe�ients.

A simple ad ho mass splitting between neighbouring nodes (Figure 1) results in divergene as

well. In some ases, espeially in beams, numerial solutions are limited, but very inaurate. In

the ase of string vibrations, governed by a purely hyperboli di�erential equation, suh a strategy

results in divergent solutions. The ad ho lumping an be applied in one partiular ase only: the

mass must be replaed from node to node as a whole value. In pratie, the mesh must be sized
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Figure 1: Ad ho moving mass lumping in nodes.

in relation to the time step and mass veloity: ∆x = v ∆t. It makes the solutions useless. We are

sure that lassial time integration methods would result in orret formulas if they were preeded

by a orretly performed analysis. Unfortunately, up till now the authors have not been suessful.

Contrary to the lassial approah, the spae-time �nite element method allows us to perform

onsequently the solution of the variable oe�ient di�erential equation in time interval [ti, ti+1].

The time stepping formula is derived together with the analysis of the travelling mass vertial ael-

eration. This last feature requires a more omplex mathematial analysis. The typial approah to

the spae-time element method with a Dira delta virtual funtion allows us to derive harateristi

matries in the step-by-step proedure. In this ase, however, the produt of Dira delta virtual

funtion and the seond Dira delta funtion desribing the onentrated moving mass must be

integrated over spae and time. Although the resulting time stepping sheme is unonditionally

stable with respet to the time step, the auray for longer time steps an be insu�ient. Be-

low, we onsider other virtual funtions whih result in relatively simple interpretation and ensure

higher-order auray.

The spae-time �nite element approah di�ers from the lassial �nite element method. First

of all, in a lassial approah the spatial and temporal disretisation are arried on separately.

The spae domain of the struture is disretized, for example, by the �nite element method, �nite

di�erene method, boundary element method, et. Time integration is performed by a di�erene

method. The Newmark method or a derivative method, i.e. the entral di�erene sheme and

trapezoidal rule, is usually applied at this stage. Well-known lassial methods of integration of the

di�erential equations like Runge-Kutta methods, Adams methods and others an also be plaed in

this group. A lassial approah to the vibration analysis of the struture an shortly be written

by relations whih desribe the global (i.e. both in spae and in time) interpolation of fundamental
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Figure 2: Spae-time subdomain.

quantities:

q(x, t) = N(x)T(t)qe . (2)

N(x) is the interpolation formula applied to spae, for example, shape funtions in the FEM, and

T(t) is a time interpolation of the nodal quantity qe = [qi,qi+1]
T in two while limiting the time

interval [ti, ti+1]. Let us examine the unoupling of both funtions. The spae-time �nite element

approah is desribed by the following interpolation:

q(x, t) = N(x, t)qe . (3)

N(x, t) is the matrix interpolation funtion de�ned in a spae-time subdomain (Figure 2). We

emphasise here that the form of Eqn. (3) is more general than (2) and the lassial �nite element

approah an be onsidered as a partiular ase of the spae-time element method. In the spae-time

approah a non-stationary disretisation an also be used. In the ase of a stationary mesh and

in problems without damping, one an write a pass from one approah to another. Charateristi

matries, however, di�er. In a general ase both approahes di�er. This also ours in the ase

of spatial elements arrying the travelling mass. Here the seond fundamental di�erene must be

emphasised: the �nite element approah uses the di�erene shemes for time integration while the

spae-time approah uses the integral formulas in formulation of the resulting time stepping shemes.

We have said that the string solution diverges even at low veloity range and with small ratio

of the moving mass to the span mass. In Figure 3 the moving mass to string mass ratio was equal

to 0.1 and the mass veloity was below 0.2 of the wave speed in the string. In pratie these

values are relatively low. Real problems require both parameters to be even greater than one. We

should be able to simulate the following tehnial problems: vibrations of railway traks, vehile

passing over bridges, pantograph olletors in railways, magneti railways, guideways in roboti

tehnology, gun barrel, air�eld plates, et. In the ase of a beam or a plate, numerial solutions are

usually limited, beause of paraboli terms in the di�erential equation. They are, however, highly
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Figure 3: Divergene of the existing numerial solutions.

inaurate. Several papers deal with the disrete analysis of the moving mass problem [2, 3, 4℄.

Unfortunately, the authors do not present numerial results obtained for the inertial load. A simple

massless fore or osillator is used in theirdemonstration, or theoretial and experimental results

are only ompared. All of the so-alled mass fores �nally are replaed by massless loads. What is

more, the analytial derivations do not onsider orretly the fundamental inertial term

δ(x − vt)m
∂ 2u(vt, t)

∂ t 2

in the solution of the di�erential equation [5, 6℄ (ompare with [7, 8℄). Here u is the string de�etion

and m is the mass moving with the onstant veloity v.

The problem of a string vibration is not trivial. First of all we must emphasise the disontinuity

of the mass partile trajetory moving on the string, at the end support. This phenomenon was

reported in the literature for the �rst time in [7, 8℄ and was mathematially proved in the ase

of a massless string. In the ase of the inertial string, the disontinuous motion of the mass was

demonstrated. We an observe but we annot prove the disontinuity of the string at the end

support. We an, however, expet high gradients of the solution and that they will be aompanied

by problems with disrete solutions.

The only e�ient disrete solution of the problem with moving mass being in diret ontat

with a string or a beam an so far be performed only with the use of the spae-time �nite element

method. Fundamentals of this approah are disussed in detail in numerous referenes. The dis-

plaement formulation is presented in [9, 10℄. The stationary and non-stationary disretisation of

the time spae, stability problems and appliations an be found in [11, 12℄. The veloity formu-

lation developed in this paper is presented in [13, 14℄. Below we desribe the method brie�y. In

further setions, the in�uene of virtual funtions on the auray of the solution of the moving

mass problem will be disussed. The spae-time �nite element harateristi matries of the element
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Figure 4: Mass trajetory in time-spae.

arrying the mass partile will be given. The auray of displaements in the middle of the span

and under the mass will be demonstrated in omparison with semi-analytial results.

2 Basis of the spae-time �nite element approah formulated in

veloities

The reader is referred here at least to [13, 14℄. Below, the main idea of the formulation in the ase

of the string will be given in brief.

The spae-time approah requires the desription of the phenomenon in the spae-time interval.

We onsider not only states at times ti and ti+1 that limit the time interval, but also its interior.

We an assume various funtions of the virtual distribution of the phenomenon. Moreover, we an

inorporate a speial funtion that desribes the ation of the partiular fator in spae and in time.

In our ase the mass moving along a given trajetory in time-spae is the point of interest (Figure

4).

We onsider the well-known equation of the string vibration

−N
∂ 2u(x, t)

∂ x 2
+ ρA

∂ 2u(x, t)

∂ t 2
= δ(x − vt)P − δ(x − vt)m

∂ 2u(vt, t)

∂ t 2
(4)

in the spae-time domain Ω = {(x, t): 0 ≤ x ≤ b, 0 ≤ t ≤ h}. b is the length of the spatial �nite

element and h is the time step. In the next part for simpliity we onsider the uniform equation.

The equation of the virtual power is obtained by multiplying the motion equation by the virtual

veloity v∗(x, t). For simpliity we onsider here a uniform di�erential equation. The total virtual

power in Ω is given as the integral

∫ h

0

∫ b

0
v∗(x, t)

(

ρA
∂2u

∂t2
− N

∂2u

∂x2
− η

∂u

∂t

)

dx dt = 0 . (5)
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Here η denotes internal damping oe�ient. The displaement u(x, t) and the derivative ∂u/∂x are

expressed in terms of a veloity v(x, t):

u(x, t) = u0(x) +

∫ t

0
v(x, t)dt ,

∂u(x, t)

∂x
= ε0(x) +

∫ t

0
v(x, t)dt . (6)

ε0 is a strain at the beginning of the time step. Node numbering in the spae-time element is

presented in Figure 4. Integrating (5) by parts with respet to x results in the equation

ρA

∫∫

Ω
v∗

∂v

∂t
dΩ + N

∫∫

Ω

∂v∗

∂x

∂u

∂x
dΩ +

∫∫

Ω

∂v∗

∂x
ε0 dΩ − η

∫∫

Ω
v∗v dΩ = 0 . (7)

We assume a linear variation of the veloity v = ∂u/∂t with x and t:

v(x, t) =
4

∑

i=1

Ni(x, t) vi . (8)

In the domain Ω the shape funtion N = [N1, . . . , N4] has the form:

N =

[

1

bh
(x − b)(t − h) , − 1

bh
x(t − h) , − 1

bh
(x − b)t ,

1

bh
x t

]

. (9)

Displaements are omputed from the veloity equation by integration

u(x, t) = u(x, 0) +

∫ t

0
(N1v1 + . . . + N4v4) dt = u(x, 0) +

∫ t

0
N∗

dtv . (10)

The derivative ∂u/∂x an also be omputed from (10).

