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Study of circular crested waves in a micropolar porous medium
possessing cubic symmetry
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Abstract. The paper is concerned with the propagation of circular crested Lamb waves in a homogeneous micpropolar porous medium
possessing cubic symmetry. The frequency equations, connecting the phase velocity with wave number and other material parameters, for
symmetric as well as antisymmetric modes of wave propagation are derived. The amplitudes of displacement components, microrotation and
volume fraction field are computed numerically. The numerical results obtained have been illustrated graphically to understand the behavior
of phase velocity and attenuation coefficient versus wave number of a wave.
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1. Introduction

The theory of elasticity concerning solid elastic material con-
sisting of vacuous pores (voids) distributed throughout the
body has become very important due to its theoretical and
practical relevance. A non-linear theory in this respect has
been formulated by Nunziato and Cowin [1]. Later Cowin
and Nunziato [2] developed a theory of linear elastic materi-
als with voids, for the mathematical study of the mechanical
behavior of porous solids. They introduced the presence of
pores in the classical continuum model by assigning an ad-
ditional degree of freedom to each material particle, namely
fraction of elementary volume which results void of matter;
as a consequence, the bulk mass density of such materials is
given by the product of two fields, the void volume fraction
and the mass density of matrix material. The theory should
well describe the mechanical behavior of porous geological
materials, such as rocks and soils or porous manufactured
materials such that ceramics and pressed powders, where the
classical theory is inadequate.

Depending upon the mechanical properties, the materials
of earth have been classified as elastic, viscoelastic, sandy,
granular, microstructure etc. Some parts of earth may be
supposed to be composed of material possessing micropo-
lar/granular structure instead of continuous elastic materials.

To explain the fundamental departure of microcontinu-
um theories from the classical continuum theories, the former
is a continuum model embedded with microstructures to de-
scribe the microscopic motion or a non local model to de-
scribe the long range material interaction. This extends the
application of the continuum model to microscopic space and
short-time scales. Micromorphic theory [3, 4] treats a ma-
terial body as a continuous collection of a large number of
deformable particles, with each particle possessing finite size
and inner structure. Using assumptions such as infinitesimal
deformation and slow motion, Micromorphic theory can be
reduced to Mindlin’s Microstructure theory [S]. When the mi-
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crostructure of the material is considered rigid, it becomes the
Micropolar theory [6].

Different researchers had discussed different type of prob-
lems in micropolar elasticity with voids. Scarpetta [7], Marin
[8—11], discussed some problems in micropolar theory of elas-
tic solids with voids. Passarella [12] derived the constitutive
relations and field equations for anisotropic micropolar porous
thermoelastic materials and also derived some basic results.

A cubic anisotropic medium possess three independent
elastic constants compared to two for the isotropic media
which are often assumed in classical elasticity. One result
of constant is a coupling of terms in the Navier equations
for a cubic medium. A wide class of crystals such as W,
Si, Cu, Ni, Fe, Au and Al, which are frequently used sub-
stances, belong to the cubic materials. The cubic materials
have nine planes of symmetry whose normals are on the three
co-ordinate axes and on the co-ordinate planes making an an-
gle of w/4 with the co-ordinate axes. With the chosen co-
ordinate system along the crystalline directions, the mechani-
cal behavior of a micropolar cubic crystal can be characterized
by four independent elastic constants.

Cylindrical plates and panels are frequently used as struc-
tural components and their vibration characteristics are im-
portant for practical design. The waves which propagate in
a freely vibrating plate are called Lamb waves. The unique
properties of Lamb waves have made them increasingly at-
tractive for nondestructive testing of bonded structures. The
sensitivity and efficiency of adhesive bond inspection using
Lamb waves has been the subject of study in recent years
in many laboratories concerned with bond quality inspection.
Kumar and Partap [13, 14] studied some problems concerning
Rayleigh-Lamb waves and circular crested waves in microp-
olar isotropic elastic plate and microstretch elastic plate.

In the present paper we have discussed the propagation of
circular crested waves in micropolar porous medium possess-
ing cubic symmetry. Frequency equations relating the phase
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velocity and wave number are derived for symmetric and anti-
symmetric modes of wave propagation. The dispersion curves
giving the phase velocity, attenuation coefficient as functions
of wave number and amplitude ratios as functions of thickness
of plate are plotted for anisotropic as well as for isotropic case.

2. Basic equations

Following Passarella [12], the constitutive relations and bal-
ance laws in general micropolar porous anisotropic medium
possessing center of symmetry, in the absence of body forces,
body couples, heat sources and extrinsic body force, are gi-
ven by

Constitutive relations:

tij = CijriEr + GijraVi + Hy; @,
Mij = Griji B + i ¥ + Py @,

=—H;E;; — P;;V;; —a® —a;®;, )
hi =a;®+ Di;® ;.

