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a b s t r a c t

The paper is continuation and extension of the previous article (Marczewska et al., 2006) [1] published in
Journal of Fatigue in 2006. Our previous model of analysis (Marczewska et al., 2006) [1] was based on
classical S–N curves and equivalent amplitude stress concept. Now more physically justified damage
mechanics approach to fatigue analysis is applied. The analysis used in both our papers is based on par-
ticular application of the constitutive model described in Oller et al. [2]. Hydraulic cylinders investigated
under E.C. project ‘‘PROHIPP” are analyzed. Modeling of fatigue crack propagation is performed. The new
elements, in comparison with previous paper (Marczewska et al., 2006) [1] are: application of the ther-
modynamic basics of damage mechanics approach to fatigue analysis with taking into account plastic
deformations, introduction of damage evolution surface in fatigue analysis, modification of analytical
form of S–N curve proposed in Oller et al. [2] and fatigue crack propagation modeling using damage
mechanics approach. As it was mentioned in Marczewska et al. [1] the ‘‘marriage” of stress analysis
and fatigue data is still one of deficiencies in the current European Norm EN 13445, chapter 18: detailed
assessment of fatigue life [3]. Our paper is an attempt to further reduce this deficiency.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

From the engineering point of view forecasting of fatigue live of
supporting structures or machine elements and other structural
components require to find areas, where stresses in the structure
are relatively high and the fatigue failure may occur. Usually this
situation occur at notches, where the geometrical discontinuities
lead to stress concentrations. In these weak points of the structure
a detailed stress and strain analysis must be performed. As it is
written at the end of European Norm EN 13445 rules description
(point 18I, detailed assessment of fatigue life) [3] the ‘marriage’
of stress analysis from finite element analysis and fatigue data is
still one of the deficiencies in the current EN 13445.

In 2005 Oller et al. [2] developed a constitutive material model
with fatigue expansion based on work of Chaboche [4] and later
[5,6]. They proposed a analytical form of S–N curves and reduction
of material strength function. In this paper several new elements
are introduced:

� application of thermodynamic basics of damage mechanics
approach in fatigue analysis, taking into account plastic
deformations,

� introduction of damage evolution surface in fatigue analysis,
� extension of damage mechanics approach in order to perform

fatigue analysis of structures under random loading,
� modification of analytical form of S–N curve proposed in [2] and
� analysis of fatigue crack propagation in hydraulic cylinder using

damage mechanics approach.

2. Application of thermodynamical basics of damage nature to
fatigue analysis

The inelastic theories of damage and plasticity allow to solve
mechanical problems with material behavior beyond the elastic
range. Such kind of solutions neglect the cyclic load effects how-
ever. If we want to take such cyclic loads into account, the thermo-
dynamic phenomena which occur in inelastic material with fatigue
damage parameter should be taken into consideration.

Generally, damage parameter d is a fourth order tensor [7,8]. If
we assume fully isotropic material behavior, then the damage ten-
sor d is reduced to a scalar value d. In spite of the simplification of
the nature of fatigue fracture, which is an anisotropic phenomenon,
many authors apply isotropic damage parameter, for example
[9,10].

The elastic part of the free energy, considering infinite small
deformations and constant temperature, is equal [11]
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where q is the material density, ee
ij is elastic part of strain and Cd

ijkl is
the fourth order constitutive tensor which takes into account the
evolution of the internal parameter d [10,12]. The constitutive ten-
sor of damaged material Cd

ijkl can be taken from empirical depen-
dence [13]

Cd
ijkl ¼ ðD� dÞC0

ijkl; ð2Þ

C0
ijkl is the constitutive pure material fourth order tensor, D is the

critical damage value and d describes the level of degradation of
the pure material. If d ¼ 0 the material is not damaged, and when
d ¼ D material strength corresponds to collapse. Usually parameter
D is taken as 1, in spite of fact that collapse of element may occur
with much smaller value of parameter D [14]. In this paper it is as-
sumed that D ¼ 1.

After substitution of Eq. (2) into Eq. (1) we obtain the formula
for elastic part of the free Helmholtz energy with internal damage
parameter

We ¼ ð1� dÞWe0 ¼ 1� d
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ð3Þ

where We0 is the elastic part of free energy without damage.
The Claussius-Duhem inequality in energetic form can be for-

mulated as follows:

C ¼ mð� _W� g _hÞ þ rij _eij �
1
h

qirh P 0: ð4Þ

where [15,9]
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@We

@ee
ij

and g ¼ � @W
@h

; ð5Þ

g is the entropy, h is the temperature and qi is the vector of heat
flux.