The proper hoie of virtual funtions v∗ is a fundamental question of the spae-time approah.

Di�erent funtions result in solution shemes of di�erent properties: auray and stability. We

propose a simple form with distribution δ in t = αh (Figure 5a).

t

h0

t

h0

t

h0

a

t

h0

b c d
h

Figure 5: Virtual funtions: a � Dira delta shape, b � hat shape,  � triangle shape, d � roof shape.

v∗(x, t) = δ(t − αh)
[

(1 − x

b
)v3 +

x

b
v4

]

. (11)

Required derivatives of virtual v∗ and real v funtions an be determined from (8) and (11)

∂v

∂t
=

x

bh
(v1 − v2 − v3 + v4) +

1

h
(−v1 + v3) , (12)

∂v∗

∂x
=

1

b
(−v3 + v4) . (13)
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We note that the Dira δ term in the integrand redues the integration in Ω to the integration over

0 ≤ x ≤ b. Finally, the Eqn. (7) an be written in the following matrix form:







ρA
∫ b

0





−
(

x
b
− 1

)

x
b





[

x
bh

− 1
h
, − x

bh
, − x

bh
+ 1

h
, x

bh

]

dx

+N
∫ b

0





−1
b

1
b





[

t2

2bh
− t

b
, − t2

2bh
+ t

b
, − t2

2bh
, t2

2bh

]

dx
∣

∣

∣

t=αh
+ N

∫ b

0





−1
b

1
b



 ε0 dx (14)

− η
∫ b

0





−(x
b
− 1)

x
b





[

(x−b)(t−h)
bh

, −x(t−h)
bh

, − (x−b)t
bh

, xt
bh

]

dx
∣

∣

∣

t=αh

























v1

...

v4



















= 0 .

The resulting matries are listed below:

M =
ρb

h







−1
3 −1

6

−1
6 −1

3

∣

∣

∣

∣

∣

∣

∣

1
3

1
6

1
6

1
3






=

1

h
[−Ms | Ms] , (15)

K =
Nh

b







α(1 − α
2 ) −α(1 − α

2 )

−α(1 − α
2 ) α(1 − α

2 )

∣

∣

∣

∣

∣

∣

∣

α2

2 −α2

2

−α2

2
α2

2






=

= h

[

α(1 − α

2
)Ks |

α2

2
Ks

]

, (16)

C = ηb







1−α
3

1−α
6

1−α
6

1−α
3

∣

∣

∣

∣

∣

∣

∣

α
3

α
6

α
6

α
3






= [(1 − α)Cs | αCs] . (17)

M, K, and C are the spae-time inertia, sti�ness and visous damping matries, respetively. We

note that they are omposed of two square matries, eah of a dimension equal to the number of

degrees of freedom in a spatial �nite element. Matries Ms, Ks, and Cs have the same or similar

forms to respetive matries derived traditionally from the lassial �nite element approah. The

�nal form of the motion equation establishes the fore equilibrium on the edge of the element domain

Ω. Vetor v ontains nodal veloities vi at the initial time t = ti and vi+1 at the �nal time t = ti+h.

(M+C+K)







vi

vi+1







+ei = Fi or K∗ v+ei = Fi or [K∗

L|K∗

R]







vi

vi+1







+ei = Fi . (18)

We add here (previously negleted for simpliity) the vetor of external fores plaed in nodes Fi.

ei is a vetor of nodal fores at the beginning of the time interval. It an be omputed as a produt

of a square matrix E (in the ase of the simplest problems it is the sti�ness matrix derived from

the �nite element method) and the displaement vetor qi at ti:

ei = E qi . (19)
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The veloity vetor vi+1 is the only unknown vetor in the above step-by-step equation. The �nal

solution is desribed by the sheme

K∗

R vi+1 = Fi+1 − ei − K∗

L vi . (20)

Finally we must ompute displaements qi+1. We use the formula

qi+1 = qi + h[β vi + (1 − β)vi+1] . (21)

The stability analysis results in β = 1 − α for the Dira delta virtual time funtions.

3 Virtual shape funtions in time

The method is idential to the analysis with the virtual funtion in the previous ase (11). Let us

onsider the properties of virtual funtions in other forms. The auray and the stability of the

solution di�er in eah ase. The question of the auray is important, espeially in our ase of the

mass moving aross the spae-time subdomain. Below we will give sti�ness and inertia matries in

the ase of a bar in axial vibrations, derived with di�erent virtual funtions. We will also estimate

the approximation error.

3.1 Global equilibrium (hat funtion)

We laim the global equilibrium in the interval [0, h]. We assume the onstant value funtion (for

example, equal to one) in the time interval (Figure 5b)

v∗(x, t) = (1 − x

b
) v3 +

x

b
v4 . (22)

Resulting sti�ness and inertia matries have the form

K =
EAh

b





1
3 −1

3

−1
3

1
3

∣

∣

∣

∣

∣

∣

1
6 −1

6

−1
6

1
6



 , (23)

M =
ρAb

h





−1
3 −1

6

−1
6 −1

3

∣

∣

∣

∣

∣

∣

1
3

1
6

1
6

1
3



 . (24)

Displaements in time ti+1 are omputed from the average veloity qi+1 = qi+h [βvi + (1 − β)vi+1].

We obtain the stable solution in the wider range of the parameter β for 1/2 ≤ β ≤ 1.

We expand the veloity and displaements into the Taylor series:

vi+1 =

(

1 − 1

2
ω2h2 + O(h4)

)

vi +

(

−ω2h +
1

6
ω4h3 + O(h5)

)

ui , (25)

ui+1 =

(

h − 1

2
ω2h3(1 − β) + O(h5)

)

vi +
(

1 − ω2h2(1 − β) + O(h4)
)

ui .
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We estimate the error of the veloity ǫv

ǫv = O(h4) vi + O(h5)ui (26)

and the error of the displaements ǫu

ǫu =

[

ω2h3

(

1

3
− 1

2
β

)

+ O(h5)

]

vi +

[

ω2h2

(

1

2
− β

)

+ O(h4)

]

ui. (27)

β = 1/2 results in the error proportional to 1/12 h3ω2. This is the best hoie for β. The solution

sheme is unonditionally stable and exhibits the smallest error in omparison with other virtual

funtions.

3.2 Triangular funtion

We assume triangular distribution of the virtual funtion in time interval [0, h] (Figure 5)

v∗(x, t) = (1 − x

b
)
t

h
v3 +

x

b

t

h
v4 . (28)

The sti�ness and inertia matries have the following oe�ients:

K =
EAh

b





5
24 − 5

24

− 5
24

5
24

∣

∣

∣

∣

∣

∣

1
8 −1

8

−1
8

1
8



 , (29)

M =
ρAb

h





−1
6 − 1

12

− 1
12 −1

6

∣

∣

∣

∣

∣

∣

1
6

1
12

1
12

1
6



 . (30)

The stability riterion results in the parameter 2/3 ≤ β ≤ 1.

3.3 Roof funtion

The roof virtual shape funtion in time is omposed of two triangles, as presented in Figure 5d:

v∗(x, t) =







(1 − x
b
)2t

h
v3 + x

b
2t
h

v4, with 0 ≤ t ≤ t/2

(1 − x
b
)(−2t

h
+ 2) v3 + x

b
(−2t

h
+ 2) v4 with t/2 < t ≤ h

. (31)

Sti�ness and mass matries are similar to those in the previous ases

K =
EAh

b





17
96 −17

96

−17
96

17
96

∣

∣

∣

∣

∣

∣

7
96 − 7

96

− 7
96

7
96



 , (32)

M =
ρAb

h





−1
6 − 1

12

− 1
12 −1

6

∣

∣

∣

∣

∣

∣

1
6

1
12

1
12

1
6



 . (33)

We apply the stability riterion to determine the range of validity of the parameter β. It is 3/4 ≤
β ≤ 1.
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3.4 Dira delta funtion (point equilibrium)

The distribution of the virtual funtion in a form of delta Dira funtion was desribed in Setion

2. Below we analyse the proesses desribed by Eqns. (18, 21). The expansion of the veloity

and displaements into the Taylor series allows us to determine the error in omparison with the

expansion of sin and os funtion, assumed to be the theoretial solutions of the problem

vi+1 =

(

1 − αω2h2 +
1

2
α3ω4h4 + O(h6)

)

vi +

(

−ω2h +
1

2
α2ω4h3 + O(h5)

)

ui , (34)

ui+1 =
(

h − ω2h3α(1 − α) + O(h5)
)

vi +

(

1 − ω2h2α +
1

2
ω4h4α3 + O(h6)

)

ui .

