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Positive fractional 2D hybrid linear systems
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Abstract. A new class of positive fractional 2D hybrid linear systems is introduced. The solution of the hybrid system is derived. The
classical Cayley-Hamilton theorem is extended for fractional 2D hybrid systems. Necessary and sufficient conditions for the positivity are

established.

Key words: positive, partial realization, existence, computation, linear, discrete-time, system.

1. Introduction

In positive systems inputs, state variables and outputs take on-
ly non-negative values. Examples of positive systems are in-
dustrial processes involving chemical reactors, heat exchang-
ers and distillation columns, storage systems, compartmental
systems, water and atmospheric pollution models. A variety
of models having positive linear systems behaviour can be
found in engineering, management science, economics, social
sciences, biology and medicine, etc.

Positive linear systems are defined on cones and not on
linear spaces. Therefore, the theory of positive systems is
more complicated and less advanced. An overview of state
of the art in positive systems theory is given in the mono-
graphs [1, 2]. Recent developments in positive discrete-time
and continuous-time systems without and with delays was
considered in [1, 2-9].

The reachability, controllability and minimum energy con-
trol of positive linear discrete-time systems with delays have
been considered in [10].

The relative controllability of stationary hybrid systems
has been investigated in [11] and the observability of linear
differential-algebraic systems with delays has been considered
in [12].

The positive 2D hybrid linear systems have been investi-
gated in [13].

The main purpose of this paper is to introduce a class
of fractional 2D hybrid systems. A solution to the hybrid
system will be derived. The classical Cayley-Hamilton the-
orem will be extended for fractional hybrid systems. Neces-
sary and sufficient conditions for the positivity will be estab-
lished.

To the best knowledge of the author the positive fractional
2D hybrid linear systems have not been considered yet.
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2. Equations of the fractional 2D hybrid systems
and their solutions

Let R™*™ be the set of n X m real matrices with entries from
the real number R and Z be the set of nonnegative integers.
The n x m identity matrix will be denoted by I,,.

Consider a hybrid fractional 2D system described by the
equations

dalﬂl(t, Z)

dro = Au:cl(t, Z) + A12Z2(t, Z) -+ Blu(t, Z),

(la)
t S §R+ = [0, +OO]

Aﬁl‘g(t,i + 1) = Aglxl(t, ’L) + Aggl‘g(t,i) + Bgu(t,i),
iez,
(Ib)

y(t, Z) = 011'1 (t, Z) + CQZQ(t, Z) + Du(t, Z) (IC)

where @ (0 < o < 1) is the order of fractional deriva-
tive, 5 (0 < 8 < 1) is the order of fractional difference,
x1(t,i) € ™, xao(t,i) € N2, u(t, i) € R™, y(t,i) € NP
and All: Alg, Agl, AQQ, Bl, Bg, Cl, Cg, D are real matrices
with appropriate dimensions.

Boundary conditions for (1a) and (1b) have the form

1‘1(0, ’L) =T (’L),

and x2(t,0) = z2(7), @

1€ Zy te ¥,

Note that fractional 2D hybrid system (1) has a similar
structure as the Roesser model [2, 13, 14].
The Caputo definition of the fractional derivative [14]

dowt) 1 2" (1)
dto - F(TL _ Oé) / (t _ T)a—’rH—l dr
0

3)
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where

8

I'(z) =

0

e T dt 4)

is the gamma function will be used.

The fractional difference of the order S of z; will be de-
fined by

k=0 ()
0<pB<l,ieZzy
where
k=0

5 1 for
<k> ﬂ(ﬁf”'“k(?fk“) for k=12

Using (5) we may write the equation (1b) in the form

Ig(t, 1+ 1) = A1 (t, Z) + AQQIQ(t, Z)
< _ L (7
+ chxg(t,z —k+1)+ Bou(t,i), i€ Zy
k=1

Ck:ck(ﬂ):(il)k_l < g ) , k=12, (8)

Remark. From (6) and (8) it follows that coefficients cy,
strongly decrease when k increases. Therefore, in practical

problems it is assumed that ¢ is bounded by a natural number
it+1 L+1
Land Y cpae(t,i—k+1)= > cpaa(t,i —k+1).
k=1 k=1
Theorem 1. Solutions to the equations (1a) and (7) with
given boundary conditions (2) have the forms

i—¢B10 / _
Tpi—qBro p+1)a 1 d
g E T+ Dal u(r, q)dr

p=0 ¢=0 0

ey

t
i—q—1DB
Triod “1/%7&”1 (r.q)dr  (9)

