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Extremal dynamic errors in linear dynamic systems
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Abstract. Two different analytical methods of determining extremal dynamic errors in linear dynamic systems are presented. The main idea
of these methods is based on finding certain additional equations. These additional equations are obtained due to the assumption that an

. . .. dx
extremal point 7 obtained from the necessary condition e

dr

dci -
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1. Introduction

In many dynamic processes the maximal dynamic error is
the most important criterion. In the chemical processes and
in the driving systems such criterion plays an important role.
The maximal error x.(7) characterises the attainable accuracy
and the time 7, the velocity of the rise of the transients [1-3].

2. Statement of the problem

Let us consider the differential equation describing the tran-
sient error in the linear control system of the n-th order with
lumped and constant parameters:

d"x(t d"ta(t dz(t
dt£)+a1 dtn_§)+...+an,1% 0
+apz(t)=0
with the initial conditions
20V0)=¢£0  for i=1,2,...,n .
The characteristic equation for Eq. (1) is:
sS"tas" V4. 4ap1s+a,=0 . )

We assume that the roots of the Eq. (2) are simple and real
that is, s; # s; for j # 1.
The solution of Eq. (1) takes the following form
x(t) = ZAkeS"t . 3)
k=1

The necessary condition for the transient error x(¢) to attain
an extremal value at ¢ = 7 is given by the relation

dx(t) -

(1) _ 2N\Y spt _

W (t) = e ZSkAke #=0. 4)
k=1

The coefficients Ay for £ = 1,2,...,n in the explicit form

are
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= 0, is also an extremum point with respect to initial conditions, that is,

n n
Cn— Y, SvCn—1+ D SuSpCn—2+...4(—1)
v=1, v=1

n
n—1 H SpC1
’ v=

v#£k v#k

=1,
vtk

Ay

n
I1
1,v

v=1,

(sv—sk)
#k

(&)
It is worth noticing that for particular ¢; we have in (5) sym-
metrical functions of s, without one s;.. The extremal values
of z(t) depend linearly on ¢;, but extremum points 7 depend
nonlinearly on ¢;. In order to obtain analytic formulae for the
extremal values of x(¢t) we will use the additional equations

dz(® .oy Cp
x (T,Ch ’C):O for i=1,2,...,n. (6)
dCi
Exactly speaking
dz®M 920 9z o7 7
de; Oc; or dc; 7
We assume that # 0.

-

We will limit our investigation to the case when 7 attains
its extremum with respect to initial condition c;. In this case
we will use the necessary condition that

or
9o 0.
In this way Eq. (7) will be reduced to Eq. (6).

For the equation of order n it is necessary to use (n — 2)
equations from the set of Eq. (6). These (n — 2) equations
together with the basic equation

da(t)
dt

give (n — 1) equations for determination of the unknowns
elsimsn)T =12 . .. n—1.

We stress that the time 7 must be positive 0 < 7 < oo, and
for maintaining asymptotic stability conditions it is required
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that Re s; < 0. According to this, the exponential functions
0 < elsn=s)7 < 1, where s, < Sp_1 < ... < 89 < 51 <0,
7> 0.

3. Solution to the problem. (Basic results)

First method. In order to determine the n exponential terms
e®", ¢ = 1,...,n we have one equation (4) and we take
(n — 2) equations (6), for example for i =n,n —1,...,2.

The solutions of this set of linear homogeneous equations,
where Ay, in (4) are defined by the relations (5) are as follows:

eS1T = (
(

SoT __
e’?’ =

®)
Sn(Sn—1€1 — €2) oonT
Sp—1(snC1 — C2)

esn,lf —

The substitution of the relations (8) into Eq. (3) for (7) and
into higher derivatives 2 (1), 23 (1), ...,z D(7)

n

E siAkeS”

k=1

(1) =

@) (1) =

x(n_l) (7—) =

gives

2
(1) =
2
- an(c1ez—c3)a(r)
ancitan—_1c1c2+an—_2¢i+an_scacstan—_acacat...+cacn

x®3) (r) =
_ an(cica—cacs)z(T)
anc3+an_1c1¢a+an_2¢3+an_3cac3+an_scacat...+cacn

x® (r) =
_ an(cies—cacq)z(T)
ancitan_1c1c2tan—_2c3+an_scacstan—_acacat...