The error of the veloity ǫv an be estimated

ǫv =

[

ω2h2

(

α − 1

2

)

+ ω4h4

(

1

24
− α3

2

)

+ O(h6)

]

vi +

[

ω4h3

(

1

6
− α2

2

)

+ O(h5)

]

ui (35)

and the error of the displaements ǫu

ǫu =

[

ω2h3

(

α2 − 1

6

)

+ O(h5)

]

vi +

[

ω2h2

(

1

2
− α

)

+ ω4h4

(

1

24
− α3

2

)

+ O(h6)

]

ui. (36)

For α = 1/2 the seond-order terms vanish. The error in this ase is desribed by 1/12 h3 +O(h4).

In this ase, however, the proedure is onditionally stable and a su�iently low time step must be

applied. In the ase of large gradients or disontinuities of solutions, a re�ned mesh is usually used.

In suh a ase a onditional stability an be a serious limitation.

In the ase of an unonditionally stable solution sheme we use α ≥
√

2/2. The error is pro-

portional to (
√

2 − 1)/2 h2. In pratie we an onsider this value as the error of the method with

Dira delta virtual time funtion.

4 String element arrying a mass

The last term δ(x − vt)m∂ 2u(vt, t)/∂ t 2 in the motion equation (4) desribes the inertial moving

mass. ∂ 2u(vt, t)/∂ t 2 is the vertial aeleration of the moving mass and, at the same time, the

aeleration of the point of the string in whih the mass is temporarily plaed (it is x = x0 + vt).

The aeleration of the mass ∂ 2u(vt, t)/∂ t 2 moving with a onstant veloity v, aording to the

Renaudot formula (whih in fat is the hain rule of di�erentiation), results in three terms:

∂2u(vt, t)

∂t2
=

∂2u(x, t)

∂t2

∣

∣

∣

∣

x=vt

+ 2v
∂2u(x, t)

∂x∂t

∣

∣

∣

∣

x=vt

+ v2 ∂2u(x, t)

∂x2

∣

∣

∣

∣

x=vt

. (37)

Thus we an separate the transverse aeleration, Coriolis aeleration, and entrifugal aeleration,

respetively. This is the so-alled Renaudot notation for the onstant speed v. Another one, the

so-alled Jakushev notation or approah, �nally gives the same result in our ase of the onstant
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mass m.

In our spae-time �nite element method we formulate equations in terms of veloities. The mass

aeleration
∂ 2u(vt,t)

∂ t 2 is expressed in terms of veloities as well:

∂2u(vt, t)

∂t2
=

∂v(x, t)

∂t

∣

∣

∣

∣

x=vt

+ v
∂v(x, t)

∂x

∣

∣

∣

∣

x=vt

+ v
d

dt

[

∂u(x, t)

∂x

∣

∣

∣

∣

x=vt

+
du0

dx

]

. (38)

After multipliation by m, the �rst term on the right-hand side of the equation states the real inertia

and the seond term expresses the fores similar to damping fores.

In the �nal stage, three resulting matries are responsible for: transverse inertia, damping fores,

and sti�ness or potential fores, respetively. The �rst matrix has a form of the inertia matrix, the

seond one, after multipliation by a veloity vetor, has a form similar to Coriolis fores, and the

third one, when multiplied by v, has a form similar to entrifugal fores. We do not all these fores

diretly, sine in the ase of straight motion of the mass partile along the bar in axial vibrations we

annot have exatly entrifugal fores, for example. The mathematis are, however, idential. We

mention here only that the third matrix appears as a result of initial displaements in time interval.

Let us now follow this idea and treat numerially the right-hand side inertial term of (4). The

same mathematial steps as in the ase of pure string enable us to integrate the inertial term

∫ h

0

∫ b

0
N∗mδ(x − x0 − vt)

∂ 2u(x0 + vt, t)

∂ t 2
dxdt . (39)

Below we use the hat-shaped virtual funtions in time. Respetive matries derived with Dira

delta virtual funtions are desribed in [1℄. We onsider �rst the integral term of (10). We use the

same linear interpolation of the veloity (8). The virtual veloity v∗:

v∗(x) = N∗ vp =





1 − x
b

x
b



 vp . (40)

Consequent integration and rearrangement of terms result in harateristi matries. The moving

mass inertia matrix Mm is given as

Mm =
m

h







− (1 − κ)2 −κ (1 − κ)

−κ (1 − κ) −κ2

∣

∣

∣

∣

∣

∣

∣

(1 − κ)2 κ (1 − κ)

κ (1 − κ) κ2






, (41)

where κ = (x0 + vh/2)/b. x0 is a starting position of the mass in the spae-time element (at t = t0)

(see Figure 4). The moving mass damping matrix Cm

Cm =
mv

b







−1
2 (1 − κ) 1

2 (1 − κ)

−1
2κ 1

2κ

∣

∣

∣

∣

∣

∣

∣

−1
2 (1 − κ) 1

2 (1 − κ)

−1
2κ 1

2κ






. (42)
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Let us now onsider the ontribution of u(x, t) and u(x, 0) in (10). We integrate by parts

v

∫ h

0

∫ b

0
δ(x − x0 − vt)

d

dt

[

∂u(x, t)

∂x

∣

∣

∣

∣

x=vt

+
du0

dx

]

v∗(x) dxdt =

= −v2

∫ h

0

∫ b

0
δ′(x − x0 − vt)

[

∂u(x, t)

∂x

∣

∣

∣

∣

x=vt

+
du0

dx

]

v∗(x) dxdt .

(43)

Finally we have the sti�ness matrix Km of the moving mass partile m

Km =
mhv2

6b2







1 −1

−1 1

∣

∣

∣

∣

∣

∣

∣

2 −2

−2 2






. (44)

Sine

u0 =
(

1 − x

b

)

u3 +
x

b
u4 (45)

and

du0

dx
= −1

b
u3 +

1

b
u4 , (46)

we an write the nodal fore vetor em of the moving mass

em =
mv2

b2







uL − uP

−uL + uP






. (47)

uL and uR are the displaements in the left and right node in the spatial element. The vetor em

an also be written with omponents ∓mv2/bε0.

5 Bernoulli-Euler beam element arrying a mass

The disrete beam element, in both the lassial �nite element method and spae-time �nite element

method, is more ompliated than the string element. Derivation of matries with the use of

Dira delta virtual time funtions are notionally di�ult. The produt of the Dira-type virtual

funtion and the Dira distribution of the mass in spae, with the argument varying in time, ause

mathematial problems. In this setion we use hat-shaped virtual funtions in our analysis. They

are simple to analyse and are harateristi of lower error rate. The value of this funtion is onstant

in time and respetive derivatives and double integral an be omputed relatively simply.

Mathematial steps will be performed here in the same way as in the string element arrying

mass. The beam element results in larger matries with signi�antly ompliated expressions. In the

following we will onsider mathematially the �rst element of the inertia matrix only. All remaining

elements of Mm an be omputed matriially. Other matries, ie. Cm, Mm, and Em in (18), are

obtained in the same way. Matries of the element arrying the mass di�er in eah time step sine

13



the position of the mass partile varies in time. Thus the global matries must be established in

eah time step.

We remember that virtual time funtion v∗ in the hat shape is onstant in time and in the ase

of the Bernoulli-Euler beam it has the following form:

v∗m(x, t) =

(

1 − 3
x2

b2
+ 2

x3

b3

)

v3 + . . . ϕ̇3 + . . . v4 + . . . ϕ̇4 . (48)

We reognise here the well-known shape funtions that desribe displaements (or veloities) in

terms of nodal displaement and nodal rotations. The same interpolation formulas are applied as

real spatial shape funtions. Then the elements of the matrix Mm an be omputed. We present

here the analysis in the ase of the �rst element (·)11 of the inertia matrix only.

(Mm)11 = −m

h

∫ h

0

∫ b

0
δ(x − x0 − vt)

(

1 − 3
x2

b2
+ 2

x3

b3

)2

dxdt =

= −m

h

∫ h

0

∫ b

0

[

1 − 3
(x0 + vt)2

b2
+ 2

(x0 + vt)3

b3

]2

dxdt .