The stress value in the damaged element can be calculated by a
substitution of derivatives of We (Eq. (3)) into Eq. (4)

rij ¼ q
@We

@ee
ij

¼ ð1� dÞC0
ijkl ekl � ep
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� �
; eij ¼ ee

ij þ ep
ij ð6Þ

or

rij ¼ ð1� dÞr0
ij ð7Þ

where r0
ij is the stress in an undamaged element.

The second thermodynamical law indicates, that inequality (4)
must be satisfied. Truesdell [11] made an assumption, that inequal-
ity (4) must be satisfied separately for mechanical and thermal
parts. The mechanical part of inequality (4), which describes the
mechanical energy dissipation corresponds to Planck inequality
[11]

Cm ¼ rij _ep
ij � q

@Wp

@a
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@We

@d
_d P 0 ð8Þ

The process of fatigue damage evolution must satisfy conditions in
Eq. (8). In the fatigue analysis of structures two kinds of energy dis-
sipation have to be taken into account: plastic dissipation and dis-
sipation which corresponds with fatigue degradation of material.
The Planck inequality (8) is next used in Eqs. (21) and (22) in order
to make damage parameter irreversible.

3. Plastic function and evolution of damage in fatigue analysis

Elastic limit is described by the yield criterion

Fðrij;aÞ ¼ f ðrijÞ � Kðrij;aÞ 6 0; ð9Þ

where Kðrij;aÞ is yield limit.
The scalar function GðrÞ is the plastic potential for _ep. The flow

law is [15,16]

_ep
ij ¼ k

@G
@rij

; where k > 0; ð10Þ

k is the scalar function. If we assume, that plastic potential G is iden-
tified with the flow function f, Eq. (10) will represent the associated
flow law and

_ep
ij ¼ k

@f
@rij

; where k > 0 ð11Þ

In an analogy to the associated flow law, a material fatigue strength
limit can be build [2].

FDðrij;d;a;RÞ ¼ �rðrij;d;aÞ � frðRÞ � fredðN; �ra;R; dÞ 6 0; ð12Þ

where �r is the equivalent stress (i.e. Huber–von Mises stress) in the
damaged element, fr is the fatigue endurance limit and fred is the
reduction of material strength function. Reduction of the material
strength function fred depends on the stress history (number of cy-
cles loading–unloading), amplitude of equivalent stress �ra and the
stress ratio R. Similarly like in the case of theory of plasticity, an
evolution of damage parameter is given by equations [9,10,2]

_d ¼ l @FD

@�r
; _d P 0 ð13Þ

where l has similar properties to k.
The mechanical and damage processes described above allow to

define a fatigue limit surface. The fatigue limit surface, presented
in Fig. 1, depends on the plastic effects of deformation. The process
of degradation of material strength is limited by the fatigue limit
surface and it allows to simulate propagation of fatigue damage
during the load history.

4. Reduction of material strength function by brittle parameter

In 2005 Oller proposed an analytical form of fatigue S–N curve
[2]. Such form of S–N surface allows to use Goodman theory of
mean stress influence on fatigue [17]. Authors propose a modified
analytical form of fatigue S–N function as follows [1]:

SNðR;NÞ ¼ SthðRÞ þ ½Su � SthðRÞ� � 10½�atðRÞ�logðNÞb � ð14Þ

where

SthðRÞ ¼ Se þ ðSu � SeÞ � ð0:5þ 0:5RÞc

atðRÞ ¼ aþ ð0:5þ 0:5RÞ � d

)
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2R

� �
� d

)
for jRj > 1

ð15Þ

Su is the material tensile strength, a; b; c; d are the material param-
eters, Sth is the fatigue threshold function depending on the endur-
ance fatigue stress Se and the stress ratio R.

A modification of the S–N function formulas developed by Oller
[2] is done in order to get a full agreement of the presented method
with the classical S–N curves. The introduced correction also takes
into account an influence of mean stress value rmean and the stress

Fig. 1. Yield – damage evolution surface [2].

1592 T. Bednarek, W. Sosnowski / International Journal of Fatigue 32 (2010) 1591–1599



Author's personal copy

ratio R on fatigue life of the structure and agrees with Goodman’s
concept [1].

