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Abstract. It is shown that 2(n + 1) is the upper bound for the reachability index of the n-order positive 2D general models.
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1. Introduction

In recent years a growing interest in positive two-
dimensional (2D) systems has been observed [1–9]. An
overview of some recent results in positive systems has
been given in the monographs [1,10] and papers [5–9] and
on the controllability of 1D and 2D systems in [11]. The
asymptotic behaviour of positive 2D systems and their
internal stability have been investigated in [8,9]. The lo-
cal reachability of positive 2D systems described by the
second Fornasini-Marchesini models [2–4] has been ana-
lyzed in [5]. It was shown that the reachability index of
the n-order positive 2D systems is not bounded by n.
In this note it will be shown that 2(n+1) is the upper

bound for the reachability index of the n-order positive
2D systems described by the general model.

2. Problem formulation

Let Rn×m be the set of n × m real matrices and Rn =
Rn×1.
Consider the 2D general model

xi+1,j+1 = A0xij +A1xi+1,j +A2xi,j+1

+B0uij +B1ui+1,j +B2ui,j+1 (1a)

i, j ∈ Z+ (the set of nonnegative integers)

yij = Cxij +Duij (1b)

where xij ∈ Rn is the local state vector at the point (i, j),
uij ∈ Rm and yij ∈ Rp are the input and output vectors
and Ak ∈ Rn×n, Bk ∈ Rn×m, k = 0, 1, 2, C ∈ Rp×n,
D ∈ Rp×m.
Boundary conditions for (1a) are given by

xi0, i ∈ Z+ and x0j , j ∈ Z+ (2)

Let Rn
+ be the set of n-dimensional vectors with nonneg-

ative components.

Definition 1. The model (1) is called the positive
2D general model (P2DGM) if for all boundary conditions

xi0 ∈ Rn
+, i ∈ Z+, x0j ∈ Rn

+, j ∈ Z+ (3)

and every sequence of inputs uij ∈ Rm
+ , i, j ∈ Z+ we have

xij ∈ Rn
+ and yij ∈ Rp

+ for i, j ∈ Z+.
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Theorem 1 [10]. The model (1) is a P2DGM if and
only if

Ak ∈ Rn×n
+ , Bk ∈ Rn×m

+ , k = 0, 1, 2, C ∈ Rp×n
+ ,

D ∈ Rp×m
+ (4)

where Rp×q
+ is the set of p × q real matrices with nonneg-

ative entries.
The transition matrix Tij of the model (1) is defined

by

Tij =




In (identity matrix) for i = j = 0
A0 Ti−1,j−1 +A1Ti,j−1 +A2Ti−1,j

for i, j > 0 (i + j > 0)
0 (zero matrix) for i < 0 or/and j < 0

(5)

From (5) it follows that for P2DGM (1) Tij ∈ Rn×n
+ for

i, j ∈ Z+.

Definition 2. The P2DGM (1) is called reachable
at the point (h, k) ∈ Z+ × Z+ if for zero boundary
conditions (ZBC) (2) and every vector xf ∈ Rn

+ there
exists a sequence of inputs uij ∈ Rm

+ for (i, j) ∈ Dhk such
that xhk = xf , where

Dhk = {(i, j) ∈ Z+ × Z+ : 0 � i � h,

0 � j � k, i+ j �= h+ k} . (6)

Definition 3. The P2DGM (1) is called reachable
for ZBC if it is reachable at any point (h, k) ∈ Z+ × Z+.
If xf ∈ Rn

+ is reachable at the point (h, k) then it will
be said that the state xf is reached in h + k steps. The
number h+ k steps is called the reachability index of (1)
and it will be denoted by IR, i.e. IR = h+ k.

Theorem 2 [10]. The P2DGM (1) is reachable for
ZBC if and only if the reachability matrix

Rhk :=
[
M0, M1

i , 1 � i � h;M2
j , 1 � j � k;

Mij , 1 � i � h; 1 � j � k; i+ j �= h+ k
]

(7)

M0 = Th−1,k−1B0, M1
i = Th−i,k−1B1 + Th−i−1,k−1B0,

i = 1, ..., h

M2
j = Th−1,k−jB2 + Th−1,k−j−1B0, j = 1, ..., k

Mij = Th−i−1,k−j−1B0 + Th−i,k−j−1B1 + Th−i−1,k−j

B2, i = 1, ..., h; j = 1, ..., k, i+ j �= h+ k
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contains an n × n monomial matrix (in each of its rows
and in each of its columns only one entry is positive and
the remaining entries are zero).
For standard 1D n-order linear systems the reachabil-

ity index is equal to n.
It is also known [5] that for standard (i.e. not neces-

sarily positive) 2D general models the reachability index
is equal to n (IR = n) i.e. any local state of (1) starting
from ZBC can be reached in h+ k steps for h+ k � n.
For P2DGM (1) the set X+

h+k of all local states that
can be reached in h+k steps starting from ZBC by means
of an input sequence uij ∈ Rm

+ coincides with the set of all
nonnegative combinations of the columns of the matrix
(7), i.e. X+

h+k = coneRhk.
It is known [5] that the reachability index IR of

a positive 2D linear systems is not bounded by n.
In [5] it was shown that the reachability index of the

system (1) with A0 = 0, B0 = B1 = 0 and

A1 =




0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0




,

A2 =




0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0




, B2 =




1
0
0
1
0
0
0




(8)

is equal to IR = 13 (for n = 7). In [5] the conjecture was
also given that n2/4 represents an upper bound for the
reachability index of every 2D positive system.
In this paper it will be shown that 2(n + 1) is the

upper bound for the reachability index of the P2DGM.

