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Representation of solutions for fractional differential-algebraic
systems with delays
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Abstract. Linear stationary fractional differential-algebraic systems with delay are studied. The differential operators are taken in the Caputo
sense with its initial condones. An exponential growth is proved for these systems. The obtained result allows one to apply the Laplace
transform for investigation of stationary systems and, as a consequence, to obtain analytical representation of solutions in the form of series

in power of solutions to the determining equations. The results are illustrated by an example.
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1. Introduction

Many papers and books have been recently devoted do the var-
ious types of fractional systems [1-3]. This paper deals with
linear stationary fractional differential-algebraic systems with
delays (FDAD systems), with some equations being fractional
differential (we introduce the Caputo Fractional Derivative),
the other-difference, with some variables being continuous
the other-piecewise continuous. We apply fractional differen-
tial calculus to our investigations especially dealing with the
Laplace transform. For this we prove exponential growth of
solutions. We introduce the determining equations the same as
for differential-algebraic systems (for example see [4] or [5]).
We use the fractional Laplace inverse formulas to obtain our
results.

2. Preliminaries

In this paper we consider algebraic-differential delay systems
with the frictional derivative, for the classical first derivative
such systems are a special case of descriptor (singular) sys-
tems with aftereffect

0

0

% (/ dG(t,s)z(t +s) + /dsQ(t, s)u(t + s) + Fy(t)
h
0

—h
0

= / ds A(t,s)x(t + s) + / dsB(t, s)u(t + s) + Fa(t),

—h —h

where an n-vector function x(-) describes the behavior in
time of the object (process) to be modeled, u(-) is an r-vector
function specifying the input influence (control), the n-vector
functions F () and F»(-) specify perturbations, the entries of
the matrix functions G(¢,s), Q(t,s), A(t,s) and B(t,s) of
the corresponding size have a bounded variation with respect
to the second argument on [—h, 0] and h > 0 is the value of
the aftereffect.
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In the stationary case of this equation with an operator
G : C([—h,0],R™) — R™ atomic at zero, the study of the
existence, uniqueness, exponential estimate, and stability of
solutions as well as their representation by the variation-of-
constants formula can be found in [6, 7]. All these problems
remain open in the general case for nonatomic operators.

Now we consider a special case of the above-represented
schemes, namely, linear algebraic-differential systems with de-
lay in the state.

#1(t) = Az (t) + Araza(t) + Bru(t), t >0,
(H
l'g(t) = A2 (t) + Aggl‘g(f — h) + Bgu(t), t>0,

For the above system see [8].
In this paper, we concentrate on the stationary FDAD sys-
tem in the following form:

(“Day)(t) = Az (t) + Aaxa(t) + Byu(t), t >0, 2
l'g(t) = Aox1 (t) + Aggl‘g(f — h) + Bgu(t), t>0,

where 1 (t) e R, l'g(t) € R"2, u(t) eR", Aj; € Rmrxma,
A12 c R™m ><n2’ A21 c RHQan’ A22 c anXHQ’ Bl c Rrxnl’
By € R"*"™2 are constant (real) matrices, 0 < h is a constant
delay. We regard an absolute continuous n;-vector function
x1(+) and a piecewise continuous ny-vector function z5(+) as
a solution of System (2) if they satisfy the equation (2); for
almost all ¢ > 0 and (2)s for all ¢ > 0.
System (2) should be completed with initial conditions:

21(+0) = zo,  [(“DF 1) (t)]i=o0 = o, )
z2(7) = ¢(7), 7€ [=h,0),
where
xo € R™; ¢ € PC([—h,0),R"?)
and

PC(]—h,0),R™?)
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denotes the set of piecewise continuous ng-vector-functions
n [—h,0]. Observe that zo(t) at ¢ = 0 is determined from
Eq. (2).

Let us introduce the following notation:

©D¢ is the left-sided Caputo fractional derivatives of or-
der o defined by

C na — 1 (%f(T)) T
(Dgww—rﬂ_a%/@_de,
where 0 < o < 1, @ € Rand I'(t) = [[“e 77" ldr is

the Euler gamma function. Slmllarly we define the fractional
integral I;*

I f(t) =

(see [1] for more details).

t —_
Ty = lime_, 1o e , where the symbol [z] means en-

h
tire part of the number z; I,, is the identity n by n matrix.