In Fig. 2 the proposed S–N functions are presented. The influ-
ence of the stress ratio R is shown. The bold points indicate fatigue
threshold values calculated by Goodman’s concept. After transfor-
mation of Eq. (14) and substitution of the stress from FEM analysis
�r � SðN;RÞ, we obtain the fatigue life of the structure. Fatigue life is
expressed as a number of cycles to failure Ncyc . Transformation of
formula (14) gives

NcycðR; �rÞ ¼ 10

log
Su�Sth ðRÞ
�r�Sth ðRÞ

� �
at ðRÞ

0
@

1
A

1
b

2
64

3
75

ð16Þ

The S–N curve determined by Eqs. (14) and (16) allows to deter-
mine fatigue life of the structure where the load is characterized
by constant amplitude and constant stress ratio. It is observed that
during fatigue crack propagation consecutive material points are
damaged (separated) along a crack. In order to describe evolution
of fatigue crack authors introduce a modification of a material
strength reduction function, originally presented by Luccioni and
Oller [9,2].

We propose introduction of a material brittle parameter m
which controls the evolution of fatigue crack.

fredð�r;R;NÞ ¼ 10
log �r

Suð Þ
logðNcyc Þb

m �logðNÞb
m

ð17Þ

In Fig. 3 reduction of material strength function for different param-
eters m is presented.

The strength reduction function is identified with damage of
material point fredð�r;R;NÞ � 1� d, in that case Eqs. (2) and (6)
can be rewritten as

Cd
ijkl ¼ fredð�r;R;NÞC0

ijkl

rij ¼ fredð�r;R;NÞro
ij

ð18Þ

Furthermore

Sud ¼ fredð�r;R;NÞSu ð19Þ

where Sud is the damaged material strength.
When load history (or response of structure) is not regular,

stress amplitude, mean stress and stress ratio are not constant. In
such a complex situation simplified damage mechanics concept
presented above can not be applied. It is necessary to obtain fati-
gue crack increment per cycle. After differentiation of Eq. (17) with
respect to N we obtain

@fredðSred;R;NÞ
@N

¼ fredðSred;R;NÞ
bm � log Sred

Su

� �
� logðNÞb

m�1

N � logðNcycÞb
m ð20Þ

Eq. (20) is used in fatigue analysis when applied load or response of
the structure are not regular (for instance inelasticity, dynamics,
random load). It is necessary to build fatigue analysis iterative loop
in which fatigue damage contribution from single load–unload cy-
cle (or group of cycles) can be added. Eq. (21) allows to perform fa-
tigue analysis of structures with irregular response.

f ðtþ1Þ
red ðSred;R;NÞ ¼ f ðtÞredðSred;R;NÞ þ Nblk

@fredðSred;R;NÞ
@N

ð21Þ

where Nblk is number of cycles i cycle block and upper index (t)

means iteration number. It is interesting that second term on the
right hand side of Eq. (21) takes negative values

@fredð�r;R;NÞ
@N

6 0 ð22Þ

which satisfies Claussius-Duhem inequality (8).

5. Numerical example – a fatigue numerical analysis of
hydraulic cylinder oil port zone versus experiment

Fatigue damage of the hydraulic cylinder, shown in Figs. 4 and
5, was investigated experimentally in [18,19]. The same cylinder
was chosen for our research in order to illustrate fatigue numerical
analysis based on damage mechanics concept. Fatigue experiments
of the hydraulic cylinder were performed within the European pro-
ject PROHIPP coordinated by Pedro Roquet SA [19,18].
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Fig. 2. The proposed S–N curves for different R values.

Fig. 3. Proposed strength reduction function for different m values.
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The numerical analysis is divided into two parts. First the fati-
gue resistance of the cylinder was calculated and compared with
experiment. The second part corresponds to simulation and visual-
ization of fatigue crack propagation. These results were compared
with experiment as well.

5.1. Calculation of fatigue resistance of the hydraulic cylinder using
FEM and equivalent amplitude stress concept

The cylinder, shown in Fig. 4, has two oil ports and was made
from St52 steel. The material parameters are as follows: density
q¼7800 kg=m3, Young modulus E¼210GPa, Poisson coefficient
m¼0:3, yield stress Sy¼350MPa and ultimate stress Su¼600MPa.

The welds and the virgin material of the hydraulic cylinder are
the same.

The fatigue tests were performed under test load. The test load
does not corresponds to real loads of the working hydraulic cylin-
ders and was adopted by Pedro Roquet SA [19,18] in order to per-
form fast, chip and reliable fatigue experiments of the hydraulic
cylinders.

The cylinder was attached to the stand by belts. The piston of
hydraulic cylinder was fixed. The internal seals are removed. So
the free flow of the fluid between both sides of the piston is al-
lowed. One of the oil ports was plugged and to the other oil under
pressure was supplied. The schematic sketch of the test stand is
presented in Fig. 6.