=0 =0 Fap—l )
p,t q pa 11(07Q)

+> =
p=0

Tp t — 7)Pe 0 T
ap>0/“ ) lu(t,m]d
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where
Inl +na forp=q=0
[ An Ar
forp=1,¢q=0
0 0 p q
Tre=2% [0 0
- forp=0,¢g=1
I Aoy Ags + In,c1
ToTp—1,g +To1Tpg—1 for p>0,¢>0, p+g>1
0 forp <0, orfand ¢ < 0
(10a)
and
0 0
Toq =T + , ¢=2,3,.... (10b)
0 In,cq

Proof. The solutions will be derived using the Laplace
transform (L) with respect to ¢ and the Z transform (Z) with
respect to 7.

Taking into account that

dte

2|2

=5"X(s,2) — s 1 X,(0, 2)
ZL[xa(t, i —k+1)] =

27 Xo(s,2) (k>1)

where

0 (12)

= Z o(t, i)z

from (1a) and (7) we obtain

sX1(s,2) — s“_le(O, z) = A1 X1(s,2)
+A12X2(S, Z) + EglUv(S7 Z)

2X2(s,2) — 2X2(s,0) (13)

i1
+ Z ez TP Xy (s, 2) + BalU(s, 2)
k=1

= A X1(s,2) + Az Xo(s, 2)

where U(s, z) = ZL [u(i,t)].
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From (13) we have

In1 — Allsia 7A1287a
— i+1
—Ao1z7t Iy, — Agpzmt = Y Lz F
k=1
Bis™® —1X,(0,
B s | © 002
BQZ XQ(Sa O)
(14)
Let
-1
In1 — Allsia 7A1287a
i+l —
7A21271 In1 - A22271 - Z Inzckz*k
k=1
p=0 q=0
(15)
From definition of inverse matrix and (15) we have
-1
I, —Aps™¢ —Ajps™¢
Jr
—Ag1z7t Iy, — Apz! Z In,crz™"

) (e

p=0¢=0 p=0¢=0
_ —1
In1 A118 o 7A128 o
1 i+1
—Ag12” In, — Agpz™! Z Inycrz"
— dpi4ng-

(16)
Comparison of the coefficients at the same powers of s
and z of the equality (16) yields (10).
Substituting (15) into (14) we obtain

SR B SIS
{

p=0 ¢g=0
Bis™@ ]}

B2Z71
o0 o0
= Z Z (qus—a(p+1)z—q310 + qus—apz—(q+1)301)
p=0 ¢=0

s71X1(0,2)

U(s,z)+ Xa(5,0)

2 = X1(0, 2)
U(s,z) + Z Z <qu5—(ap+1)z—q [ 1 07

p=0¢=0

0
T g—0P,—q
+ A pgs z [ Xa(5,0) ]
)
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where
0

B =
10 B2

By =

0

Applying the inverse transforms to (17) and taking into

account that
Ia+1)
SaJrl

L[tY] = (18)

we obtain (9). [

3. Extension of the Cayley-Hamilton theorem
for the fractional 2D hybrid systems

Taking into account Remark we may write

In1 — Allsia 7A1287a
det itl
7A21271 Inl - A22Z71 — Z Inzckz*k
k=1 (19)
N; N»

—ak -l
= § § ANy —k,Ny—1S z

k=0 1=0
for the same natural numbers Ny, No.

Theorem 2. Let (19) be the characteristic polynomial of the
fractional 2D hybrid system. Then the matrices 7, defined
by (10) satisfy the equation

N1 N2

Z Z ap Ty = 0.

k=0 1=0

(20)

Proof. From the definition of inverse matrix and (19), (15)
we have

Inl — A7 —Aqps™®

Adj i1
! —Agyz7 1 Iy, — Agpz™t — > L,cpz™*

k=1

[

k=0 =0
(2D

N1 Nso
—ak ,—1
= g g ANy —k,Ny—1S z

k=0 =0

where Adj M denotes the adjoint matrix of M.

Comparison of the coefficients at the same powers
s~ N1 2= N2 of the equality (21) yields (20) since the degrees
of the left-hand side are less than «/N; and Ns.

Theorem 2 is an extension of the well-known classical
Cayley-Hamilton theorem for the fractional 2D hybrid sys-
tems.