3. Evaluation of solutions

Lemma 3.1. [6] If ¢ > 0, f(¢) > 0, g(¢t) > 0 are continuous

and
t

ﬂwsc+/}vvant>m

0

then
t

f) <cexp g(r)ydr |, t>0.
/

Now, we can formulate the following.
Theorem 3.2. For each solution to system (2) corresponding
to initial condition (3), where max;c[_p o) [|¢(t)|| = M1, and
control u(-) whose growth rate does not exceed an exponen-
tial one, ie. ||u(t)|| < Mae’t, t > 0 (M, o are positive
constants), positive numbers L and ~ can be found such that
lz1(t)]] < Let, ||za(t)]| < LeYt, t > 0, where L and v may
depend only on M, M, o and the parameters of the system.
Proof. Let us put
Z1 (T) = Oa

x2(r —h) =0, forT <O. “4)

Multiplying (2); by e~?*, where /3 is an arbitrary positive
number, we obtain

e PUODIxy)(t) = Arre Play (1) +
+ Ape Play(t) + Bre Plu(t). >
Taking 3 such that e =7 < 1, we have
(D) (t) < Ape Play (t)+ ©

+ Alge_ﬁtwg (t) + By e_ﬁtu(t).
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Solving the equation (2)2 “step-wise”, we obtain the repre-
sentation
Ty
,Tg(t) = Z(Agg)kAgll'l (t — kh)+
k=0

Tt
+ (Aga) (= Toh — h) + > (Ag2)"Boul(t).
k=0

Substituting this equality into (5) and integrating by I;* with
respect to 7 from O to ¢, we obtain the relation

t
ni(t) < w0+ 1 /
0

A12 Z A22 A21€
k=0

7&'-171(7')([7'4—

t—Tl o (Ar)e

Tx1(T — kh)dT+

— A1 (Ag) T e PTop(r — Typh — h)dr+

t T
1 / 1 - k _
+ — A1 Y (A2)"Boe ™ u(r — kh)dr+
T J =) 2
t
/ Bie PTu(r)dr.
t— 1)l
0
)
By (4) and (7), we have
t
Il(t) S o + / 7 _ 7' 1 ™ All)eiﬁ Il(T)dT+

0

— Aj2(A22) Ag1e™PTxy (1 — kh)dr+

i [

_1 (k+D)h
Z / ———— A1 (Axn)""
e PTap(T — kh — h)dr+
1 / 1
Ao(A T-+1,
+I‘(a) /(t e 12(A22)
Tih

e PTap(T — Tyh — h)dr+

1 &
v (r — kh)dr+
k:O

t
/ Alg(Agg) Bgefm'u
0

t

/ P BlefﬁTu(T)dT.

0

®)
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Then we obtain

xl(t>§$0+ / t—T 1= a Au)e*ﬁ xl(T)dT—'—
t—kh
Z / — A1a(Agze™"")F Agre™ Ty (r)dr+
1 T;—1 0 1
T / G A (e MY e () dr+
k=0 7,
t—Tih—h )
[(a) (t— )1_aAu(A”eiﬁh)TTHe’mi/J(T)dTﬂL
“h
T, t—kh

1
+1_‘—Z /mAlQ(AQQGﬁh)szeﬁTu(T)dT—F

() k=0
1 i 1
a) /(t —7)l-a

0

Bie PTu(r)dr.

(€))

Evaluating (9) in the norm, we have

e (@1 < [lzoll+

1 =
(@) <|||A12| kz:% | Agoe™P||¥|| Aoy + || A1 — B, ||> )

t

e PT
/”m||$1(7')||d7-+

0
1 =
b [ el Y Aze
F(a)_h kgo

[ Az2 |l ()lle " lldr+

e P7
(t—71)l-=
1 =
—1—@ <|A12|| Z | Agze™""|[*|| B2 || + |Bl|> :

k=0

/||u ——

Taking § > 0 such that

—|dr, t>0.

(10)

HAQQG_Bh” <1,

/H
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68—o0>0,

—|ldr <1,
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we have
21 < [lzoll+

0
1 [| Asz| _
Ao || Mye PP
+F(C¥) /h 1— ||A22€_Bh|| H 22” 1€

e PTdr+

an
[| Avz2|[| A2 |

t
1
A d
T <1—||A226—3h” I+ 11|>0/||171(7')| T+

L1 ( [ Avz|]| Ba||
[(a) \1 — [[Agze=Fh]|

Hence, we obtain

T |Bl||) My, 150,

ler ()] < ws + N / 2 (r) (12)
where

1 ([ Aug|[| 42
A
INGY) <1 — || Agoe=Bh| |+ [[Aun]l ),

[ Aw2|l
I‘(a) 1-— ||A22€_
1 ( [ Az |[[| Bz
I'(e) \1—[|Az2e=Fh]

Ng =

1—ePh
e

n |Bl|) M < K,

ws = [lzoll + i

1 [| Al
F(Oé) 1-— HA2267
1/ Awl|Bsl )

+ | B M.
o) (1—|A22eﬂh| IBill ) Mz

By Lemma 1, we have

lz1 ()] < Kpe™o".