Fig. 4. Technical sketch, model and section of the hydraulic cylinder [19].

Fig. 5. Pictures of the tested hydraulic cylinders [18].

Fig. 6. The schematic sketch of the hydraulic cylinder test stand.
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The oil pressure inside cylinder oscillated between 0 bar and
306 bar with accuracy �2 bar ð0—30:6 MPa;� 0:2 MPaÞ. The oscil-
loscope chart of the oil pressure is presented in Fig. 7. In numerical
analysis the maximum test value of oil pressure was assumed as
30.8 MPa and stress ratio R ¼ 0.

The following material fatigue parameters were assumed: fati-
gue endurance limit Se ¼ 200 MPa, S–N curve coeficients (see
Eqs. (14) and (15) and Fig. 9) a ¼ 0:00085; b ¼ 3:5; c ¼ 3:0;
d ¼ �0:0004 and the exponent m ¼ 2.

During the analysis 10 critical zones, presented in Fig. 8, were
identified. Zones number 1 and 2 correspond to the weld between
cylinder tube and the end cap, zones number 3–6 correspond to oil
port (near end cap) and zones number 7–10 correspond to rod oil
port. The stress analysis of the cylinder was performed by finite ele-
ment method program FEAP by Taylor [20]. The reduced von Mises

stress values in critical zones are as follows: zone 1 – 387.2 MPa,
zone 2 – 321.2 MPa, zone 3 – 357.0 MPa, zone 4 – 208.5 MPa, zone
5 – 248.3 MPa, zone 6 – 345.5 MPa, zone 7 – 366.9 MPa, zone
8 – 243.5 MPa, zone 9 – 221.4 MPa and zone 10 – 372.3 MPa.

The fatigue resistance of the hydraulic cylinder was established
as a number of load–unload cycles to failure. The number of cycles
to failure was calculated using formula (16). The graphical inter-
pretation of the fatigue resistance calculation for each critical zone
is presented in Fig. 9.

The deformation and stress fields of the hydraulic cylinder are
shown in Fig. 10.

The results of the stress and fatigue resistances, presented in Ta-
ble 1, were divided into three sections: end cap weld, oil port I
(near end cap) and oil port II (port rod). The division of results
corresponds to the experimental data. We have only information

Fig. 7. The oscilloscope chart of the oil pressure inside the hydraulic cylinder [18].

zone 2

zone 1

zone 3

zone 4zone 5

zone 6

zone 8
zone 9

zone 10
zone 7

Fig. 8. Critical zones of the hydraulic cylinder.
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where the leakage occur. In other words in experimental test we do
not know which critical zone is the weakest, we know only where
the leakage occur. Numerical calculations allows to find very accu-
rately point of maximum stress value.

The conclusion of the fatigue experiments of hydraulic cylinder
is that the weakest elements of the cylinder are end cap weld and
the oil port I (near end cap). The numerical calculations confirm
this fact. The weakest zone is the zone number 1 (end cap weld)
with fatigue resistance 309719 cycles and corresponds to experi-
mental values of 350395–384000 cycles. In case of oil port near
end cap the weakest fatigue resistance zones are zone 3 and zone
6. The fatigue resistances are 520395 and 452944 cycles respec-

tively and correspond to experimental values of fatigue live from
358947 to 598794 cycles.

The number of experimental tests is not sufficient to obtain reli-
able values of fatigue life of the cylinder. The differences between
experimental and estimated by numerical calculations fatigue
resistances are relatively small.

5.2. Analysis of fatigue crack growth using damage mechanics
approach

The fatigue analysis of hydraulic cylinder using damage
mechanics was made. This method allows to indicate zones where
fatigue cracks were initiated. Additionally damage mechanics ap-
proach allows to observe the direction and velocity of fatigue crack
growth.

The fatigue crack growth investigation is limited to the area of
the oil port near end cap. Numerical example of fatigue analysis
using damage mechanics approach illustrate the process of fatigue
crack propagation. Cylinders tested within project PROHIPP were
cut and the fatigue cracks were measured and analyzed. Addition-
ally fatigue cracks which do not cause leakage were also analyzed
(see Fig. 14).

The field of reduced von Mises stress in the oil port area (zones
3–5) is presented in Fig. 11.

Consecutive phases of fatigue crack propagation in oil port area
are presented in Fig. 12 (zones 3–5) and in Fig. 13 (zone 6). It can
be observed that the fatigue crack was initiated on internal side of
the cylinder near hole in the cylinder tube (zone 3, Fig. 12). Next,

Fig. 10. The reduced von Mises stress field on deformed hydraulic cylinder. Deformation scale coefficient 500.
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Fig. 9. The S–N curve with stress values in critical zones.