The deformation and wryness tensor are defined by

Eji = uij+€ijudr, Vij = ¢ij,
Balance laws:

tijj = P,
Mij.j — €irstrs = PIdi, 2
hii+g = px®,

where t;;, m;; are respectively, the stress tensor and couple
stress tensor, h; is equilibrated stress vector, g is intrinsic
equilibrated body force, p is bulk mass density, ® is change
in volume fraction, u;, ¢; are respectively the components of
displacement vector and microrotation vector.

Cijkl’ Gijkl, I‘ijkl? Hij, Dij, Pij, a, a; are characteristic
constants of material following the symmetry properties given
by Passarella [12].

3. Problem formulation and its solution

We have used appropriate transformations, following Atanack-
ovic et al. [15], on the set of equations (1) to derive equations
for micropolar porous cubic crystal. In the present case, we
consider an infinite homogeneous plate of micropolar porous
medium possessing cubic symmetry and of thickness 2d. The
plate is axi-symmetric with respect to z-axis as the axis
of symmetry. We take the origin of the co-ordinate system
(r,0, z) on the middle surface of the plate and the z-axis is
taken normal to the solid plate along the thickness. We take
r—z plane as the plane of incidence. If we restrict our analy-
sis to the plane strain problem parallel to r—z plane with the
displacement vector u = (u,,0,u,), microrotation vector

E) = (0, ¢9,0) and 9/06 = 0, so that the field equations and
constitutive relations in cylindrical polar coordinates reduce to
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Let us now introduce the dimensionless quantities as
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Using dimensionless variables defined by (15) in Egs. (3)—(6)
with the help of (7)—(14), after suppressing the primes the
field equations reduce to
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Assuming the solutions of Egs. (16)—(19) for the waves prop-
agating in the z-direction as

{uruuza(b@aq)} =

_ _ 21
(€ T o (), By (Er), B (Er) upersime—en, PV

where w(= &c) is the angular frequency, £ is the wave num-
ber and c is the phase velocity. m is an unknown parameter
which signifies the penetration depth of the wave; u,, 59, )
are respectively the amplitude ratios of the displacement com-
ponent u., microrotation ¢g, and volume fraction field ® to
that of the displacement component u,.. Jo() and J;() are the
Bessel functions of order zero and one respectively.

Substituting (21) in Egs. (16)—(19), we obtain

{2(02 -1- a1m2) +1E%magti,+

+z§ma359 — §a46 =0,

16%mas + 52(02 —a; — m2)UZ—

—{agae + zgma4§ =0,
(22)
—1§mas — Easu,+

+{€%(a7c? =1 —m?) + 2a6} ¢y + 0.9 = 0,

—&ag — 1€magt, + 0.¢y+
+{€%(a10¢* =1 —m?) —ag}® = 0.

For the non-trivial solution of the system of Eqgs. (22), the
determinant of coefficients of 1,%,,¢, and ® must vanish
which gives
8 6 4 2 _
m® + Am® + Bm~ + Cm* + D =0, (23)
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where
A= 52%{&3 —a1by — agas — by},
= 54%1{52(@21)7 + (ag — 1)agag) + a1bs + azbg + baby},
1 2
= gﬁ—al{ﬁ (agbs + agagbi1) — arbg — azbig — babs},

1
D =——{a4b bab
oy {aabr2€ + babs},

by =& —a),
by = £2(azc® — 1) + 2ag,
by = £2(aroc® — 1) — ay,
by = agag + by + by + b3,
bs = biba + babs + bsby + asasby — azasE?,
bg = (b1ba — asas&?)bs,
br = azas — asag — az(bz + b3),
bs = (a2bz — azas + asag)bs,
by = (b1 + b3 — az + asas)as,
bio = (b1bs — £ (azbs + asag))as,
bir = (b1 + bz — azba + azas),

bz = €as(azas® — biby).
The roots of Eq. (23) are complex in general. These roots are
denoted by mf, 7 =1,...,4. Thus the appropriate solutions
of (16)—(19), corresponding to the wave propagating along
z-axis are

4
Uy, Uy, Pg, P} = Eicosém;z + Fisiném;z)-
{ ¢9};(J€J ij) (24)
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I 16)
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A4(j) = (ag — 1)age®m] + b116>m3 + ba.
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3.1. Derivation of frequency equation. At the surfaces z =
+d, the appropriate boundary conditions are

0® (25)