(49)

We introdue the substitution:

s =
x0 + vt

b
and ds =

v

b
dt . (50)

The oe�ient (Mm)11 an be written then as

(Mm)11 = −m

h

∫ h

0

(

1 − 3s2 + 2s3
)2
ds = −m

h

b

v

(

4

7
s7 − 2s6 +

9

5
s5 + s4 − 2s3 + s

)
∣

∣

∣

∣

h

0

. (51)

Now we return to the variable t:

(Mm)11 = −mb

hv

[

4

7

(

x0 + vt

b

)7

− 2

(

x0 + vt

b

)6

+
9

5

(

x0 + vt

b

)5

+

(

x0 + vt

b

)4

−

− 2

(

x0 + vt

b

)3

+
x0 + vt

b

]∣

∣

∣

∣

∣

h

0

.

(52)

Taking into aount the integration limits we have the following form:

(Mm)11 = − m

560b6

[

560b6
(

4κ6 − 12κ5 + 9κ4 + 4κ3 − 6κ2 + 1
)

+ 280b4v2h2
(

10κ4 −

− 20 κ3 + 9κ2 + 2κ − 1
)

+ 21b2v4h4
(

20κ2 − 20κ + 3
)

+ 5v6hh
]

,

(53)

where

κ =
x0 + vh/2

b
. (54)

Complete matries arrying mass partiles Mm, Cm, Km, and Em in the solution (18), (19) are

large. They are listed in the Appendix. We must remember that the �rst three matries join veloity

vetors in two suessive whiles and are omposed of two square submatries, left and right. They

have dimensions n×2n, where n is the total number of degrees of freedom of the struture. Matrix

Em has a dimension n×n. All matries given in the Appendix are established for the m = 1, so

they must be multiplied by real value m. We have also introdued ξ = vh/b and κ given by (54).
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Figure 6: Finite element solution � displaements of the string under the osillator, with the veloity

v = 0.1 − 1.0c.

6 Numerial results

Numerial results obtained with the proposed spae-time approah an be ompared with the semi-

analytial solution. We add for information only the plot of osillator displaements moving over the

string (Figure 6). The osillator spring sti�ness was assumed to be high enough to simulate a rigid

ontat of the mass with the string. Its value was 108 − 1010 times higher than the string vertial

sti�ness. For higher values, the numerial divergene appeared in the iterative solution. Espeially

in higher speed ranges the di�erenes of results in omparison with semi-analytial results are

notieable. That is the reason why suh an approah annot be used in analysis or onsidered in

pratie.

In our tests performed with the spae-time element method the string was disretised by a set

of 200 �nite elements. The time step h was equal to b/40v. It means that the mass passes from

joint to joint in 40 time steps. The following data were assumed: the length of the string l=1,

the ross-setion area A=1, the tension N=1, the mass density ρ=1, the moving mass m=1, and

the point fore P=1. The following boundary onditions were assumed: u(0, t) = u(l, t) = 0.

Results obtained by the spae-time �nite element method are presented in Figure 7. First of all,

the numerial solutions exist and they onverge to the exat solution. The onvergene with the

inreasing number of �nite elements and dereasing time step is slower for higher mass speed range.
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Figure 7: Displaements under the moving mass � spae-time �nite element solution for a virtual

Dira funtion with α = 0.5 (left) and a virtual hat funtion (right), ompared with the semi-

analytial solution.

We an see signi�antly better auray of solutions with the hat virtual funtions.

Numerial results of displaements in time of the Bernoulli-Euler simply-supported beam are

presented in Figure 8. The following data were applied: E=1.0, A=1.0, I=0.01, l=1.0, ρ=1.0,

m=1.0, and P=1.0. The following boundary onditions were assumed in this example: u(0, t) =

u(l, t) = 0. Additionally, natural boundary onditions were supplied by element interpolation

funtions: u′′(0, t) = u′′(l, t) = 0. Vertial displaements are related to the stati de�etion of

the middle of the span under the fore plaed in x = l/2. We note the perfet oinidene of the

numerial analysis with the hat-shape virtual funtions and semi-analytial urves. The Dira-shape

virtual funtions result in a small error. Signi�ant derease of the time step redues the di�erene,

however, and all three urves oinide.

In the next example, the antilever beam was subjeted to the travelling inertial load. The data

were taken from the previous example. The boundary onditions were assumed as follows: u(0, t) =

u′(0, t) = 0. Additionally, natural boundary onditions were supplied by element interpolation

funtions: u′′(l, t) = u′′′(l, t) = 0. Figure 9a shows the de�etion of the point following the mass

and Figure 9b � the de�etion of the free end of the beam. Displaements are related to the stati

de�etion of the free end of the beam under the fore plaed in x = l.

We emphasise here that numerial results perfetly oinide with the semi-analytial solution

in a wide range of the mass veloity. We applied non-dimensional speed v= up to 0.5, whih

orresponds with 0.3 of the ritial speed. The ritial speed means the speed of the fore travelling

in a yli way through a beam, when the vertial de�etion inreases to in�nity. In the ase of

a moving mass, the ritial speed has onsiderably lower value, and in our example we ome lose
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Figure 8: Displaements under the mass moving on the Bernoulli-Euler simply-supported beam at

the speed v=0.1, 0.2, ..., 0.5 (numerial and semi-analytial results).

to it.

7 Conlusions

In the paper we propose the spae-time element approah to problems with a moving mass. The

lassial �nite element approah does not allow us to obtain satisfatory results. They fail in the

ase of a string and exhibit very large errors in the ase of beams. Typially applied methods of

time integration, for example, the Newmark method, fail sine the moving inertia term annot be

onsidered in a ontinuous way in the time interval. Complex analysis ould be performed with the

spae-time approah. Various virtual funtions in time an be applied. They result in a solution

sheme harateristi of di�erent auray. It is well demonstrated in the ase of the mass trajetory

plots. At the �nal stage of the motion the trajetories exhibit jumps (see [8℄). In Figure 10 we show

the onvergene of the semi-analytial solution with inreasing number of terms in a series. The

jump of the trajetory should also be su�iently aurate in numerial representations. Jumps in

every ase of numerial analysis are poorly represented by numerial solutions. In our problem, in

the higher speed range jumps are visible in solutions with su�iently small error. A shorter time

step inreases the auray.

Figure 7 demonstrates that the hat virtual funtion results in a better onvergene. The hoie
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Figure 9: Displaements under the mass moving on the Bernoulli-Euler antilever beam (a) and

displaements of the free end (b) at the speed v=0.1, 0.2, ..., 0.5, with hat-shape and Dira-shape

virtual funtions.
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of the virtual time step in the form of a hat, instead of the Dira delta type of this funtion,

signi�antly improves the quality of the solution. Both ases, i.e. the Dira delta virtual funtion

with α=1/2 and the hat-shaped virtual funtion, exhibit theoretially the same estimated error

of the method. The two sets of results di�er, however. We an say that the error is ontributed

by and aumulated with di�erent speed beause of other stages of the solution sheme: veloity

omputation or displaement restitution.

Solutions given in the paper are e�ient in disrete vibration analysis with travelling mass.

Although the problem deals with the mass moving with the onstant speed, the same mathematial

proedure an be used to derive harateristi matries in the ase of the mass moving with a varying

speed. In this ase, only additional terms desribing the in�uene of the motion aeleration along

the struture must be taken into aount. In the present paper these terms are equal to zero.

The perfet oinidene with the semi-analytial solutions proves the e�ieny of the spae-time

approah. The solution method an easily be implemented in the lassial �nite element ode.
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Matrix Mm � Bernoulli-Euler beam (left hand square)