. an(c1en—cacn_1)z(T)
- 2 2
ancitap—1c1c2+an—_2¢5+an—_3c2c3+an—ac2ca+...+cacp

(€))

where in the denominator we have all possible products of
the initial conditions ci,...,c, and with the coefficients
Gn, . ..,a; whose weight together is equal to n + 2.

In the paper [2]
between z(7),z?) (1),
a1,ag,...,0n.

the general relation was proved

(1) and ¢, co,. .., Cp,
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k=1 j=1
J#2 (10)
—ayr i (k
= e e
k=1 j=1
where ng) is the fundamental symmetric function of the
r-th order of (n — 1) variables s1,...,8;-1,8j41,...,5n,
r=0,1,....,n—1
‘ng) = 17 ag = 1
- " . . (11
A = S (arsh j=12em-1 )
i=0

Both sides of Eq. (10) are composed of the symmetric poly-
nomials of variables si,...,s,. Due to this it is possible
to present these terms as the polynomials of the coefficients
ai,...,a,. Using Viete’s relations it is possible to replace
the roots s by the coefficients a; and to avoid calculation
of the roots by the solution of algebraic Eqgs. (2). Using the
substitution of the relations (9) into Eq. (10) we obtain the
general formulae for calculation of x(7):

n aiT
™ (T)eMT =
2 2 n
(ancitan_1c1ca+an_2c5+an—_scacz+...4cacn)
n—1 n—1 n—2 n—1 .
an H(ancttan—1c] teatan—2c] T 34 +arcicy T Hcl)

The weight of each term in numerator is equal to (n + 2)
and the number of terms is maximally (n + 1), when all the
initial conditions cq,...,c, are different from zero. In the
brackets of denominator we have only two initial conditions
c1,c2 and n coefficients ay, . .., a,. The weight of each term
in the brackets is equal to 2n. The maximal number of terms
is equal to 2n + 1, when both initial conditions c1,co are
different from zero. For maintaining the asymptotic stability
conditions it is required that all the coefficients aq,...,a,
must be positive. The discussion of the particular cases illus-
trates this method [4].

4. Particular cases
on =2
We have a differential equation

d2x+ d:v+ 0
— ta1— +taxr =
a2 " tar TP ’

with initial conditions

(13)

z(0)=
x(l)(O) = ¢
Solution of Eq. (13) is
ZC(t) — L(SQSSlt _ 8185215) _ 072(85115 + €S2t),
So — 81 §2 — 81
where sj, so are real different roots of the characteristic equa-

tion
s2+a13+a220.

Bull. Pol. Ac.: Tech. 58(1) 2010



Extremal dynamic errors in linear dynamic systems

The derivative

:c(l)(t):cl 152 (eslt—es2t) __@
S2 — 81 S2 — 81

(51651t+$2652t).

From the necessary condition 2(!)(7) = 0 we obtain

1 In 52(6151 — 02)

S1 — 82 81(6182 — 62)

T =

or using Viete’s formulae

1 In 2asc1 + (a1 + /a3 — 4daz)co
Vai —4day  2ascr + (ag — J/at — dag)ey’

a% > 4as.

T =

It is to find using equation z(!)(7) = 0 that

7(r) = FEE e (14)
2P (1) = —(c151 — ¢2)s0€°27. (15)
Elimination of e*27 from Eqgs. (14) and (15) gives
2D (1) = —s1802(7) = —agx(7).
We have also from (10)
22(1)eMT =3 + Z—; crea + a_12 2.
on =3
The differential equation has the form
dgdﬁgt) aldiﬁgﬂ +ay dzsf) +asz(t) =0,  (16)
with the initial conditions
z(0)=
zM0) = e (17)
x(z)(()) = c3

Solution of Eq. (16) with (17) is
x(t) =

s3spe2?t
(s2—83)(s2—s51)

sos3e°1t

=a ((81—82)(51—53) +

s152e°3"
+ (53—151§(53—52))

(51+52)es3t )

(s3—s1)(s3—s2)

(53+51)es2t
(s2—83)(s2—51)

(52+53)631t

- ((51—82)(51—83)

syt sot s3t

€

+es (<srs§><sﬂ3> Sl eern ey R <s37s1><53752>) :

From the equation z(!) (£) = 0 we have

x(l) (t) —= C15152S83

esgt esgt

eslt
((51—52)(81—83) + (s2—s3)(s2—51) + (53—51)(83—82))
( 51(52+53)eslt 53(s1+52)es3t )

52(53+51)es2t
(s2—s3)(s2—s1)

(s1—52)(s1—83) (s3—s1)(s3—s2)

soeS2t sae°3t .
Ga=se)oa=s) T <s37s?><s3752>) =0.
(18)

sjeflt |
tes (<srs§><51753> '

Bull. Pol. Ac.: Tech. 58(1) 2010

We need an additional equation for the determination of 7.