4. Positive fractional 2D hybrid systems
Let R’} be the set of n x m real matrices with nonnegative
=R

Definition 1. The fractional 2D hybrid system (1) is called (in-
ternally) positive if and only if ; (¢,7) € R7}*, z2(t,7) € R'?,
t >0, ¢ € Z, for any boundary conditions

1 n
entries '}
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:cl((),z) =X (Z) S %il,

(22)
i€ Zy and x9(t,0) =a2(i) € B2, t>0
and all inputs u(t,i) € R, t > 0,7 € Z4.
Lemma 1. If 0 < 3 < 1 then
ek =cp(B)>0 for k=1,2,.. (23)

Proof. The hypothesis is true for £ = 1 since from (8) and

(6) we have c; = = (3. Assuming that the hypothesis

1
is true for £ > 1 we shall show that it is also true for & + 1.
From (8) and (6) we obtain

rr = (1) ( szl )

ko1 BB —1)...(B—k+1)(k—p)

== K (k+1)
_ S BNE=B _ k=P
(1)k1<k‘>k’+16kk’+1>0

since ¢, > 0 for &k > 1.

Lemma 2. If 0 < 3 < 1 and Ap; € R}?*™, Ay € RP2*"
then

Tpy € RUMTXMFm) o =23 . (24)
Proof. From (10b) and Lemma 1 we have
0 0 !
Tog =
Agr Age + In,c1
O 0 n n n n
+ € é}til* )X (mtn2) - gop q=2,3,...
0 In,cq

since ¢, >0 for k=1,2,...
Let M,, be the set of n x n Metzler matrices (real matrices
with nonnegative off-diagonal entries).

Theorem 3. The fractional 2D hybrid system (1) is (in-
ternally) positive if and only if

A1 € My, An€ §R11><'n2’ Ag € §Rzl_w<n1,

A22 S %izxnl, Bl S %ilxm, Bg S %S?X’m, (25)

Cl S %ﬁxnl, CQ S %ﬁan,
Proof. From (1a) for and (22) we have [14]

d"‘xl (t, 0)
dte

pXMm
De®R, .

= Anacl(t, O) + Algmg(t) + Blu(t, O) (26)

and
acl(t, 0) = q)o(t)$1 (0)
+ [ ®(t — 7)[A1222(7) + Bru(r,0)]dr
/

27)
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where
o0
Ak tkoc
Dy(t) = - 28
o ZF(kaJrl) (282)
k=0
and
Ak p(k+1)a—1
t)y=) L (28b)

24 T[(k + 1)a]

In [14] was shown that ®o(t) € R}**™ and D(t) €
R for t > 0 if and only if Ay; is a Metzler matrix.
From (7) for : = 0 we obtain

X9 (t, 1) = Aglml(t, 0)+(A22+In201)$2 (t)-i—Bgu(t, 0) 29)

and after substitution of (27) into (29)
t
xa(t, 1) = A1 Po(t)x1(0) + Aoy / O(t—1)
0 (30)
[A1222(7) + Byu(T,0)]dr
+(Aaz + I, c1)xa(t) + Bault, 0).

From (30) for (22) it follows that xo(t,1) € R}? if
and only if A1 € Mnl» Ao € %izxnl, Ay € %zzxnz’
By € RV, By € R2*™ and u(t,0) € R, ¢ > 0.
Likewise from (1a) for we obtain

dal'l (t, ].)

dio = Anml(t,l)—i—Algmg(t,l) —|—Blu(t,1) (31)

and
Il(t, ].) = q)()(t)l'l (0, ].)
+ / O(t — 7)[A1222(7, 1) + Bru(r,1)]dr.

(32)

From (32) it follows that x;(¢,1) € R}, ¢t > 0 if and
only if Ay € M, since 1(0,1) € R’* and z5(t,1) € N2,
t>0.

Continuing this procedure it can be shown that the frac-
tional 2D hybrid system is positive if and only if the conditions
(25) are met.

5. Concluding remarks

A new class of fractional 2D hybrid positive linear systems
has been introduced. Necessary and sufficient conditions for
the positivity of the hybrid 2D linear systems has been es-
tablished. The classical Cayley-Hamilton theorem has been
extended for the hybrid systems. Following [14] the sufficient
conditions for the reachability and controllability [15, 16] can
be extended for the fractional 2D positive hybrid systems.

An open problem is extension of the considerations for 2D
hybrid systems described by models with structure similar to
the Kurek model [2, 17, 18].
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