−4κ6 + 12κ5−
κ4(5ξ2 + 9)+

2κ3(5ξ2 − 2)−
3κ2(ξ4 + 6ξ2 − 8)/4+

κξ2(3ξ2 − 4)/4−
(5ξ6 + 63ξ4 − 280ξ2 + 560)/560

−2hvκ6/ξ + 7hvκ5/ξ−
hvκ4(5ξ2 + 16)/(2ξ)+

hvκ3(35ξ2 + 12)/(6ξ)−
hvκ2(3ξ4 + 32ξ2 − 16)/(8ξ)+

hvκ(7ξ4 + 8ξ2 − 16)/(16ξ)−
hvξ(15ξ4 + 336ξ2 − 560)/3360

4κ6 − 12κ5+

κ4(5ξ2 + 9)+

2κ3(1 − 5ξ2)+

3κ2(ξ4 + 6ξ2 − 4)/4+

κξ2(2 − 3ξ2)/4+

ξ2(5ξ4 + 63ξ2 − 140)/560

−2hvκ6/ξ + 5hvκ5/ξ−
hvκ4(5ξ2 + 6)/(2ξ)+

hvκ3(25ξ2 − 6)/(6ξ)−
hvκ2(3ξ4 + 12ξ2 − 8)/(8ξ)+

hvκξ(5ξ2 − 4)/16−
hvξ(15ξ4 + 126ξ2 − 280)/3360

−2hvκ6/ξ + 7hvκ5/ξ−
hvκ4(5ξ2 + 16)/(2ξ)+

hvκ3(35ξ2 + 12)/(6ξ)−
hvκ2(3ξ4 + 32ξ2 − 16)/(8ξ)+

hvκ(7ξ4 + 8ξ2 − 16)/(16ξ)−
hvξ(15ξ4 + 336ξ2 − 560)/3360

−h2v2κ6/ξ2 + 4h2v2κ5/ξ2−
h2v2κ4(5ξ2 + 24)/(4ξ2)+

2h2v2κ3(5ξ2 + 6)/(3ξ2)−
h2v2κ2(3ξ4 + 48ξ2 + 16)/(16ξ2)+

h2v2κ(ξ2 + 4)/4−
h2v2(15ξ4 + 504ξ2 + 560)/6720

2hvκ6/ξ − 7hvκ5/ξ+

hvκ4(5ξ2 + 16)/(2ξ)−
hvκ3(35ξ2 + 18)/(6ξ)+

hvκ2ξ(3ξ2 + 32)/8−
hvκξ(7ξ2 + 12)/16+

hvξ3(5ξ2 + 112)/1120

−h2v2κ6/ξ2 + 3h2v2κ5/ξ2−
h2v2κ4(5ξ2 + 12)/(4ξ2)+

h2v2κ3(5ξ2 + 2)/(2ξ2)−
3h2v2κ2(ξ2 + 8)/16+

h2v2κ(3ξ2 + 4)/16−
h2v2ξ2(5ξ2 + 84)/2240

4κ6 − 12κ5+

κ4(5ξ2 + 9)+

2κ3(1 − 5ξ2)+

3κ2(ξ4 + 6ξ2 − 4)/4+

κξ2(2 − 3ξ2)/4+

ξ2(5ξ4 + 63ξ2 − 140)/560

2hvκ6/ξ − 7hvκ5/ξ+

hvκ4(5ξ2 + 16)/(2ξ)−
hvκ3(35ξ2 + 18)/(6ξ)+

hvκ2ξ(3ξ2 + 32)/8−
hvκξ(7ξ2 + 12)/16+

hvξ3(5ξ2 + 112)/1120

−4κ6 + 12κ5−
κ4(5ξ2 + 9)+

10κ3ξ2−
3κ2ξ2(ξ2 + 6)/4+

3κξ4/4−
ξ4(5ξ2 + 63)/560

2hvκ6/ξ − 5hvκ5/ξ+

hvκ4(5ξ2 + 6)/(2ξ)−
25hvκ3ξ/6+

3hvκ2ξ(ξ2 + 4)/8−
5hvκξ3/16+

hvξ3(5ξ2 + 42)/1120

−2hvκ6/ξ + 5hvκ5/ξ−
hvκ4(5ξ2 + 6)/(2ξ)+

hvκ3(25ξ2 − 6)/(6ξ)−
hvκ2(3ξ4 + 12ξ2 − 8)/(8ξ)+

hvκξ(5ξ2 − 4)/16−
hvξ(15ξ4 + 126ξ2 − 280)/3360

−h2v2κ6/ξ2 + 3h2v2κ5/ξ2−
h2v2κ4(5ξ2 + 12)/(4ξ2)+

h2v2κ3(5ξ2 + 2)/(2ξ2)−
3h2v2κ2(ξ2 + 8)/16+

h2v2κ(3ξ2 + 4)/16−
h2v2ξ2(5ξ2 + 84)/2240

2hvκ6/ξ − 5hvκ5/ξ+

hvκ4(5ξ2 + 6)/(2ξ)−
25hvκ3ξ/6+

3hvκ2ξ(ξ2 + 4)/8−
5hvκξ3/16+

hvξ3(5ξ2 + 42)/1120

−h2v2κ6/ξ2 + 2h2v2κ5/ξ2−
h2v2κ4(5ξ2 + 4)/(4ξ2)+

5h2v2κ3/3−
h2v2κ2(3ξ2 + 8)/16+

h2v2κξ2/8−
h2v2ξ2(5ξ2 + 28)/2240

2
1



Matrix Mm � Bernoulli-Euler beam (right hand square)

4κ6 − 12κ5+

κ4(5ξ2 + 9)+

2κ3(2 − 5ξ2)+

3κ2(ξ4 + 6ξ2 − 8)/4+

κξ2(4 − 3ξ2)/4+

(5ξ6 + 63ξ4 − 280ξ2 + 560)/560

2hvκ6/ξ − 7hvκ5/ξ+

hvκ4(5ξ2 + 16)/(2ξ)−
hvκ3(35ξ2 + 12)/(6ξ)+

hvκ2(3ξ4 + 32ξ2 − 16)/(8ξ)−
hvκ(7ξ4 + 8ξ2 − 16)/(16ξ)+

hvξ(15ξ4 + 336ξ2 − 560)/3360

−4κ6 + 12κ5−
κ4(5ξ2 + 9)+

2κ3(5ξ2 − 1)−
3κ2(ξ4 + 6ξ2 − 4)/4+

κξ2(3ξ2 − 2)/4−
ξ2(5ξ4 + 63ξ2 − 140)/560

2hvκ6/ξ − 5hvκ5/ξ+

hvκ4(5ξ2 + 6)/(2ξ)+

hvκ3(6 − 25ξ2)/(6ξ)+

hvκ2(3ξ4 + 12ξ2 − 8)/(8ξ)+

hvκξ(4 − 5ξ2)/16+

hvξ(15ξ4 + 126ξ2 − 280)/3360

2hvκ6/ξ − 7hvκ5/ξ+

hvκ4(5ξ2 + 16)/(2ξ)−
hvκ3(35ξ2 + 12)/(6ξ)+

hvκ2(3ξ4 + 32ξ2 − 16)/(8ξ)−
hvκ(7ξ4 + 8ξ2 − 16)/(16ξ)+

hvξ(15ξ4 + 336ξ2 − 560)/3360

h2v2κ6/ξ2 − 4h2v2κ5/ξ2+

h2v2κ4(5ξ2 + 24)/(4ξ2)−
2h2v2κ3(5ξ2 + 6)/(3ξ2)+

h2v2κ2(3ξ4 + 48ξ2 + 16)/(16ξ2)−
h2v2κ(ξ2 + 4)/4+

h2v2(15ξ4 + 504ξ2 + 560)/6720

−2hvκ6/ξ + 7hvκ5/ξ−
hvκ4(5ξ2 + 16)/(2ξ)+

hvκ3(35ξ2 + 18)/(6ξ)−
hvκ2ξ(3ξ2 + 32)/8+

hvκξ(7ξ2 + 12)/16−
hvξ3(5ξ2 + 112)/1120

h2v2κ6/ξ2 − 3h2v2κ5/ξ2+

h2v2κ4(5ξ2 + 12)/(4ξ2)−
h2v2κ3(5ξ2 + 2)/(2ξ2)+

3h2v2κ2(ξ2 + 8)/16−
h2v2κ(3ξ2 + 4)/16+

h2v2ξ2(5ξ2 + 84)/2240

−4κ6 + 12κ5−
κ4(5ξ2 + 9)+

2κ3(5ξ2 − 1)−
3κ2(ξ4 + 6ξ2 − 4)/4+

κξ2(3ξ2 − 2)/4−
ξ2(5ξ4 + 63ξ2 − 140)/560

−2hvκ6/ξ + 7hvκ5/ξ−
hvκ4(5ξ2 + 16)/(2ξ)+

hvκ3(35ξ2 + 18)/(6ξ)−
hvκ2ξ(3ξ2 + 32)/8+

hvκξ(7ξ2 + 12)/16−
hvξ3(5ξ2 + 112)/1120

4κ6 − 12κ5+

κ4(5ξ2 + 9)−
10κ3ξ2+

3κ2ξ2(ξ2 + 6)/4−
3κξ4/4+

ξ4(5ξ2 + 63)/560

−2hvκ6/ξ + 5hvκ5/ξ−
hvκ4(5ξ2 + 6)/(2ξ)+

25hvκ3ξ/6−
3hvκ2ξ(ξ2 + 4)/8+

5hvκξ3/16−
hvξ3(5ξ2 + 42)/1120

2hvκ6/ξ − 5hvκ5/ξ+

hvκ4(5ξ2 + 6)/(2ξ)+

hvκ3(6 − 25ξ2)/(6ξ)+

hvκ2(3ξ4 + 12ξ2 − 8)/(8ξ)+

hvκξ(4 − 5ξ2)/16+

hvξ(15ξ4 + 126ξ2 − 280)/3360

h2v2κ6/ξ2 − 3h2v2κ5/ξ2+

h2v2κ4(5ξ2 + 12)/(4ξ2)−
h2v2κ3(5ξ2 + 2)/(2ξ2)+

3h2v2κ2(ξ2 + 8)/16−
h2v2κ(3ξ2 + 4)/16+

h2v2ξ2(5ξ2 + 84)/2240

−2hvκ6/ξ + 5hvκ5/ξ−
hvκ4(5ξ2 + 6)/(2ξ)+

25hvκ3ξ/6−
3hvκ2ξ(ξ2 + 4)/8+

5hvκξ3/16−
hvξ3(5ξ2 + 42)/1120

h2v2κ6/ξ2 − 2h2v2κ5/ξ2+

h2v2κ4(5ξ2 + 4)/(4ξ2)−
5h2v2κ3/3+

h2v2κ2(3ξ2 + 8)/16−
h2v2κξ2/8+

h2v2ξ2(5ξ2 + 28)/2240
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Matrix Cm � Bernoulli-Euler beam (leftt hand square)