We take
dz®

ng
and obtain that

s1(s2—83)e’ T +89(s3—81)e*2T +53(51—82)e”*” =0 (19)

and in (18) remains the equation
$18283C1 [(82 — 83)e°1T + (83 — 81)€%27 + (s1 — 89)e®37
—a[n(53 — e + (6§ — e

+53(8% — s3)esT = 0.
(20
From Egs. (19) and (20) we have, see (8)

eS1T1 53(5161 _ 62) Ss3T1

=227 ) esaT (1)
s1(s3c1 — ¢2)

§2T2

— 5372
e =

53(s2¢1 — €2) 22)
52(5361 - Cz)

Equations (21) and (22) determine two values (if they exist)
of 7 and 7. We look for a common 7, = 75 for these two
equations and obtain from (21) and (22) that

1 52(5161 — CQ)

S1 — 52 51(5261 - Cz)'

T=T1 = T2 =

The substitution of (21) and (22) for common 7 to z(7) and
() (7), after elimination of e*7 lead to a relation between
23 (1) and z(7), see (9)

_ 2
2O (r) = as(cics — ¢3)
agc% + ascico + alcg + cac3

x(T). (23)

We assume that ¢ic3 — ¢3 # 0 in order to avoid an inflection
point.
We have also from the relation (10) see [2] that

e {a3z® () + arazz® (1) (1) + ay [ar(2) (7)] 2$(T>
+[2®(7)] 3} = aict + 2asazcact + (araz + a3) caer
+(araz — a3) ¢ + (aras + 3az)cicacs + arascics
+CL2610§ + (a% + ag)c%Qo,

2 3
+2a1c2c3 + 3.

24)
The substitution of (23) to (24) gives finally
3(7)emT = (;30% + axcicy 4 aici + cacs)® (25)

a%(asc? + ascica + arcrcd +c3)’
which is the final result for this case, compare with (12).
on =4

Following the same way as for n = 3 we have to use two

additional equations. These equations are obtained from two
additional conditions

101
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dz®
dey

dz®@
dcs

(26)

Equations (26) with the basic equation (") (t) = 0 give the
solution of the problem in this case:

8171 —
eS17T1 —

e

8373 —
5373 —

(
(
S2T2 4( e
(
(
(

Substituting these equations to z(7), (2 () and 23 (1) gives
the following result

7(2) (1)

2
ayq(cies — c3)

)

asc? + azcicy + axc3 + ajcacs + cacy

a(7)

@) (1)

a(7)

which substituted to the equation similar to (24)

a4(01€4 - 0203)
)
aysc? + azcicy + axc3 + ajcacs + cacy

(2)

3
earte {aixé + 2a2a2xgxe 3:17( )

+ alaﬁxe &
+ (a3 + ara3 + 2a4) aygx? (xff))2

(2),.(3)

+(a1az + 3az)agxlze” xe (3)

+ a2a4:17§ (xe )2
+(arazas + afas — a3 + 2aza4) v, (95@2))3
+(a?a3 + agas + 5a1a4)xe (xé2))2x§)
+2(a1a3 + 2@4):66.%'532) (96533))2
+agze (28)” + (afaz — aras + a) ()"
+(a} + 2a1a2 — as) (:C§2))3:v£3)
+(303 + a2) ()" (2)" + 312 ()" + (o)
= ajc} + 3aza3cica + 2axa3cics
—I—alaﬁc:l)’a; + (3&% + a2a4)a4c%c%
+(4a2a3 + 3a1a4)a4c%0203 + 2(a1a3 + 2&4)0,40%6204
—i—(a% + araz + 2a4)a4c%c§ + (alag + 3a3)a4c%0304
+Q2G4C%Ci + (ag + 2asa3a4 — alai)clcg
+2(a2a§ + a§a4 + 2a1a3a4 — 2(12)010303
+(a1a3 + a1a2a4 + Sazas)cic3ey
+(a§a3 + alag + Sajasag — a3a4)clcgc§
—i—(alagag + 3a§a4 + 3(1% + 4a2a4)01020304
+(azas + 3aras)cicach