Table 1
Comparison of calculated and real fatigue resistance of the hydraulic cylinder.

Critical zone Stress
value
(MPa)

Fatigue resistance,
calculation
(number of cycles)

Fatigue resistance,
experiment [18]
(number of cycles)

Weld between
cylinder tube
and end cap

1
2

387.2
321.2

309719
1774879

384000
352249
350395

Oil port I 3 366.9 520395 436887
4 243.5 >5000000 598798
5 221.4 >5000000 347427
6 372.3 452944 358947

Oil port II 7 357.0 672740 675891
8 208.5 >5000000 581900
9 248.3 >5000000 740698
10 345.5 911011 763187
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the fatigue crack propagates along cylinder axis, breaks the weld
between cylinder tube and oil port (zone 5) and finally causes

the leakage in zone 5. Similar behavior of structure crack can be
observed in zone 4 (Fig. 12).

Fig. 11. Reduced von Mises stress field – oil port area.

Fig. 12. The evolution of the von Mises stress field (left hand side) and the damage parameter (right hand side). Parallel to the cylinder axis plane, critical zones 3–5.
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Fig. 13. The evolution of the von Mises stress field (left hand side) and the damage parameter (right hand side). Perpendicular to the cylinder axis plane, critical zone 6.

Fig. 14. Pictures of the tested cylinders and their sections [18,19].
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The character of fatigue crack growth in zone 6 (Fig. 13) is
slightly different. The fatigue crack in zone 6 was initiated on the
external side of the cylinder tube. The direction of the crack prop-
agation is perpendicular to the cylinder tube wall.

Results of investigation of fatigue cracks propagation using FEM
with implemented damage mechanics approach were confirmed
by observations of the sections of the tested cylinders in experi-
ment. The sections of the hydraulic cylinders tested in experiment
are presented in Fig. 14.

The leakage occurs after 360000 cycles in zone 5 (see Fig. 12e).
In experiments fatigue resistance of oil port area ranges form
347427 to 598798 cycles.

Fatigue life of oil port area obtained by damage mechanics ap-
proach is slightly closer to experimental fatigue life than that ob-
tained by classical S–N method (452944 cycles). Numerical
simulation of crack propagation require much more computational
effort than classical fatigue or stress analysis however, because fa-
tigue analysis using damage mechanics is an iterative process. On
each step of calculation the main FEM system of equations must be
solved and stress and damage fields must be calculated.

The set of indexes used in this paper is presented in Table 2.

6. Conclusions

� Damage mechanics in fatigue analysis allows to take into
account interactions between elastic and plastic material

behavior. This is not possible when classical S–N method with
equivalent amplitude stress concept is used.
� The damage mechanics approach in fatigue analysis allows to

simulate crack initiation and propagation. Obtained results of
fatigue resistance are closer to experimental values of fatigue
life, than above mentioned S–N method.
� Knowledge about localization, direction and propagation speed

of fatigue crack provides data for optimization of structure.
� Fatigue analysis using damage mechanics approach demands

much more computational effort than classical S–N analysis.
Both methods are complementary however in the sense that
should give similar results. Damage mechanics approach may
be used as alternative for validation of numerical studies on
fatigue life of structures.
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Table 2
Table of indexes.

Report Explanation

r Nabla operator
q Density
E Young modulus
m Poisson ratio
r0 Initial flow stress
p Inner pressure
N Number of cycles
W Free Helmholtz energy
We Free Helmholtz energy, elastic part
Wp Free Helmholtz energy, plastic part
ee

ij Strain tensor, elastic part

ep
ij

Strain tensor, plastic part

C0
ijkl

Constitutive tensor, pure material

Cd
ijkl

Constitutive tensor, damaged material

D Critical damage value
d Damage
h Temperature
qi Vector of heat flux
g Entropy
rij Stress tensor

r0
ij

Stress tensor, undamaged material

C Energy dissipation
Cm Energy dissipation, mechanical part
Ch Energy dissipation, thermal part
G Plastic potential
k;l; f Scalar functions

FD Fatigue strength limit
�r Equivalent stress
fr Fatigue endurance limit
fred Reduction of material strength function
SN Stress of S–N function
Sth Threshold stress
Su Ultimate stress

Sd
u

Ultimate stress of damaged material

a; b; c; d Material parameters
R Stress ratio
Ncyc Number of cycles to failure
Sy Yield stress
m Material brittle measure
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