12ξκ5 − 10ξκ4(ξ + 3)+

2ξκ3(5ξ2 + 10ξ + 9)−
3ξκ2(ξ3 + 5ξ2 + 3ξ − 2)+

ξκ(3ξ4 + 12ξ3+

18ξ2 − 8ξ − 24)/4−
ξ2(15ξ4 + 105ξ3 + 126ξ2−
−140ξ − 280)/280

6hvκ5 − hvκ4(5ξ + 17)+

hvκ3(15ξ2 + 34ξ + 42)/3−
hξvκ2(3ξ2 + 17ξ + 14)/2+

hvκ(15ξ4 + 68ξ3 + 140ξ2 − 160)/40−
hv(45ξ5 + 357ξ4 + 588ξ3−
−1120ξ − 1680)/1680

−12ξκ5 + 10ξκ4(ξ + 3)−
2ξκ3(5ξ2 + 10ξ + 9)+

3ξκ2(ξ3 + 5ξ2 + 3ξ − 2)−
ξκ(3ξ4 + 12ξ3 + 18ξ2 − 8ξ−
24)/4 + ξ2(15ξ4 + 105ξ3+

+126ξ2 − 140ξ − 280)/280

6hvκ5 − hvκ4(5ξ + 13)+

hvκ3(15ξ2 + 26ξ + 18)/3−
hvκ2(3ξ3 + 13ξ2 + 6ξ − 6)/2+

hvκ(15ξ4 + 52ξ3 + 60ξ2 − 40ξ−
−80)/40 − hξv(45ξ4 + 273ξ3+

+252ξ2 − 420ξ − 560)/1680

6hvκ5 − hvκ4(5ξ + 18)+

hvκ3(5ξ2 + 12ξ + 18)−
3hvκ2(ξ3 + 6ξ2 + 6ξ + 4)/2+

hξvκ(15ξ3 + 72ξ2 + 180ξ+

+80)/40 − hξ2v(15ξ3 + 126ξ2+

+252ξ + 280)/560

3h2v2κ5/ξ − 5h2v2κ4(ξ + 4)/(2ξ)+

h2v2κ3(15ξ2 + 40ξ + 72)/(6ξ)−
h2v2κ2(3ξ3 + 20ξ2 + 24ξ + 24)/(4ξ)+

h2v2κ(3ξ4 + 16ξ3 + 48ξ2+

+32ξ + 16)/(16ξ)−
h2v2(45ξ4 + 420ξ3 + 1008ξ2+

+1680ξ + 560)/3360

−6hvκ5 + hvκ4(5ξ + 18)−
hvκ3(5ξ2 + 12ξ + 18)+

3hvκ2(ξ3 + 6ξ2 + 6ξ + 4)/2−
hξvκ(15ξ3 + 72ξ2 + 180ξ+

+80)/40 + hξ2v(15ξ3 + 126ξ2+

+252ξ + 280)/560

3h2v2κ5/ξ − h2v2κ4(5ξ + 16)/(2ξ)+

h2v2κ3(15ξ2 + 32ξ + 42)/(6ξ)−
h2v2κ2(3ξ3 + 16ξ2 + 14ξ + 8)/(4ξ)+

h2v2κ(45ξ3 + 192ξ2 + 420ξ+

+160)/240 − h2ξv2(45ξ3 + 336ξ2+

+588ξ + 560)/3360

−12ξκ5 + 10ξκ4(ξ + 3)−
2ξκ3(5ξ2 + 10ξ + 9)+

3ξ2κ2(ξ2 + 5ξ + 3)−
3ξ3κ(ξ2 + 4ξ + 6)/4+

3ξ4(5ξ2 + 35ξ + 42)/280

−6hvκ5 + hvκ4(5ξ + 17)−
hvκ3(15ξ2 + 34ξ + 42)/3+

hvκ2(3ξ3 + 17ξ2 + 14ξ + 6)/2−
hξvκ(15ξ3 + 68ξ2 + 140ξ + 40)/40+

hξ2v(15ξ3 + 119ξ2 + 196ξ + 140)/560

12ξκ5 − 10ξκ4(ξ + 3)+

2ξκ3(5ξ2 + 10ξ + 9)−
3ξ2κ2(ξ2 + 5ξ + 3)+

3ξ3κ(ξ2 + 4ξ + 6)/4−
3ξ4(5ξ2 + 35ξ + 42)/280

−6hvκ5 + hvκ4(5ξ + 13)−
hvκ3(15ξ2 + 26ξ + 18)/3+

hξvκ2(3ξ2 + 13ξ + 6)/2−
hξ2vκ(15ξ2 + 52ξ + 60)/40+

hξ3v(15ξ2 + 91ξ + 84)/560

6hvκ5 − hvκ4(5ξ + 12)+

hvκ3(5ξ2 + 8ξ + 6)−
3hξvκ2(ξ2 + 4ξ + 2)/2+

3hξ2vκ(5ξ2 + 16ξ + 20)/40−
3hξ3v(5ξ2 + 28ξ + 28)/560

3h2v2κ5/ξ − h2v2κ4(5ξ + 14)/(2ξ)+

h2v2κ3(15ξ2 + 28ξ + 30)/(6ξ)−
h2v2κ2(3ξ3 + 14ξ2 + 10ξ + 4)/(4ξ)+

h2v2κ(45ξ3 + 168ξ2 + 300ξ + 80)/240−
h2ξv2(45ξ3 + 294ξ2 + 420ξ + 280)/3360

−6hvκ5 + hvκ4(5ξ + 12)−
hvκ3(5ξ2 + 8ξ + 6)+

3hξvκ2(ξ2 + 4ξ + 2)/2−
3hξ2vκ(5ξ2 + 16ξ + 20)/40+

3hξ3v(5ξ2 + 28ξ + 28)/560

3h2v2κ5/ξ − 5h2v2κ4(ξ + 2)/(2ξ)+

h2v2κ3(15ξ2 + 20ξ + 12)/(6ξ)−
h2v2κ2(3ξ2 + 10ξ + 4)/4+

+h2ξv2κ(3ξ2 + 8ξ + 8)/16−
h2ξ2v2(15ξ2 + 70ξ + 56)/1120

2
3



Matrix Cm � Bernoulli-Euler beam (right hand square)

12ξκ5 + 10ξκ4(ξ − 3)+

2ξκ3(5ξ2 − 10ξ + 9)+

3ξκ2(ξ3 − 5ξ2 + 3ξ + 2)+

ξκ(3ξ4 − 12ξ3+

18ξ2 + 8ξ − 24)/4+

ξ2(15ξ4 − 105ξ3 + 126ξ2+

+140ξ − 280)/280

6hvκ5 + hvκ4(5ξ − 17)+

hvκ3(15ξ2 − 34ξ + 42)/3+

hξvκ2(3ξ2 − 17ξ + 14)/2+

hvκ(15ξ4 − 68ξ3 + 140ξ2 − 160)/40+

hv(45ξ5 − 357ξ4 + 588ξ3 − 1120ξ+

+1680)/1680

−12ξκ5 + 10ξκ4(3 − ξ)−
2ξκ3(5ξ2 − 10ξ + 9)−
3ξκ2(ξ3 − 5ξ2 + 3ξ + 2)−
ξκ(3ξ4 − 12ξ3 + 18ξ2+