-‘1-(&1@2&3 + a%a4 — a% + 2a2a4)clc§

102

—I—(a%ag + agas + 5a1a4)clc§C4
+2(a1a3 + 2(14)01 030421 + ascy ci
—I—(agag —a1a3aq4 + ai)cé
+(2a%a3 + a1a§ — a1a9a4 — a3a4)c§C3
+(G,1a2a,3 — a%a4 + a% + 2a2a4)c§C4
+ao (a% + 3a1a3 — 3@4)c§c§+
+(a1a% + a%ag + Sasaz — a1a4)030304 o7
+(a§ + ajaz + 2a4)c%c?l
+(2a1a§ + a%ag — asasg — a1a4)020§
+2(a%a2 + a% + 2a1a3 — 2&4)020304
+(4a1a2 + 3a3)0203c§ + 2@0202
—l—(a%ag —ajas + a4)c§
+(a? + 2a1a9 — a3)0§04
+(3a% + ag)cgci + 3ajcsc; + ¢

gives finally, compare with (12)

(a4c? + azeico + ascl + ajcacs + cacy)?

4 a1t _
(e aj(asct + asciea + aac3ct + ajeic +¢3)
en =2>7.
e 3811 =) o
S1(5501 - Cz)
o527 — s5(s2c1 — c2) 5572
s2(s5c1 — c2)
5373 — 55(5301 — 62) eS573
s3(s5c1 — c2)
RN C71o k) R
54(5501 — CQ)
x(2)(7') B as(ciez — c3)
2(7)  asc? + ascica + azci + ajcacy + cacs
2®(r) as(c1cq — cac3)
x(T) asc? 4+ agcicy + azcs + ajcacy + cacs
@ (7) B as(cres — cacy)
x(T) asc? 4+ agcica + azcs + ajcacy + cacs
and finally

2 (T)e®™

5
(a5cl + aqcico + a3c§ + agcoc3 + a1cacy + 0205)

ag (a5c? + a4c‘1102 + a30§cg + CLQC%C% + alclc‘z1 + cg)

(28)

which agrees with the general formulae (12).

5. Numerical results
o n =J.

We assume the values of the roots

Bull. Pol. Ac.: Tech. 58(1) 2010
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S1 = —1,

from Eqgs. (21) and (22) we have
—_ (3)(a - o)
(=1)(=3c1 = ¢2)
—27 (_3)(_201 - 62) —3T7
= "C ¢ .

(=2)(=3c1 = ¢2)

The common 7 must fulfill the equation

3 02+261 273 02+Cl
2 co+3c1

S92 = —2, S3 = -3

—3T7

T 1 e f3er
from which we have an equation

cg +4cico = 0.
There are two possibilities

1°. c9 = 0 which gives 71 = 0 or
2°. cg = —4c; which gives 75 = In 3.

From Eq. (25) we obtain that

1
—— . (58¢y — 4c3)>.
516 (P8c1 —4es)

If we assume ¢; = 1 and z(7) = 1 we have that ¢3 = 28 and

18
1
Remark 1. For n > 4 the proposed method may not lead to
success. It is caused by the fact that for example n = 4 two
additional equations having the same root 7 are required. It
may be not fulfilled for the given roots sy, sa, S3, S4.

For that reason another, more general method is proposed.
In the proposed method we take for consideration only one
additional equation from the set of Egs. (6). If this Eq. (6)
has (n — 1) zeroes then with the Eq. (4) we can determine

.. €1 C2 Cn—2
(n — 2) ratios —, —, ..., i
Cn Cn Cn
In the case when Eq. (6) has less than (n — 1) zeroes we

obtain a better possibility for the choice of the ratios of the
initial conditions. In the case when none from Egs. (6) has
zeroes it is not possible to determine the initial conditions.