3. Problem solution

Solution of the problem is based on the following lemma

Lemma. Let

det [Inz1z2 − A0 − A1z1 − A2z2]

= zn
1 zn

2 −
n∑

i=0
i+j �=2n

n∑
i=0

dijzi
1zj

2. (9)

Then the transition matrices Tij (defined by (5)) satisfy
the equations

Tn+k,0 = An+k
2 =

n−1∑
i=0

dk
i0Ai

2, k = 0, 1, ... (10a)

T0,n+l = An+l
1 =

n−1∑
j=0

dl
0jAj

1, l = 0, 1, ... (10b)

Tn+k,n+l =
n∑

i=0
i+j �=2n

n∑
j=0

dijTi+k,j+k for k, l = 1, 2 (10c)

P r o o f . The relations (10a) and (10b) follow from
the Cayley-Hamilton theorem applied to A2 and A1,
respectively.
Taking into account that

[Inz1z2 − A0 − A1z1 − A2z2]
−1

=
∞∑

i=0

∞∑
j=0

Tijz
−(i+1)
1 z

−(j+1)
2 (11)

we may write

n∑
i=0

n∑
j=0

Hijzi
1zj

2 =


zn

1 zn
2 −

n∑
i=0
i+j �=2n

n∑
i=0

dijzi
1zj

2




·

 ∞∑

i=0

∞∑
j=0

Tijz
−(i+1)
1 z

−(j+1)
2


 (12)

where
n∑

i=0

n∑
j=0

Hijzi
1zj

2 is the adjoint matrix to the matrix

[Inz1z2 − A0 − A1z1 − A2z2].
From comparison of the matrix coefficients at the

same powers of z−k
1 z−l

2 for k, l = 0, −1, −2, ...., k + l < 0
of the equality (12) we obtain (10c).

Theorem 3. If the P2DGM (1) is reachable then it is
reachable in at most 2(n+ 1) steps (h � n, k � n), i.e.

IR � 2(n+ 1) (h � n, k � n). (13)

P r o o f . If the P2DGM (1) is reachable then by
Theorem 2 the reachablity matrix (7) contains an n × n
monomial matrix for h + k � 2(n + 1) since by the
equation (10) the columns M1

i , M2
j and Mij of (7) for

h + k � 2(n+ 1) (h 	 n, k 	 n) are linear combinations
of the columns of the matrix Rhk for h + k � 2(n + 1)
(h � n, k � n).

Example. Consider the P2DGM with

A0 = 0, A1 =



0 0 0 1
1 0 0 0
0 0 0 0
0 0 0 0


 , A2 =



0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0


 ,

B0 = 0, B1 =



1
0
0
0


 , B2 = 0. (14)

Using (5) and (7) we obtain

Ti0 =
{

A2 for i = 1
0 for i > 2

, T20 =



0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0



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T0j =
{

A1 for j = 1
0 for j > 2

, T02 =



0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0


 ,

T11 =



0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0


 , T12 =



0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0


 ,

T13 = 0, T14 = 0

T21 =



0 1 0 0
0 0 0 0
0 0 0 0
1 0 0 0


 , T22 = I4, T23 = A1,

T24 =



0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0




T31 = 0, T32 = A2, T33 = T11, T34 =



0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0




T41 = 0, T42 = T20, T43 = T21, T44 = I4

and

R13 =
[
M0, M1

1 , M2
1 , M2

2 , M2
3 , M11, M12

]

=



0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


 ,

R31 =
[
M0, M1

1 , M1
2 , M1

3 , M2
1 , M11, M21

]

=



0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


 ,

R22 =
[
M0, M1

1 , M1
2 , M2

1 , M2
2 , M11, M12, M21

]

=



0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0


 ,

R33 =
[
M0, M1

1 , M1
2 , M1

3 , M2
1 , M2

2 , M2
3 , M11, M12,

M13, M21, M22, M23, M31, M32] =

=




0 1 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0


 .

From Theorem 2 it follows that the P2DGM with (14)
is not reachable for h + h � n = 4 and it is reachable
for h + k = 6 > n2/4. The reachability index of the
system satisfies the condition (13), i.e. IR = h+ k = 6 <
2(n+ 1) = 10.
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