8ξ − 24)/4 − ξ2(15ξ4 − 105ξ3+

126ξ2 + 140ξ − 280)/280

6hvκ5 + hvκ4(5ξ − 13)+

hvκ3(15ξ2 − 26ξ + 18)/3+

hvκ2(3ξ3 − 13ξ2 + 6ξ + 6)/2+

hvκ(15ξ4 − 52ξ3 + 60ξ2+

40ξ − 80)/40 + hξv(45ξ4 − 273ξ3+

252ξ2 + 420ξ − 560)/1680

6hvκ5 + hvκ4(5ξ − 18)+

hvκ3(5ξ2 − 12ξ + 18)+

3hvκ2(ξ3 − 6ξ2 + 6ξ − 4)/2+

hξvκ(15ξ3 − 72ξ2 + 180ξ−
80)/40 + hξ2v(15ξ3 − 126ξ2+

+252ξ − 280)/560

3h2v2κ5/ξ + 5h2v2κ4(ξ − 4)/(2ξ)+

h2v2κ3(15ξ2 − 40ξ + 72)/(6ξ)+

h2v2κ2(3ξ3 − 20ξ2 + 24ξ − 24)/(4ξ)+

h2v2κ(3ξ4 − 16ξ3 + 48ξ2 − 32ξ+

+16)/(16ξ) + h2v2(45ξ4 − 420ξ3+

+1008ξ2 − 1680ξ + 560)/3360

−6hvκ5 + hvκ4(18 − 5ξ)−
hvκ3(5ξ2 − 12ξ + 18)−
3hvκ2(ξ3 − 6ξ2 + 6ξ − 4)/2−
hξvκ(15ξ3 − 72ξ2+

180ξ − 80)/40 − hξ2v(15ξ3−
−126ξ2 + 252ξ − 280)/560

3h2v2κ5/ξ + h2v2κ4(5ξ − 16)/

/(2ξ) + h2v2κ3(15ξ2 − 32ξ+

+42)/(6ξ) + h2v2κ2·
·(3ξ3 − 16ξ2 + 14ξ − 8)/(4ξ)+

h2v2κ(45ξ3 − 192ξ2 + 420ξ−
−160)/240 + h2ξv2(45ξ3−
−336ξ2 + 588ξ − 560)/3360

−12ξκ5 + 10ξκ4(3 − ξ)−
2ξκ3(5ξ2 − 10ξ + 9)−
3ξ2κ2(ξ2 − 5ξ + 3)−
3ξ3κ(ξ2 − 4ξ + 6)/4−
3ξ4(5ξ2 − 35ξ + 42)/280

−6hvκ5 + hvκ4(17 − 5ξ)−
hvκ3(15ξ2 − 34ξ + 42)/3−
hvκ2(3ξ3 − 17ξ2 + 14ξ − 6)/2−
hξvκ(15ξ3 − 68ξ2 + 140ξ − 40)/40−
hξ2v(15ξ3 − 119ξ2 + 196ξ − 140)/560

12ξκ5 + 10ξκ4(ξ − 3)+

2ξκ3(5ξ2 − 10ξ + 9)+

3ξ2κ2(ξ2 − 5ξ + 3)+

3ξ3κ(ξ2 − 4ξ + 6)/4+

3ξ4(5ξ2 − 35ξ + 42)/280

−6hvκ5 + hvκ4(13 − 5ξ)−
hvκ3(15ξ2 − 26ξ + 18)/3−
hξvκ2(3ξ2 − 13ξ + 6)/2−
hξ2vκ(15ξ2 − 52ξ + 60)/40−
hξ3v(15ξ2 − 91ξ + 84)/560

6hvκ5 + hvκ4(5ξ − 12)+

hvκ3(5ξ2 − 8ξ + 6)+

3hξvκ2(ξ2 − 4ξ + 2)/2+

3hξ2vκ(5ξ2 − 16ξ + 20)/40+

3hξ3v(5ξ2 − 28ξ + 28)/560

3h2v2κ5/ξ + h2v2κ4(5ξ − 14)/(2ξ)+

h2v2κ3(15ξ2 − 28ξ + 30)/(6ξ)+

h2v2κ2(3ξ3 − 14ξ2 + 10ξ − 4)/(4ξ)+

h2v2κ(45ξ3 − 168ξ2 + 300ξ − 80)/240+

h2ξv2(45ξ3 − 294ξ2 + 420ξ − 280)/3360

−6hvκ5 + hvκ4(12 − 5ξ)−
hvκ3(5ξ2 − 8ξ + 6)−
3hξvκ2(ξ2 − 4ξ + 2)/2−
3hξ2vκ(5ξ2 − 16ξ + 20)/40−
3hξ3v(5ξ2 − 28ξ + 28)/560

3h2v2κ5/ξ + 5h2v2κ4(ξ − 2)/(2ξ)+

h2v2κ3(15ξ2 − 20ξ + 12)/(6ξ)+

h2v2κ2(3ξ2 − 10ξ + 4)/4+

h2ξv2κ(3ξ2 − 8ξ + 8)/16+

h2ξ2v2(15ξ2 − 70ξ + 56)/1120
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Matrix Km � Bernoulli-Euler beam (left hand square)

8ξ2κ4 + 4ξ2κ3(ξ − 4)+

6ξ2κ2(3ξ2 − 5ξ + 5)/5+

ξ2κ(6ξ3 − 36ξ2 + 15ξ + 40)/10+

ξ2(12ξ4 − 42ξ3 + 63ξ2+

+70ξ − 280)/140

4hξvκ4+

2hξvκ3(3ξ − 13)/3+

hξvκ2(36ξ2 − 65ξ + 80)/20+

hξvκ(6ξ3 − 39ξ2 + 20ξ + 40)/20+

hξv(72ξ4 − 273ξ3 + 504ξ2+

420ξ − 2240)/1680

−8ξ2κ4+

4ξ2κ3(4 − ξ)−
6ξ2κ2(3ξ2 − 5ξ + 5)/5−
ξ2κ(6ξ3 − 36ξ2 + 15ξ + 40)/10−
ξ2(12ξ4 − 42ξ3 + 63ξ2+

+70ξ − 280)/140

4hξvκ4+

2hξvκ3(3ξ − 11)/3+

hξvκ2(36ξ2 − 55ξ + 40)/20+

hξvκ(6ξ3 − 33ξ2 + 10ξ + 40)/20+

hξv(72ξ4 − 231ξ3+

252ξ2 + 420ξ − 1120)/1680

4hξvκ4+

2hξvκ3(ξ − 5)+

hξvκ2(36ξ2 − 75ξ + 160)/20+

hξvκ(6ξ3 − 45ξ2 + 40ξ − 40)/20+

hξ2v(24ξ3 − 105ξ2 + 336ξ−
−140)/560

2h2v2κ4 + h2v2κ3(3ξ − 16)/3+

h2v2κ2(27ξ2 − 60ξ + 140)/30+

h2v2κ(9ξ3 − 72ξ2 + 70ξ − 80)/60+

h2ξv2(9ξ3 − 42ξ2 + 147ξ − 70)/420

−4hξvκ4+

2hξvκ3(5 − ξ)−
hξvκ2(36ξ2 − 75ξ + 160)/20−
hξvκ(6ξ3 − 45ξ2 + 40ξ − 40)/20−
hξ2v(24ξ3 − 105ξ2 + 336ξ − 140)/560

2h2v2κ4+

h2v2κ3(3ξ − 14)/3+

h2v2κ2(54ξ2 − 105ξ + 200)/60+

h2v2κ(9ξ3 − 63ξ2 + 50ξ − 40)/60+

h2ξv2(36ξ3 − 147ξ2 + 420ξ−
−140)/1680

−8ξ2κ4+

4ξ2κ3(4 − ξ)−
6ξ2κ2(3ξ2 − 5ξ + 5)/5−
3ξ3κ(2ξ2 − 12ξ + 5)/10−
3ξ4(4ξ2 − 14ξ + 21)/140

−4hξvκ4+

2hξvκ3(13 − 3ξ)/3−
hξvκ2(36ξ2 − 65ξ + 80)/20−
hξ2vκ(6ξ2 − 39ξ + 20)/20−
hξ3v(24ξ2 − 91ξ + 168)/560

8ξ2κ4+

4ξ2κ3(ξ − 4)+

6ξ2κ2(3ξ2 − 5ξ + 5)/5+

3ξ3κ(2ξ2 − 12ξ + 5)/10+

3ξ4(4ξ2 − 14ξ + 21)/140

−4hξvκ4+

2hξvκ3(11 − 3ξ)/3−
hξvκ2(36ξ2 − 55ξ + 40)/20−
hξ2vκ(6ξ2 − 33ξ + 10)/20−
hξ3v(24ξ2 − 77ξ + 84)/560