In conclusion, if any of Egs. (6) is fulfilled for 7 > 0 then
there are sufficient conditions for solutions of Eqs. (4) and (6)
together.

w(ry) = 2°(1) - (3)° =

from (23) we obtain z(?) (1)

6. The second general method for solution
of transcendental equations

For the sake of simplicity we illustrate the proposed method
on example equations with three exponential functions and
with four exponential functions.

We start with Eq. (18). We must consider three possibili-
ties:

dz™

1°. If we take an additional equation = 0 we obtain the

€3
following equation in the explicit form

s1(s2—s3) €7 +59(s3 —51) €*2” +53(51 — 82) €**7 = 0.
(29)

Bull. Pol. Ac.: Tech. 58(1) 2010

= 0 we have

dx@®
20 Similarly for —
d02

s1(55 —53) €17+ 852(s3 — 57) %27 +s3(s7 —53) €27 = 0.
(30)
(1)

= 0 we obtain

d
3°. In the last possibility -

s15253[(s2 — s3) €7 + (s3 — 51)e7
(3D
+ (81 - 82) 6537—} =0.

Equations (29), (30) and (31) have the form independent
of the initial conditions. Zeroes of these equations play the
most important role in this method.

It is well known that solutions of these equations are very
sensitive with respect to the exponents.

The proposed method avoids this sensitivity.

We will find the differential equations from which these
equations as results must be obtained, then we solve them by
application MATLAB programs.

We assume that Eq. (29) represents the function y(7) and
look for this function.

For these purposes we twice differentiate the function y(7)
with respect to 7 and obtain the differential equation:

d’y(r)

dy(r dy(T
s y()er2 y(7)

b
o dr2 dr

+bsy(r) =0,  (32)

where

y(7) = 51(82 — 83)€”' 7 + s2(s5 — $1)€27 + s5(s51 — $2)€7,

d

Zii(:) = 57(s2—s3)e™ T + 85 (53— 51)e”7 +53(s1— 52)e™,
d2

d—yT(gT) = S?(SQ_53)8517—4‘5%(83—51)6827—4-8%(51—82)8537.

0.24

0.2

0.16-

0.12

0.08—

0.04

0.0

—-0.04

00 04 08 12 16 20 24 28

Fig. 1. Solution of Eq. (32) for: b1 = 6, b2 = 11, b3 = 6 and ¢ = 0,
cs=2,¢5=—12
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We find the initial conditions assuming 7 = 0

y(0)=c]=s1(s2 — 83)+s52(s3 — 51)+53(s1 — 52) =0,
y(l)(()):c§ =57(s9 — 53)+55(53 — 51)+53(51 — 852) # 0,

YD (0)=c5=53(s9 — 53)+53(s3 — 51)+55(s51 — 52) £0.
(33)
Similarly for Eq. (30) we obtain

ci = s1(s5 — 53) + s2(s5 — 57) + s3(s] — 53) # 0,

¢5 = si(s3 — s5) + s5(s5 — s7) + s3(s7 — s3) =0,

¢y = s1(s5 — 53) + s3(s3 — s7) + s3(s1 — 53) # 0.
and finally for Eq. (31)
¢} =S2— 83+ 83— 851+ —s2=0,
¢y = s1(s2 — 83) + s2(s3 — 1) + s3(s1 — s2) =0,
s = s2(sy — 83) + s3(s3 — 51) + s§(51 — 89) #0.

Solutions of Eq. (32) for s; = —1, s = —2, s3 = —3 are
presented in the corresponding Figs. 1-3.

] /\\

0.0

-0.44

T T T T T T T

0 1 2 3
Fig. 2. Solution of Eq. (32) for: by = 6, b2
i =-2,¢5=0,c5=2

5
11, b3 = 6 and

I~

0.14—

0.12-

0.1

0.08-

0.06—

0.04—

0.02

0.0

L L— I T T
0 1 2 3 4 5

Fig. 3. Solution of Eq. (32) for: b1 = 6, bo = 11, b3 = 6 and ¢] = 0,
c;=0,¢c53=2
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From these we obtain the zeroes of Egs. (29), (30) and
(31). This method can be applied to the equation of n-th-order
where s1, s, ..., S, can be real or complex-conjugate. After
finding zeroes we return to Eq. (18) and we obtain solutions
of this equation for arbitrary initial conditions ¢y, c2, c3.