20 — 07 . — Y
=0 dz
where t.,, t,, are the normal and tangential stress compo-
nents, m_g is the tangential couple stress. Making use of (24)
in Egs. (9), (11) and (14) and then using boundary condi-
tions (25), we obtain eight homogeneous equations in eight
unknowns F'i, ..., Ey, FY, ..., Fy. The condition for the non-
trivial solution of these equations yields the frequency equa-
tion
[T\ To) ™ AT + [TV T3] AT2+

+ [TV Ty AT3 + [ToT5)* AT 4+ (26)

H[ToTa)ELATS + [T3Ty) 21 AT6 = 0,

where power 41’ corresponds to the skew-symmetric mode

and *—1’ corresponds to the symmetric mode of wave prop-
agation,
an(m;H) i=1,...,4,
AT1 = mamy(lsts — l4t3)(G11G22 — G12G21),
AT2 = mamy(lats — lat2)(G13Ga1 — G11Ga3),
AT3 = mams(lats — l3t2)(G11Ga4 — G14G21),
AT4 = myima(lits — lat1)(G12Ga3 — G13G22),
AT5 = mymg(lits — lst1)(G14Gaz2 — G12Ga4),
AT6 = myima(lita — lat1)(G13G24 — G14Ga3)

Glj =an€+ CL4tj,

GQjZCLleTj—CLglj, jzl,...,4,
oy = &2
C111,
a Cus
12 — ~
Cn

Equation (26) determines the dimensionless phase velocity ¢
of axi-symmetric surface waves as a function of dimension-
less wave number ¢ and other micropolar parameters of the
medium.

4. Amplitudes of displacements
and microrotation and volume fraction field
The amplitudes of displacement components, microrotation

and volume fraction field for symmetric and antisymmetric
modes of plane waves can be obtained as:
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5. Particular case

I) Neglecting the porous effect i.e. vanishing H;, D;, a and
X, we obtain the corresponding expressions for micropolar
cubic crystal.

II) Taking Ci1 = A+2u+ K, Cis =X Cyy = p+ K,
Cips = p, I'yy =, Dy =, H = 8" and a = ¢*,
we obtain the corresponding expressions for the microp-
olar porous isotropic medium with the changed values of

6. Numerical results and discussion

For numerical computation, we take the following values of
relevant parameters for micropolar porous cubic crystal as

Ch1 = 26 x 1019 N/m?,

Cia = 20 x 10'° N/m?,

Cus = 6.5 x 10'° N/m?,

Cys = 5.3 x 10*° N/m?,
gy =.98x107°

Hy = 2.41 x 10'° N/m?,
D; =23x107? N,

a=2.181 x 10'° N/m?.

For comparison with micropolar porous isotropic solid, fol-
lowing Eringen [16], we take the following values of relevant
parameters of micropolar isotropic solid for the case of Mag-
nesium crystal like material as

Bull. Pol. Ac.: Tech. 59(1) 2011
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p=1.74 x 10® Kg/m?,
A =9.4 % 10*° N/m?,
pw=4.0 x 101° N/m?,
K =1.0 x 10*° N/m?,
v =0.779x 1079 N,

7=0.2x10"" m?,
The void parameters are,

a* =144 x 1072 N,
6% =1.328 x 10*° N/m?,
¢* =1.103 x 10'° N/m?,

x =.995 x 1071 m?.

and the dimensionless thickness of the plate is taken as
d =0.07.

Equation (26) determine the phase velocity c of the surface
waves as a function of wave number ¢ and various physical
parameters in complex form. If we write

1 1
11,9
C v w

(28)

then wave number £ = R + 1g , where R=w/v and ¢ are
real numbers. This shows that v is propagation speed and ¢
is attenuation coefficient of the surface waves. The graphical
representation is given to depict the behavior of phase veloci-
ty (Fig. 1 for symmetric and Fig. 2 for antisymmetric modes)
and attenuation coefficient (Fig. 3 for symmetric and Fig. 4
for antisymmetric modes) with respect to R i.e. real part of
wave number, Figs. 5-8 represent, respectively, the variation
of amplitudes of tangential component of displacement, nor-
mal component of displacement, microrotation and volume
fraction field with respect to thickness of plate, to compare
the results for micropolar porous isotropic solid (MPIS) and
micropolar porous cubic crystal (MPCC). In Figs. 1-4, the
solid lines, small dashed lines and long dashed lines repre-
sent respectively the first (n = 1), second (n = 2) and third
(n = 3) in case of MPCC whereas the corresponding lines
with central symbol diamond represent the same situation in
case of MPIS. In Figs. 5-8 the solid lines and dashed lines
represent, respectively, the variation of amplitudes for anti-
symmetric and symmetric mode in case of MPCC whereas the
corresponding lines with central symbol represent the same
situation in case of MPIS.
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Phase velocity. It is observed from Figs. 1 and 2 that the be-
havior and trend of variation of phase velocity for symmetric
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modes is same as that for antisymmetrc modes of wave prop-
agation except for the difference in magnitude values. The
phase velocity of different modes of wave propagation start
from large values at vanishing wave number and then exhibits
a strong dispersion until the velocity flattens out to the val-
ue of Rayleigh wave velocity at higher wave number. The
reason for the asymptotic approach is that for short wave-
lengths(or high frequencies), the material plate behaves in-
creasingly like a thick slab and hence the coupling between
the upper and lower boundary surfaces is reduced and as a
result the properties of symmetric and antisymmetric modes
of wave propagation become more and more similar. In the
limit for an infinite thick slab, the motion at the upper surface
is not confined to the lower surface and the displacements be-
come localized near the free boundaries, thus the Lamb wave
dispersion curves asymptotically approach those for Rayleigh
waves. The value of phase velocity is higher for the higher
number of mode of wave propagation within the whole range
and for a particular mode of wave propagation, the value of
phase velocity is higher for MPCC as compared to that for
MPIS.