4hξvκ4+

2hξvκ3(ξ − 3)+

hξvκ2(36ξ2 − 45ξ + 40)/20+

hξ2vκ(6ξ2 − 27ξ + 10)/20+

3hξ3v(8ξ2 − 21ξ + 28)/560

2h2v2κ4+

h2v2κ3(3ξ − 10)/3+

h2v2κ2(54ξ2 − 75ξ + 80)/60+

h2ξv2κ(9ξ2 − 45ξ + 20)/60+

h2ξ2v2(12ξ2 − 35ξ + 56)/560

−4hξvκ4+

2hξvκ3(3 − ξ)−
hξvκ2(36ξ2 − 45ξ + 40)/20−
hξ2vκ(6ξ2 − 27ξ + 10)/20−
3hξ3v(8ξ2 − 21ξ + 28)/560

2h2v2κ4+

h2v2κ3(3ξ − 8)/3+

h2v2κ2(27ξ2 − 30ξ + 20)/30+

h2ξv2κ(9ξ2 − 36ξ + 10)/60+

h2ξ2v2(3ξ2 − 7ξ + 7)/140

2
5



Matrix Km � Bernoulli-Euler beam (right hand square)

4ξ2κ4 + 4ξ2κ3(ξ − 2)+

3ξ2κ2(4ξ2 − 10ξ + 5)/5+

ξ2κ(6ξ3 − 24ξ2 + 15ξ + 20)/10+

ξ2(9ξ4 − 42ξ3 + 42ξ2 + 70ξ−
−140)/140

2hξvκ4 + hξvκ3(6ξ − 13)/3+

hξvκ2(24ξ2 − 65ξ + 40)/20+

hξvκ(3ξ3 − 13ξ2 + 10ξ + 10)/10+

hξv(54ξ4 − 273ξ3 + 336ξ2+

+420ξ − 1120)/1680

−4ξ2κ4 + 4ξ2κ3(2 − ξ)−
3ξ2κ2(4ξ2 − 10ξ + 5)/5−
ξ2κ(6ξ3 − 24ξ2 + 15ξ + 20)/10−
ξ2(9ξ4 − 42ξ3+

42ξ2 + 70ξ − 140)/140

2hξvκ4 + hξvκ3(6ξ − 11)/3+

hξvκ2(24ξ2 − 55ξ + 20)/20+

hξvκ(3ξ3 − 11ξ2 + 5ξ + 10)/10+

hξv(54ξ4 − 231ξ3+

168ξ2 + 420ξ − 560)/1680

2hξvκ4 + hξvκ3(2ξ − 5)+

hξvκ2(24ξ2 − 75ξ + 80)/20+

hξvκ(3ξ3 − 15ξ2 + 20ξ − 10)/10+

hξ2v(18ξ3 − 105ξ2 + 224ξ−
−140)/560

h2v2κ4 + h2v2κ3(3ξ − 8)/3+

h2v2κ2(9ξ2 − 30ξ + 35)/15+

h2v2κ(9ξ3 − 48ξ2 + 70ξ − 40)/60+

h2ξv2(27ξ3 − 168ξ2 + 392ξ−
−280)/1680

−2hξvκ4 + hξvκ3(5 − 2ξ)−
hξvκ2(24ξ2 − 75ξ + 80)/20−
hξvκ(3ξ3 − 15ξ2 + 20ξ − 10)/10−
hξ2v(18ξ3 − 105ξ2 + 224ξ−
−140)/560

h2v2κ4 + h2v2κ3(3ξ − 7)/3+

h2v2κ2(36ξ2 − 105ξ + 100)/60+

h2v2κ(9ξ3 − 42ξ2+

50ξ − 20)/60+

h2ξv2(27ξ3 − 147ξ2 + 280ξ−
−140)/1680

−4ξ2κ4 + 4ξ2κ3(2 − ξ)−
3ξ2κ2(4ξ2 − 10ξ + 5)/5−
3ξ3κ(2ξ2 − 8ξ + 5)/10−
3ξ4(3ξ2 − 14ξ + 14)/140

−2hξvκ4 + hξvκ3(13 − 6ξ)/3−
hξvκ2(24ξ2 − 65ξ + 40)/20−
hξ2vκ(3ξ2 − 13ξ + 10)/10−
hξ3v(18ξ2 − 91ξ + 112)/560

4ξ2κ4 + 4ξ2κ3(ξ − 2)+

3ξ2κ2(4ξ2 − 10ξ + 5)/5+

3ξ3κ(2ξ2 − 8ξ + 5)/10+

3ξ4(3ξ2 − 14ξ + 14)/140

−2hξvκ4 + hξvκ3(11 − 6ξ)/3−
hξvκ2(24ξ2 − 55ξ + 20)/20−
hξ2vκ(3ξ2 − 11ξ + 5)/10−
hξ3v(18ξ2 − 77ξ + 56)/560

2hξvκ4 + hξvκ3(2ξ − 3)+

hξvκ2(24ξ2 − 45ξ + 20)/20+

hξ2vκ(3ξ2 − 9ξ + 5)/10+

hξ3v(18ξ2 − 63ξ + 56)/560

h2v2κ4 + h2v2κ3(3ξ − 5)/3+

h2v2κ2(36ξ2 − 75ξ + 40)/60+

h2ξv2κ(9ξ2 − 30ξ + 20)/60+

h2ξ2v2(27ξ2 − 105ξ + 112)/1680

−2hξvκ4 + hξvκ3(3 − 2ξ)−
hξvκ2(24ξ2 − 45ξ + 20)/20−
hξ2vκ(3ξ2 − 9ξ + 5)/10−
hξ3v(18ξ2 − 63ξ + 56)/560

h2v2κ4 + h2v2κ3(3ξ − 4)/3+

h2v2κ2(9ξ2 − 15ξ + 5)/15+

h2ξv2κ(9ξ2 − 24ξ + 10)/60+

h2ξ2v2(27ξ2 − 84ξ + 56)/1680
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Matrix Em � Bernoulli-Euler beam

24ξ2κ4/h−
48ξ2κ3/h+

6ξ2κ2(2ξ2 + 3)/h+

12ξ2κ(1 − ξ2)/h+

3ξ2(ξ4 + 5ξ2 − 20)/(10h)

12ξvκ4−
26ξvκ3+

6ξvκ2(ξ2 + 2)+

ξvκ(12 − 13ξ2)/2+

ξv(3ξ4 + 20ξ2 − 80)/20

−24ξ2κ4/h+

48ξ2κ3/h−
6ξ2κ2(2ξ2 + 3)/h+

12ξ2κ(ξ2 − 1)/h−
3ξ2(ξ4 + 5ξ2 − 20)/(10h)

12ξvκ4−
22ξvκ3+

6ξvκ2(ξ2 + 1)+

ξvκ(12 − 11ξ2)/2+

ξv(3ξ4 + 10ξ2 − 40)/20

12ξvκ4−
30ξvκ3+

6ξvκ2(ξ2 + 4)−
3ξvκ(5ξ2 + 4)/2+

ξ3v(3ξ2 + 40)/20

6hv2κ4−
16hv2κ3+

hv2κ2(3ξ2 + 14)−
4hv2κ(ξ2 + 1)+

hξ2v2(9ξ2 + 140)/120

−12ξvκ4+

30ξvκ3−
6ξvκ2(ξ2 + 4)+

3ξvκ(5ξ2 + 4)/2−
ξ3v(3ξ2 + 40)/20

6hv2κ4−
14hv2κ3+

hv2κ2(3ξ2 + 10)−
hv2κ(7ξ2 + 4)/2+

hξ2v2(9ξ2 + 100)/120

−24ξ2κ4/h+

48ξ2κ3/h−
6ξ2κ2(2ξ2 + 3)/h+

12ξ4κ/h−
3ξ4(ξ2 + 5)/(10h)

−12ξvκ4+

26ξvκ3−
6ξvκ2(ξ2 + 2)+

13ξ3vκ/2−
ξ3v(3ξ2 + 20)/20

24ξ2κ4/h−
48ξ2κ3/h+

6ξ2κ2(2ξ2 + 3)/h−
12ξ4κ/h+

3ξ4(ξ2 + 5)/(10h)

−12ξvκ4+

22ξvκ3−
6ξvκ2(ξ2 + 1)+

11ξ3vκ/2−
ξ3v(3ξ2 + 10)/20

12ξvκ4−
18ξvκ3+

6ξvκ2(ξ2 + 1)−
9ξ3vκ/2+

ξ3v(3ξ2 + 10)/20

6hv2κ4−
10hv2κ3+

hv2κ2(3ξ2 + 4)−
5hξ2v2κ/2+

hξ2v2(9ξ2 + 40)/120

−12ξvκ4+

18ξvκ3−
6ξvκ2(ξ2 + 1)+

9ξ3vκ/2−
ξ3v(3ξ2 + 10)/20

6hv2κ4−
8hv2κ3+

hv2κ2(3ξ2 + 2)−
2hξ2v2κ+

hξ2v2(9ξ2 + 20)/120
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