7. Numerical results

oen =3.
We assume that

s1=-1, sp=-2, s3=-3.
From (33) we obtain for equation in point 1° so that
y(0)=c; =0, yM(0)=c¢;=2 y(0)=c;=-12.

In Fig. | the dependence y(7) is shown and we see that
y(t*) = 0 for 7 = 0 and 75 = In3 = 1.0986, there are
also coordinates for extremums.

For equation in point 2° we have
yO)=ci=-2, yV0) = =0 y?(0)=c;=22

In Fig. 2 we find that for y(7*) = 0 the value of 7* = 0.905
and the coordinates of the one extremum are denoted.

For equation in point 3° we find that for y(7*) = 0 we
have 7* = 0 and the coordinates of one extremum are denot-
ed. The initial conditions are

y(0) =¢j =0, y(l)(O) =c; =0, y(2) (0)=c} =2.

on =4,

Similary as for n = 3 we can write the equations for the
coefficients c1, co, c3 and cy4:

517 [s% (53 - 54)5354 + sg (54 - 52)5254
—|—si (52 - 83)5253]
+59e%27 {si’ (84 - 83)8384
—I—sg (51 — 54)5154 + si (53 — 51)5153]
(34)
+s3e%37 [si’ (52 — s4) 8284
—l—sg (54 - 81)8184 + SZ (sl - 82)5152]
+s4e%47 {s% (83 — 82)8283 + s% (81 — 83)8183
—l—sg (52 — sl)slsg] =0,

5117 [sg (si - sg) + sg (s% - si) + si(sg - sg)]
+59e%27 {s? (sg - si) + sg (si - s%) + si (s% - sg)]
+s3e%37 {s? (si - s%) + sg (s% - si) + si (s% - s%)]

a7 |7 (s3 — 3) + 53 (53 — 53) + 53 (53 — 53) s12] =0,

Bull. Pol. Ac.: Tech. 58(1) 2010
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5117 {sg (53 — 54) + sg (54 — 52) + SZ (52 — 53)}

+59e%27 {s? (54 - 53) + sg (sl - 34) + si (33 - 31)}
+s3e%37 {s? (52 - 54) + sg (54 - 31) + si (31 - 32)}

+s54€%47 {s? (83 — 82) + Sg (51 - 83) + Sg (52 - 31)} =0,

s1e’7 [s% (54 — 33) + sg (32 — 34) + si (33 — 32)}
+59e%27 {sf (53 - 54) + sg (54 - sl) + si (51 - 53)}
+53e%37 [s% (54— s2) + 53 (51— s4) + s3(s2 — 51)}

4546547 {sf (52 - 53) + s% (53 — 51) + sg (51 — 52)} =0.

Similarly to Eq. (32) we have here

d4y(T) dgy(T) dzy(T) dy(r)
10 35 50 24 =0
drt + dr3 + dr2 + dr +24y(7) ’
(35)
where we assume s; = —1, so = —2, 53 = —3, 54 = —4.

From Eq. (34) we have the for coefficient of c; the equation
e’T —3e* +3¢” —1=0.
The solutions of it are
T =T =173 =0.
Similarly for c; we obtain only one solution for equation
13¢%7 — 57¢°7 + 63¢” — 22 = 0.
71 = 1.07366.
For c3 the equation is
3e’T —16e*” +21e” —8 =0

and the solutions are (see Fig. 4)
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Fig. 4. Solution of Eq. (35) for ¢] =0, ¢5 =2, ¢35 =0, ¢; = —70

71 =0, 7 =1In3.591=1.2783.
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and finally for ¢4 the equation

3T —6e"+9¢" —4=0
and the solutions (see Fig. 5)

T =719 =0, 73 = In4 = 1.386.
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Fig. 5. Solution of Eq. (35) for ¢f =0, ¢5 =0, c3 = —6, ¢} = 60

8. Conclusions

The solution of the transcendental equation in an analytical
form are presented. The methods are based on the assumption
that we look for extremal points 7 with respect to the initial
conditions ¢;.

The existence of such points is connected with the roots
of the characteristic equation. These roots may be shifted in
the desired location using the well known methods of the
poles and zeros locations see [5]. This method opens a new
possibility of design of control systems, where the concrete
extremal points 7 and z(7) are required.
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