1
| Aoz || M1 =+

Kp = [Jzoll + 5

l

By the substitution v = Ng, L

EXCIES 50

= Kg, we obtain
(13)

We proof evaluation of zo(t), t > 0 by the induction on
intervals: t € [((k—1)h,kh), k =1,2,.... We define L such
that

L > max{Ll, ||A21||L1 + ||A22||M1—|—
(14)

+|| Bz|| Mz,

| A21[|L1 + || B2 M2
1 — [|Agae=7"|

then we have
L > || Aa1|| Ly + L Asa|le™" + || Ba|| Mo
First, for k =1, t € [0, h), we obtain
[z2()[| < [|A21[[lz1 () ]|+
+|| Azz || e [P + [ Balll[u(®)]| <

+ < || A1 || L€ + || Aga || My + || Ba|| Mae® <
+ < ([[A21]| L1 + ||Aga || My + || Bo|| M) €7* < Le*
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then

llz2(t)]| < Le, (15)

is true for k = 1, ¢t € [0,h). Assuming that (15) holds for
i=1;...;k—1,t € [0,(k —1)h) let us prove it holds true
for k=p, t €[(k—1)h,kh)ie.,

lz2 (O < [[A21[[[lz1(t)[I+
| Azz|l[lz2(t = R)[| + [| Bz [u(®)[| <
+ < || A1 || Lye? + || Aga || Le" ™M) 4 || By || Mae®" <
+ < ([A21[| L1 + [[Aa || Le™" + || B2 || Mp) €7* < Le*.

This completes the proof.

4. Representation of solutions into series
of determining equations solutions

Let us introduce the determining equations of system (2) (see
[8] for more details).

X1 5(t) = A1 X1 k-1 (8)+
+ A12 X2 j—1(t) + B1Uk—1(1), ¢
(16)
Xoi(t) = Ao1 X1 k() + A2 X2 1 (t — h)+
+BQkal(t)a k:O,l,,
with initial conditions
X156(t)=0,X04,(t)=0 for t<0 or k<O0;

Ug(0) =1I,, Up(t) =0 for t*+Ek*#0.
Here, we establish some algebraic properties of X1 1, Xo 1.

Proposition 4.1. The following identities hold:

(A1 + A2 (I, — WA22)71A12)]€
- (B1+ A12(In, — wAzs) ' By) =

—+o0
=Y Xipp(jh),
=0

_ _ k
— wAgg) " Ara (A1 + Ara(In, —wA2) T A1) -

- (B1 + A12(In, —wAz) 'By) =
+oo

> Xopia(jh)w?

=0

a7
k=0,1,...;

(In,

(18)
k=1,2,...;

132

ZXQO jh)w

where |w| < wy and wy is a sufficiently small real number.
Let us introduce the determining equations of homoge-
nous system (2).

(In, — wAaz) (19)

X1 p(t) = A Xy g1 (t) + A1oXo 1 (8),
Xoi(t) = A1 X1 1 (t) + Ao Xo p(t — h),  (20)
t>0, k=12, .;

610

with initial conditions

Xix(t) =0,X,(t)=0 for t<0 or k<O0;
X11(0)=0,X11(r) =0 if 7#0.
Similar to Proposition 1 we can formulate the following.

Proposition 4.2. The following identities hold:

(A11 + Ao (I, — WA22)71A12)]€ =

too (21)

=> Xipn(h!, k=1,2,..;
j=0

_ _ k
(In, —wAz2) " Ava (A1 +Ara(In, —wAz) T App) =
+oo | 22)
=Y Xopn(Gh)w!, k=1,2,..;
j=0

where |w| < wy and wy is a sufficiently small real number.

Theorem 4.3. The solution to system (2) with initial condi-
tions (3) for ¢ > 0 exists, is unique and can be represented by
the following formulas:

+oo
=3 > Xipul(ih)

t—ih o (23)
t—71—1h ak+a—1

' / ( FT(a(/iil)) u(r)dr + s1(t, 70, ),

+oo

=Y Y Xownlih):
B t—z';»o
t—ih
(24)

u(T)dr+

' / (t o ,L-h)akJrafl
J Fa(k +1))
+ Z Xo,0(ih)u(t — ih) + sa2(t, zo, ),

%
t—ith>0

where S1 (t7 Zo, 1/1)’ 52 (t7 Zo, 1/1) -
the initial data:

functions depending only on

S1 (ta Zo, 1/}) =
+oo " )
oY Xign(ih)Ara(Az)
k ,
t—(i+4)h>0
tf(iJrj)h(t i+ yhyekhact
—T7— (4 75)h)>" T
— h)d
/ Mlathrry it
0
+Z > T (t=jh)™ & (jh)z
j Tk +1) X1 kt1 05
t jh>0
Bull. Pol. Ac.: Tech. 58(4) 2010
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52 (tv Zo, 1/)) =
+o00 _ _
Z Z Xo kg1 (ih) Ara(Agg)
k=0 i.j
t—(i+j)h>0
t—(i+5)h
(t =7 = (i +j)h)ortet
— h)d
/ Tlakr1) T
0
+oo ozk
(t—jh)
Z Z ak + 1 X2 k+1(lh>$0+
k:O J

—j3h>0

“+o0
+ > (Ag) Tt — (i + 1)R)),
1=0

where (1) =0 for 7 ¢ [—h,0).