Attenuation coefficient. The variation of attenuation coef-
ficient with respect to wave number is depicted in Figs. 3
and 4 for symmetric and antisymmetric modes respectively. It
is observed that the attenuation coefficient shows an oscillat-
ing behavior for all the modes of wave propagation. The peak
value of attenuation coefficient is highest in case of MPIS for
the lowest mode (n = 1) of wave propagation in both sym-
metric as well as antisymmetric cases. For symmetric modes
(n = 2,3), the values of attenuation coeflicient in case of
MPIS appears to be constant as compared to those in case
of MPCC. In case of MPCC and for lowest symmetric mode
(n = 1), the values of attenuation coefficient oscillate within
the range 0.09 < R < .63 and increase beyond this range. In
case of MPCC, antisymmetric modes (n = 2, 3), the values of
attenuation coeflicient are of oscillating behavior within the
whole range with amplitude of oscillation higher for (n = 2)
as compared to that for (n = 3). In case of MPIS and anti-
symmetric modes (n = 2, 3), the values of attenuation coef-
ficient decrease linearly with respect to wave number within
the whole range.

Amplitudes. The variation of amplitudes of displacement
components, microrotation and volume fraction field is de-
picted in Figs. 5-8 respectively. It is observed from Fig. 5 that
the values of amplitudes of displacement component (u,.) for
antisymmetric mode of wave propagation decreases in case
of both MPIS and MPCC whereas the values for symmetric
mode remain almost constant as compared to those for anti-
symmetric modes. Also the values for symmetric mode are
higher as compared to those for antisymmetric mode for both
MPIC and MPCC and for a particular mode of wave propaga-
tion, the values in case MPIS are higher than those in case of
MPCC. Figure 6 indicates that the values of amplitude of dis-
placement component (u,) for antisymmetric modes increase
in case of MPCC and remain almost constant in case of MP-
IS whereas for symmetric mode, the values remain consant
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for MPCC and decrease for MPIS. For symmetric mode, the
values for MPCC are higher than those for MPIS whereas
for antisymmetric mode, the values for MPIS are higher than
those for MPCC within the range 0 —0.12, but the behavior is
reversed after this range. Figure 7 indicates that the values of
amplitude of microrotation (¢y) increase with the thickness
of layer in all cases. The values for antisymmetric mode are
higher in case of MPCC as compared to those in case of MPIS
whereas the behavior is reverse for symmetric mode. In case
of MPCC, the values for antisymmetric mode are higher than
those for symmetric mode whereas the behavior is reversed
in case of MPIS. It is observed from Fig. 8 that the values
of amplitude of volume fraction field (®) for antisymmetric
mode first increase slightly and then decrease continuously
within the whole range whereas for symmetric mode of wave
propagation, the values remain constant for both MPIS and
MPCC.

7. Conclusions

The propagation of circular crested waves in homogeneous
layer of micropolar porous cubic crystal like material is in-
vestigated after deriving secular equations. The phase velocity
of higher modes of wave propagation for symmetric and anti-
symmetric modes attain quite large values at vanishing wave
number which sharply flattens out to become steady and as-
ymptotic to the Rayleigh wave velocity with increasing wave
number. The reason is that in the limit of an infinite thick
slab the motion at the upper surface is not confined to the
lower surface and the displacements become localized near
the free boundaries, thus the Lamb wave dispersion curves
asymptotically approach to those for Rayleigh waves. The be-
havior of attenuation coefficient is oscillating for almost all
the curves for both symmetric and antisymmetric modes. An
appreciable effect of anisotropy is observed on the phase ve-
locity, attenuation coefficient and amplitude ratios for all the
components.
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