Proof. First we use the classical formula for the Laplace trans-
formation of the fractional derivative of Eq. (2);

o0

/eipt(cD?fUl)(t)dtZ
0
= p*#1(p) — p* (O DF ) (1)]i=o0 =

We apply the Laplace transform to system (2)

p*T1(p) —p* wo =
(25)
= A11Z1(p) + A12Z2(p) + Bru(p),
Z2(p) = AniZ1(p) + A22€7phf2(t)+
(26)

+Agoe P e P (7)dr + Batu(p),

0
h\/
—h

where %1 (p), &2(p), 4(p) are Laplace transforms of functions
x1(t), x2(t), u(t) respectively. Solving (26), we obtain

F2(p) = (Iny — Azoe ™)' Aty (p)+

0
+ (I, — Agoe™™) " Agpe " / ePTY(r)dr+  (27)
“n

+ (In, — A226_ph)_1 Baii(p),
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_ -1
T1(p) = ( I, — A1 — Ava (In, — Azpe M) ' A21) X
0

<A12 ( ne — Agge™ ph)_l Agge_ph / e_pT’lﬁ(T)dT-i-

—h

+p* o + (Bl + Ao (In, — Agze™ 10]1)71 Bz) ﬁ(?)) =
0

<A12 ( ne A22€ ph)il A22€7ph / 67p71/)(7’)d7’+

—h

_ k
o) (All + Ava (In, — Appe™") 11421) X

P zg + (Br + Ar2(In, — wAz) ' Bs) i(p)

(28)
Applying Propositions 4.1 and 4.2 to (27) and (28) we obtain

I1(p) =

I =

Z (po)k+1 Ze_JphX17k+l(jh)Al2 (In, — Agge™?")
=0

= )

—1

0
Agge PP / e PTp(r)dr+
“h

+oo 1 +oo _
zmzewhxwh>%+
k=0 j*O

+Z Sy Ze PR X1 e (Gh)i(p),

7=0
(29)
Ia(p) =
+oo 1 +oo o
> e > R lih)
ko \P =0
0
A12 ( ne A22€ ph)_l A22€_ph / €_p7—1/)(7’)d7’+
—h
i’f I
+ —_— eijphXQ k+1(jh)$0—|—
ak+1 )
o (30)
+oo
+Z Sy Ze M X o kg1 (h)t(p) +
0
+ (In2 — Aggeiph) ! Aggeiph eipT’t/J(T)dT—f—
~h
+> eI X, o (jh)i(p).
=0

By the inverse Laplace transform the proof of theorem 4.1 is
complete.
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5. Example

Let us consider the following system:
(©Dpan)®) = [1] a1 )+

+]0 —1]z@+ 1uw,  t>o,

+

0 1
t—h
0 O‘|I2( )+

with initial conditions and control:
ro €R, (1) €R?  1€[-h0), ut)=0.
First compute the solutions of the determining system:
X1,1(0) =1, X12(0) = A + A12Az =0,
X1£0)=0, k>2, Xix(t)=0, k>1
and ¢t > 0, by Theorem 1 we may compute x1(t).

)?2,1(0) = [(1)] ,

X % o 0
X22(0) = A21 X12(0) + A2 X3 2(—h) = [O} ,
0

. k>2.
0

Xo4(0) = l

For t = h we get

~ ~ ~ 1
Xo1(h) = A2 X1,1(h) + A22X21(0) = l 1 ,

o

X v > 0
Xo2(h) = A21X12(h) + A22X22(0) = [01 ,

X““*:BL k> 2,

X % > 0
X21(2h) = A1 X1 1(2h) 4+ A Xo1(h) = [01 7

XMUM—lﬂ, k>1

and j > 2 by Theorem | we may compute x(¢).
Solving our system “step by step” we get:
for t € [0, A

(€ Do, )(t) = [1] a1 (t) + [0 _1] 2a(t) = 0,

612

for t € [h,2h]

for t > 2h

(€Dea1)(t) = M 21 (t) + [0 —1] 2a(t) = 0,

x1(t) = o,

Finally, we see that these two methods give the same solution.

6. Conclusions

Thus, in this work the exponential estimate for the growth rate
of solutions to the stationary FDAD systems is proved. This
allows one to apply the Laplace transform to such systems.
This provides considerable simplification of the representa-
tion of solutions to the FDAD systems. The solutions found
in it have important applications in qualitative control theory
in FDAD systems. This will be discussed in next papers.
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